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WHTErpUPOBaHHbIE TETEPOreHHble MOTOKMW, COAEPXKALLME FON0C, TEKCTOBbIE OaHHble U BUIEO.
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B CUCTEME B CTauMOHapHOM pexwume. [ns aHanusa B3avMOCBS3U MEXAY KOMMOHEHTaMu npo-
Liecca nony4yeH KoppensiLMOHHbIA MOMEHT.
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BBEOEHUE

Teopuss maccoBoro o0c/ayKUBaHUS — pasfes TeOPUH BepOSITHOCTEH, MO3BOJISIOIUN
CMOJeJUPOBaTh U MpPOAHAJNU3UPOBATh MOBeJeHHe TOW WM WHOHW CUCTEMBbl MAaccoBOTO 00-
cnyxuBanusg (CMO). B nacrosiiee Bpemsi 06/1acTh TPUMEHEHUS] TEOPUHM MacCOBOTO 00-
CJY>KUBAaHHSA BKJIOUaeT B ce0si MHOXKECTBO Pa3JHMUHbIX Cep ueJoBeueCKOH aesiTesib-
HOCTH, B TOM 4YMCJIe NPOMBbIILIJIEHHOE MPOU3BOJACTBO, TeJeKOMMYHHUKALUOHHbIE U HH(DOP-
MalHOHHbIE CeTH, MeAULHHY, CTPaXOBble KOMIAHUU M MEeHCHOHHBble QoHIbl [1-3].
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OCHOBOTIOJIO)KHUKOM TEOPUH MAacCOBOrO OOCJYXKUBaHHs SIBJASETCS NAaTCKHE ydeHbIH
A. K. Dpnanr [4]. [IpenmeTom ero uccjenoBaHusi Oblid Tesje(OHHbIE CHCTEMbI, Xapak-
TepU3yIollHecss CJAy4alHbIM [OTOKOM BbI30BOB aGOHEHTOB, TPeOYIOUUX CJayuyaidHOro
BpEMEeHH 3aHSITOCTH TeseOHHOH JMHUM. PacuiupeHue KJjacca 3agad BIOCJEICTBHH
MPUBEJIO K TOSIBJEHHI0 Pa3JMUYHBIX MOAH(UKALMUN CUCTEM MacCOBOTO OOC/Y>KHUBAHHUS.
CoBpemeHHble MH(OPMALMOHHbBIE ¥ TeJeKOMMYHHKALHOHHBIE CHCTEMbI BKJIOUAKIT B cels
Pa3HOTHUIHbIE MOTOKH NAaHHBIX, KOTOpble MepefalT TEKCTOBble NaHHBIE, TOJOCOBYIO HH-
bopmauui0 U MHPOPMALHUI H3 BHIEOMCTOUHHMKOB, 4TO TpeOyeT MHCIOJb30BaHHUS OoJjee
CNIOXKHBIX Mojeseli MOTOKOB. B KauecTBe HMX HCMOJb3YIOT MaTeMaTHYeCKHe MOJeNH
MapKOBCKHX MoaynupoBaHHbIX 1oToKoB (BMAP, MAP), nonymapkoBckux (SM) unu ux
YaCTHBIX CcJydyaeB (MapKOBCKHE MOAYJIMPOBaHHbIH MyaccoHoBcKUi notok MMPP, notok
MapKOBCKOro BoccTaHoB/eHUss MR u pekyppenTHbiil motok GI).

PasnuuHble enquHULBl HHQOPMALUK TPeOYIOT Pa3/jMYHOTO BpeMeHH 00C/yKHBAaHUS B
3aBUCHMOCTH OT CBoero (opmara. B cBf3M ¢ 3TUM B KayecTBe MojeJiell MPOLECCOB B
COBpeMeHHbIX HUH(POPMALMOHHBIX CUCTEMAaX HMCIOJb3YIOT CUCTEMbl MAacCOBOro o6c/yKHBa-
HUS C Pa3HOTHUMHBIMHU 3asiBKaMH [5—7], B KOTOpbIX 06C/ayKMBaHHE 3asBOK KaKIOro THIA
3aHMMaeT Pas3JMYHOEe BpeMs.

JlaHHast craThsl MOCBsILEHA MWCCJENOBAHHIO 4YHCJAa 3aHATBIX MPUOOPOB B CHCTEMe
C BXOISILIMM TOTOKOM MapKoBCKoro BocctaHoBjeHHsi (MR). Hucuuninza obcnykuBa-
Hus B paccmarpuBaeMod CMO onpepesisieTcsi COCTOSHUSIMU BJIOXKEHHOH MO MOMEHTaM
BOCCTaHOBJIeHHUs1 Lenu MapkoBa, B OT/HUYHe OT paboThl [8], rme mapameTpbl 0OC/YKH-
BaHUS [i) OMPENENSIIOTCS BEPOSITHOCTAMM pi. B paborte [9] paccmarpuBaercs CMO ¢
paciiernsieHreM (KOMMpOBaHHEM) 3asBOK, KOTOpble 0OC/IYXKHBAIOTCS B PasHBIX OJOKaX C
pasHbBIMH MapaMeTpaMH MapasienbHo. B maHHOH paboTe ¢ MOMOILIbI0 MeTOdA HayasbHBIX
MOMEHTOB HaHIeHbl aHAJUTHUECKHE BbIPaXKE€HWs MJisi OCHOBHBIX BEPOSTHOCTHBIX Xapak-
TEPUCTUK UHCJA 3aHATHIX NPUOOPOB B CUCTEME.

1. NMOCTAHOBKA 3ALA4YU

PaccmoTpum cucteMy MaccoBOro 0OCJyKUBAHUSI C HEOTPAHHYEHHBIM UYUCJOM 00C/Ty-
KHBaoIKX npubopos. Ha BXoxm mocTymaeT moTOK MapKOBCKOrO BOCCTAHOBJIEHHS, 3a-
NaHHbI# HabopoM (YHKUHE pacrpeneseHust AJIUH HHTepBasoB Ap(x), As(x),..Ax(x) u
marpuueid P = [p;;], i,7 = 1,2,..., K — BJIOKEHHOH 110 MOMEHTaM HACTYIJIEHHsI COOBITHI
nenu MapkoBa ¢ KOHEUHBIM YHCJIOM cOCTOsiHUE k(1) = 1,2, ..., K.

Hucuunnuna o6cayKHUBaHUs ONpefessieTcs CAeAYILUHUM 00pa3oM: ecsU BJOKeHHast
nenb MapkoBa HaxXOAWTCS B COCTOSIHMM k(t) = s, TO TMocCTynamllas 3asBka OyaeT
00C/Yy2KHMBaTbCSl CJy4YalHOe BpeMs, paclpelesieHHOe M0 3KCIOHEHIUAaJIbHOMY 3aKOHY
Fy(x) =1 — e #* CraBuTcs 3aJa4a UCCJEN0BAHHUSI MHOTOMEPHOTO CJy4YalHOro mpoiecca
i(t) = [i1(t),i2(t), ..., i (t)] — uncsa 3aHATHIX MPUOOPOB PA3HOTO THMA B CHCTEME.

2. CUCTEMA OU®DDEPEHLMUANBbHbBIX YPABHEHU KOJIMOIOPOBA

BBuay rpomMo3akocTd BeiBoga (OpMyJ /st MPOHU3BOJBHOrO YHC/Ia COCTOSTHUH BJIO-
»KeHHO#H 1enu MapkoBa MpuBeeM TeOpPeTHYECKHE BBIKJAAAKH [1Ji5 HaX0XKIEHUS] OCHOBHBIX
BEPOSITHOCTHBIX XaPaKTEPUCTHK IJIst k = 2.

OrmpesieiuM UeTbIpeXMepHBIH MAapKOBCKHE caydaiHblil npouecc {k(t), z(t),i1(t), i2(t)},
roe z(t) — AJMHA WHTepBaja OT MOMEHTa BPEMEHH ¢ 0 MOMEHTa HaCTYIJIeHHs Oouepe-
HOTO COOBITHSI B MOTOKE MapKOBCKOIO BOCCTaHOBJEHHS, k(t) — BJIOXKEeHHasl 0 MOMEHTaM
BOCCTaHOBJIEHHUS 1ienb Mapkosa.

NMHpopmaTtrka 389



&hﬂaa Capar. yH-T1a. Hos. cep. Cep. Matematnka. Mexannka. VHpopmatnka. 2020. T. 20, Bbin. 3

s pacnpenesieHus BEpOSATHOCTEN
P(k, z,i1,d2,t) = P{k(t) = k,2(1) < 2z, i1(t) = i1, i2(t) = in}
M0 TeopeMe IOJHOW BEPOSITHOCTH MOXKHO 3aMuCaThb CJAedYIOLIMe PaBeHCTBA:
P(la Z, 'L.la i?a t+ At) - (P(la zZ+ Ata ilv Z.27 t) - P(17 At) il; 'L.Qa t))(zl,ul + 22//12)_’_
—|—P(1, At,’il - 1, Y;Q,t)PllAl(Z - At) + P(2, At,il - 1, ig, t)P21A1<Z - At)+
+P(1, 2z + At,iy + 1,ig,t) (i1 + DAt + P(1, 2 + At, iy, 09 + 1,1) (12 + 1) u At + o(At),
(1
P<27 2, i17 Z'27 t+ At) - (P<27 Z+ Ata 7;17 Z.27 t) - P(27 Atv i17 i27 t))(llul + Z2M2)+
+P(1, At,'él, iQ — 1,t)P12A2<Z — At) + P(2, At,il,ig — 1, t)PQQAQ(Z — At)"‘
+P(2,z+ Atiy + 1,ig,t) (i + 1) At + P(2, 2 + At iy, 00 + 1,1) (12 + 1) At + o(At).
Orciona nmosyunm cuctemy nuddepeHHalbHbIX YpaBHeHHH Kosmoroposa:
0P(1, Z,’il,ig,t> . 8P(1, Z,il,ig,t) (9P(1, O,?:l,’ig,t)
ot B 0z 0z
OP(1, 0,i; — 1,i9,1)
0z

P21A1(Z) + P(l, Z, ’il + ].,igﬂf)(lll + 1),&1—}-

— (i1 +dop2) P(1, 2,11, 02, ) +

0P(2, 0,41 — 1,i9,1)
_|_
0z

P11A1(Z)—|—

+P(1, Z,’il,ig + 1,t)(22 + 1),&2,

2

(9P(2, Z,’il,iz,t> . 8P(2, Z,il,iQ,t) . 8P(2, 0,i1,i27t)_ ( )
ot B 0z 0z
OP(2, 0,i1,is — 1,1)

— (i1 + iop2) P(2, 2,141,492, 1) +

OP(1, 0,1, iz — 1,1)
+
0z

Py A
B noAs(2)+

PioAs(z) + P(2, 2,01 + 1,49, t) (iy + 1)+
+P(2, 201,19 + 1,1)(i2 + 1) pao.
151 cTauMoHapHOro pacnpeesieHUst BEPOSTHOCTeH 3aMullieM 3Ty CUCTEMY B BHUE
OMI(L, z,i1,4)  OTI(L, 0,4y, is)

0z 0z

oIl(1, 0,4, — 1,1 oll(2, 0,41 — 1,4
+ ( a; 2) PllAl(Z) + ( aZl 2>P21A1(Z)—|—

+H(17 Zvil + 17 22)(“ + 1):”1 + H(L Z, ila Z-2 + 1)(22 + 1):“2 - 07
OI(2, z,i1,12)  OU(2, 0,iy,12)
0z 0z
OTI(2, 0,1,y — 1 ATI(1, 0,41, 4y — 1
+ ( at 2 )PQQAQ(Z) + ( aZ; L2 )PlgAg(Z)—l—
+H(2, Z,il + 1, ZQ)(Zl + 1),[!1 + H(Q, Z, il, 7;2 + 1)(22 + 1),U/2 = 0.
3. METOJMO XAPAKTEPUCTUYECKUX dYHKLUN

BBenem xapakrepucTuueckue (pyHKIHH

— (i p1 + dgp2) (L, 2,41, 99)+

(3)
— (ilﬂl + /L2M2)H(27 <, il? 12)—’_

o0 oo
H(k,z,uy,up) = Z Z el el 22 ]k, 2, iy, i),

11=012=0

rae 7 =+/—1.
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Torna, yuuTteiBasi, 4to

OH (k, z,u1, us T o

( ’a?; : ):] E E ZIGJUIHGJUQZQH(]{:7Z7Z1>Z2)7

! i1=0142=0

rae ¢ = 1,2, nosydyaem CJAeAYOLLYIO CUCTeMY OU(depeHIHa bHbIX YPAaBHEHUH B YAaCTHBIX
[IPOU3BOJIHbBIX:

aH(l,Z,ul,Ug) . aH(LO?ulauQ) + aH(17Zaul>u2)_+_

; _ ,jum
0z 0z jml—e™) ouy
, - OH(1,z,uq, 0H (1,0, uq, -
+ipa(1 — e792) ( azuul ) + ( azul uz)e? 1P A (2)+
2
0H (2,0 ,
+ ( 78;U1,U2>ejulp21A1(z) _ 0’ (4)
0H (2, z,ui,us)  OH(2,0,uy,us) | Cjuy OH (2, 2, u1, ug)
0z B 0z +im(l—e ) ouy +
OH(2, 2, uy, OH(L,0,u1,us) -,
ia(1 — e 2L ;uul u) | OH( azul Ua) s py, A, (2)+
2
H(2 ,
y 0.0, 1) i, py(2) = 5)

0z

Bocrnonb3yemesi  cBOWCTBAMKU  XapaKTepUCTUUeCKOW (YHKUMH W npoauddepen-
uupyem (4) u (5) mo wuq:

OPH(1, z,ur,up)  0*H(1,0,up,us)
020U, B 020U,
O?H (1, 2, uy,us)
ou?
OH(1,0,uy,us)
0z
OH (2,0, uy,us)
0z
O?H (2, z,ur,ug)  0*H(2,0,uq, us)
0z0u, B 020w,
O?H (2, z,u1, us)
ou?
O?H (1,0, u1, us)
0z0u,

aH(17 <, U1, Ug) +
8u1
, o OPH (1, 2, up, ug)
1 _ —Ju2 ) Y )
- ]MQ( c ) 8u28u1
azH(]'? 07 Uy, u2)
828u1
82H(2 0 (51 U,Q)
s Uy ) _ 6
826u1 07 ( )
aH(27 Z, U1, UQ) +
8u1
82H(27 2, U, UQ)
8U28U1
62H(27 Oa Uy, Ug)
028u1

+ jP e ™

+jpm (1 —e ™)

+je’" P11 Ay (z) + e Py Ay (2)

—|—j€ju1P21A1 (Z) + erI PQIAI(Z)

—Jjul

+ j2 e

+jpa(l = e77*)

+jpm (L —e")

+€ju2P12A2(Z> + €ju2P22A2(Z) = 0. (7)

[Tponuddepenuupyem (4) u (5) Mo usy:

PH(,z,u1,up)  0*H(L,0,uy, up) o (1= em) O*H (1, z,uy, us)
020us 020Uus Ouq0uy
aH(1727u17u2) aZH(17zvu17u2)+

+52 e s + jpa(l —e77"2) 52
2
: 0*H (1,0, ur,u : 0*H (2,0, ur,u
+el™ P11A1(Z) (azau; 2) 4 63“1P21A1 (Z) (azau; 2) _ 0, (8)
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2
() P )
O?H (2, z,u1, us)
du
O?H (1,0, u1,us)
020Uy
O?H (2,0, uy, us)
020us

O?H (2, z,up,uz)  O*H(2,0,uq, us)
020us B 020us
ML o
OH (1,0, uq,us)
0z
OH(2,0,uy,us)
0z

[Tosoxxum B (6) u (7) uy =0 U uy = 0, HOAYYUM

a (1) 1’ a (1) 1’0 ,
ml@i 28 mlai = pmiY (1, 2) + P Ai(2) R (1,0)+
om;"(1,0) omi"(2,0) _
0z 5% , )

omV 2,2 omV 2,0
P la,i D pmf?(2,2)+

om{V(1,0) om{Y(2,0)
0z 0z
[Tosmoxxum B (8) u (9) uy = 0 U uy = 0, HOAYYUM
om?(1,2)  om{”(1,0)
0z 0z

+P11A1(Z)% —+ leAl(z)M — 07

0z
(11)
o (2) 9 9 (2) 2.0 /
mlai 7Z) o mlai ) ) — /,L2m§-2)(272) +P12A2(Z)R (1)0)_’_

om'? (1.0 , om'? (2.0
% 4 PoyAy(2)R(2,0) + szAg(z)%

3anuem cucremy (10) B Buge nuddepeHUHAIbHOIO MATPUUHOTO yPaBHEHHUS

om" (z) . om!" OR(0)
0z 0z 0

+j pge 7"

+7e7"2 Py Ay(2) + €72 Py Ay (2)

+je"2 Py Ay (2) + €2 Py Ay(2) = 0. 9)

+P11A1<Z) -+ P21A1(Z)R/(2, 0) + P21A1<Z)

+P12A2(Z) + PQQAQ(Z) = 0.

— o (1, 2)+

+P12A2<Z) =0.

D pag) -1+ Bpaym, - pm) =0, (12)

Wy [ (1) _ | Pu P _ | Az) 0
3nech m; '(z) = [ml (1,2), my (2,z)}, P = [ P, D, }, A(z) = { 0 Ase) |

I 10 B — 10 3m§1)(2): amiV(1, 2) 8m§1)(2,z)_
o1 00|’ 0z 0z 0z ’
om{”(0) [om{V(1,0) amiY(2,0)|  OR(0) [OR(1,0) AR(2,0)]
0z 0z ’ 0z ’ dz dz ' 0z |

Aty cucremy nuddepeHHANbHBIX YpaBHEHUH OyieM pellaTh MPU MOMOIIH MpeoOpa-
3oBaHus Jlannaca — Ctuntbeca

o0 oo

o1(a) = /e“zdmgl)(z),A * () = /eo‘sz(z).

0 0
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Beinmosnnus B (12) npeo6pasoBanue Jlannaca — CTuntbeca, moaydum

mV
¢1(a)(p —a) = 85—2(0) [PAx(a) — 1] + aRiO)

[Tonoxkus B (13) a = 11, uMeem

omi"(0) _ OR(0)
0z 0z

PA x (Q)Ell- (13)

PA * (11)En [I — PA * ()]

" (00) = ,(0) = S U PA ¢ () B [T PA ()] [PA = (0) - T +

1
+ LOROpo L (g,
py o 0z

OTmeTHM, 4TO al;io) =AXrurP=r re=1.

,[LTIH HayaJ/JIbHOrO MOMEHTA MEePBOro nopsAaakKka MOXKHO 3allHCaTb

A
mgl)(oo) = —rEj;.

YMHOXKHM Ha eIUHHUYHbIH BEKTOp €, MOoJYyUYUM

4. HAYAJIbHbIE MOMEHTbI BTOPOI'O NMOPALOKA

W3 cBolicTB xapakTepuCcTHYeCKOH (PYHKLHUHU HMeeM

O?H (k,uy, us, 2)
(’3u12 uy = 0
U9 = 0

=J m2 (k z),

roe ¢ =1, 2.
[Tponuddepenuuporas (6)—(9) mo u; u us U MoOMOKUB uy; = 0 U uy = 0, monyuum 4
cucteMbl n1U(depeHIHaIbHBIX YPAaBHEHHUH:

Comy(1,2) omi’ (1,0 ,
mQai Z) m28i ) _ Mlmgl)(lv Z>+2M1mgl)(1, Z)_PnAl(Z)R (17 0)_

omV (1,0
—2P11A1(Z) %_

om'V(1,0
%_pnfh(z)
om'V (2,0 omi (2,0

e PENELL TR

omiV 2,2 omiV 2,0
—-—2 ( >+ 2 | )—ﬂlmgl)@ 2

0z 82
amiY (1,0) amiY (2,0)
0z

0z

—P21A1 (Z)R,(2, O) — 2P21A1 (Z)

—|—2u1mél)(2,z)—P12A2( ) — Py As(2) = 0;
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om?(1,2)  am{*?(1,0 om'V (1,0
om? (1,0 omY (2.0 om"? (2,0
_PIIAI(Z)%T()_PQIAl( )%_PQIAl(Z)%TH 207 (15)
omi?(2,2)  am{?(2,0 om'V(1,0
Oy 22 O D) m (@, )4 a2, 2) — Pradg(5) 2
om? (1,0 om'V (2,0 om'H? (2,0
—PlgAg(z)mQT()—PQQAQ(Z)%)—PmAQ(z)%TH — 0
omi?(1,2)  am{*? (1,0 om'? (1,0
a 28z( )+ 82( )+H1m§1’2)(1,2)+M2m§1’2)(1>2)—P11A1<2) 1ai =
om? (1,0 om'?(2,0 om'? (2,0
—P11A1<2)%—P21A1(2)$—P21A1(Z)% = O, (16)
om(2,2)  am{¥?(2,0 om'V (1,0
B Qaz( )+ 26,2( )ermgl, 12, 2) 4+ pam P (2, 2) — Pra Ay () 18£ )
om? (1,0 om'V (2,0 om'? (2,0
NI NB LML WHE )$ Pody( 2 20
_omg’(1,2)  omY(1,0) @ )
— 21y (172)+2M2m2 (172)_
0z 0z
omP (1,0 omP (2,0
—Hﬁﬂ@%—%ﬁﬂ@% — 0,
am 2,2)  om? 2,0
%§)+ QQ ) ol 2, 2) 4 2pm (2, ) (17)
/ om'? 1,0 oms (1,0
—PlgAg(Z)R (1, O)—2P12A2(Z)%—P12A2(2)%—
, om'? (2,0 om'? (2,0
—PQQAQ(Z)R (2, O) — QPQQAQ(Z)%_PQQAQ(Z)% = O
3anuuem cuctembl (14)—(17) B MaTpuyHOM BHIE:
) (1) ) (1) 0
2 202 1) ipa o) - 1)+ gl (2) — 2 (2)4
0z 0z
(1)
af;( )PA( )Eq + 2(%“5—2(0)PA(Z)E11 —0; (18)
omi? (2 8m(1 20 om'Y(0
2 189m0 b o) 1) - ) )+ P A =00 (19
om?(z)  om{"? (0
%z(>+' gh(>[PA@>—ﬂ—wn9”@>ml+uﬁ+
@)
+ama—Z(O)PA(z) —0; (20)

[PA(2) = T] + pam{” (2) — 2uom (2)+

om{?(0)

—2PA(2)E 2
(Z) 22 + 0>
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B ypaBHenusx (18)-(21)

wl(2) = [ 2], P[P ae = | AP

10 10 0 0

om{"(z) _ [am1 (1L2) om{"@22)| omP©) _ [amg”(m) am§1>(2,0)]

0z 0z ’ 0z ’ 0z 0z ’ 0z

OR(0) [OR(1,0) OR(2,0)
0z _{ dz = 0z }

Cucremy nuddepeHIHanbHbIX ypaBHeHUH (18) OymeM pelnath mpu MOMOLIM Tpeobpa-
3oBaHus Jlannaca — Ctunreeca

(e 9] o0 o0

o) = [ Fdm (@) oale) = [ @), Ax () = [edA)

0 0 0

Beinosnnus B (18) npeo6pasoBanue Jlannaca — CTuatbeca, moaydum

o o
bo()(2u1 — @) = 682—2(0) [PA x (o) — 1] + Qaé—z(o)PA * (a)En+
al:;i )PA * (Oz)EH + ,U/1¢1 (Oé) (22)

[Tonoxus B (22) o = 2441, UMeeM

om" (0 om'" (0 OR(0
%U = (2%“PA * (2M1>E11 + ai )PA * (2#1)E11 + M1¢1(2M1) X
x [I— PA % (2p1)] "
Torna
1 (om0 OR(0
¢2(O> = 2_m (2%“PA * (2M1>E11 + ai )PA X (2#1)E11 + u1¢1(2u1)> X
X [I—PA % (2u1)] " [PA % (0) —I] + Miaf;—i)PA s (j11)Eqq X
1
-1 OR(0)
X [I — PA % (,ul)] PA (O)EH + 8—PA (O)Ell + /\I'En-
OTmeTHM, 4TO RO _ \p y rP = rre=1,\=—1

0z of (1-rA(u)e)du

Jlns HayaIbHOTO MOMEHTA BTOPOTO MOPSiIKA 3asBOK MEPBOr0 THUIA B CUCTEME TMOJYIUM
pPaBeHCTBO

1 9R(0)

my (00) = my” (cc)e = ¢a(0)e = - —5 =

——PA % (Ml)Ell X
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OR/(0)
0z

JI71s1 HauasbHOrO MOMEHTA BTOPOTO MOPsiIKA 3asiBOK BTOPOTO THUIMA B CUCTEME MOJYyUUM
paBeHCTBO

X [I —PA % (j11)] " PA % (0)Eje + PA % (0)Ej e + ArE;je.

1 OR(0
m? (00) = m$P (c0)e = ¢ (0)e = — O)pa . (112)En x
po Oz
x [I — PA x (Mg)]71 PA x (0)Exe + al;—io)PA  (0)Ege + ArEqe.

AHaJIOFI/IT-IHbIM O6pa3OM MO2KHO HOJIy‘-II/ITb MOMEHTHI HepBOFO U BTOpOFO HOpHILKOB
34a9BOK k’-I‘O THUIIA B CHUCTEME. MOMeHTbI HepBOFO HOpHﬂKa YUCJIA 3aHATBIX HpI/I60pOB
KaxKa10ro Tuiia B paCCManI/IBaeMOIjI cUucremMe Ol'IpeILeJIHI'OTCH paBeHCTBaMI/I

m® (00) = X,
M
rae )\ — HHTEHCUBHOCTbBH IIOTOKAa MapKOBCKOFO BOCCTAHOBJIEHHU A, KOTOpaH OHpeILeJIHeTCH
Bpra}KeHI/IeM

1
A= — :
/(1 —rA(u)e)du
0
3necb r = [r(l), r(2),..., r(K)] — BeKTOp CTalLlMOHAPHOTO pacrpeaeseHHs] BePOSITHOC-

Tel 3HAUeHUH BJIOXKEHHOH Lienu Mapkosa.
MowmeHTBI BTOPOTo MOpsiika Uhc/a 3aHATHIX TPUOOPOB KaXKI0T'0 TUIA B CUCTEME UMEIOT
BU

1
mi (c0) = E)\rPA % (1) Ep, [T — PA % (,)] " PA * (0)Eje + A\rPA x (0)Ege + ArEge.

[e.@]

3nech A x () = [ e **dA(z), E;, — KBagparHasi MaTpHlla, BCe 3/1eMEeHTbl KOTOPOH paB-
0

Hbl 0, Kpome ex, = 1.

5. KOO®PPUUMUEHT KOPPENALUUN

Cucremy nuddepeHranbHelX ypaBHeHHH (19) OynmeM peliate mpu MoMold mnpeobpa-
3oBanud Jlannaca - Ctuntbeca

() = ]Oe_o‘zdmgm)(z), Ax(a) = 7e_aZdA(z).

Beinosinue B (19) npeo6pasoBanue Jlannaca — CTuntbeca, Noay4um

om{"? (0 om{" (0
0() (i + s — ) = 282 O 1pp )+ P Opys (o), (23)
0z 0z
YuuteiBasi, 4To améj(o) = alzio)PA s ()BT —PA % (u1)]”", u nonoxus B (23)

o = [i1 + M2, NOJYUUM

am$"?(0)  IR(0)
0z 0z
Torna

PA# (1) En [T = PA # (111)] 7 PA s (1 + 1) [T = PA % (1 + p2)] .

2 _ gje— L ORIO)

- PA E,, [I-PA 1p.
i+ 02 *(Ml) 11[ *(Ml)]
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3AKJTIOYEHUE

B nanHO# paGoTe MOCTpOeHa M HCCJeNO0BaHA MareMaTHuecKas MOJeJb O0O0CJYXKH-
BaHUs 3asBOK B OECKOHEUHOJHHEHHOH reTeporeHHOW CHCTEMe MacCOBOrO 00C/yXKHBa-
Hust MR(s)|M(s)|oo ¢ BXOOSILIUM MOTOKOM MapKOBCKOT'O BOCCTaHOBJeHHSs. OmnpepesieHbl
aHaJIMTUUECKHE BBIPaXKEHHs [JIs1 HAXOXKIEHHs TePBOrO M BTOPOTO MOMEHTOB, Xapak-
TEPU3YIOLIUX YUCJIO 3aHSITHIX MPUOOPOB KaXkKA0r0 THUIIA B CHCTEME, a TaK»Ke Koa(dHuiHeHTa
KOPPEJISILIUH.
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Data streams in information and communication systems include integrated heterogeneous
streams, containing voice, text data and video. Since the service of different information units
takes different time depending on their format, used protocols and so on, it is proposed to model
such data transmission processes using heterogeneous queueing systems with services depend-
ing on the parameters of the incoming stream. In the paper, an infinite-server heterogeneous
queueing system is considered. Arrivals are modeled as a Markov renewal process (MRP) with
two states given by distribution functions of the interval lengths and by a transition probabili-
ty matrix. The exponential distribution parameter of service time is determined by the state of the
underlying Markov chain of the MRP at the moment when a customer arrives and does not change
until the service completion. To study the system, the method of characteristic functions is used.
Using their properties, analytical expressions are obtained for the initial moments of the first and
the second order of the number of customers of each type present in the system in a steady-state
regime. To analyze the relationship between the components of the process, a correlation moment
is derived.

Keywords: infinite-server queueing system, Markov renewal process, method of initial moments.

Received: 08.11.2019 / Accepted: 30.12.2019 / Published: 31.08.2020

This is an open access article distributed under the terms of Creative Commons Attribution
License (CC-BY 4.0)

References

1. Garayshina I. R., Nazarov A. A. Investigation of Russian Federation retirement fund insur-
ance capital modification process mathematical model. Tomsk State University Journal,
2003, no. 280, pp. 109-111 (in Russian).

2. Fokina N. P., Tananko I. E. A Method of Routing Control in Queueing Networks with
Changing Topology. /zv. Saratov Univ. (N. S.), Ser. Math. Mech. Inform., 2013, vol. 13,
iss. 2, pt. 2, pp. 82-88 (in Russian). DOI: https://doi.org/10.18500/1816-9791-2013-13-
2-2-82-88

3. Akhmedova D. D., Terpugov A. F. Mathematical model of an insurance company taking
into account advertising costs. lzvestiya vuzov. Fizika, 2001, vol. 44, no. 1, pp. 25-29
(in Russian).

4. Erlang A. K. The theory of probability and telephone conversations. Nyt Tidsskrift for
Matematik, B, 1909, vol. 20, pp. 33-39.

5. Pankratova E. V. Investigation of the queuing system GI/Gl/oco with two types of arrivals.
Informatsionnye tekhnologii i matematicheskoe modelirovanie (ITMM-2015): materialy
XIV Mezhdunar. konf. im. A. F. Terpugova [Information Technology and Mathematical
Modeling (ITMM-2015). Materials of the XIV Int. conf. named after A. F. Terpugov].
Tomsk, Izd-vo Tomskogo universiteta, 2015, pt. 1, pp. 152-157 (in Russian).

398 HayyHeir otaen



. X
E. M. [MonnH n Agp. AHann3 BEPOATHOCTHbIX XapakTepncTrk reteporeqHori CMO @,

=

6. Pankratova E. V. Investigation of the queuing system MAP|M|oc with heterogeneous ser-
vice using the asymptotic analysis method under the condition of extremely rare changes
in the state of the incoming stream. In: Distributed computer and communication net-
works: control, computation, communications (DCCN-2015). Moscow, Institut problem
upravleniya RAS, 2015, pp. 585-592 (in Russian).

7. Pankratova E. V., Moiseeva S. P. Queueing System GI/Gl/cc with n Types of Cus-
tomers. Communications in Computer and Information Science. Switzerland, Springer,
2015, vol. 564, pp. 216-225.

8. Moiseeva S. P., Pankratova E. V., Ubonova E. G. Queuing system with renew-
al arrival process and two types of customers. Tomsk State University Journal of
Control and Computer Science, 2016, no. 2 (35), pp. 46-53 (in Russian). DOI:
https://doi.org/10.17223/19988605/35/5

9. Moiseeva S. P., Sinyakova [. A. The method of moments for the study of the mathematical
model of parallel servicing multiple claims of the Markov renewal process. Bulletin of the
Tomsk Polytechnic University, 2012, vol. 321, no. 5, pp. 24-28 (in Russian).

Cite this article as:

Polin E. P., Moiseeva S. P., Moiseev A. N. Heterogeneous Queueing System MR(S)/M(S)/c0
with Service Parameters Depending on the State of the Underlying Markov Chain. /zv. Saratov
Univ. (N.S.), Ser. Math. Mech. Inform., 2020, vol. 20, iss. 3, pp. 388-399 (in Russian). DOI:
https://doi.org/10.18500/1816-9791-2020-20-3-388-399

NMHpopmatrka 399



