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Second-order functional-differential pencils on closed sets are considered with nonlinear depen-
dence on the spectral parameter. Properties of their spectral characteristics are obtained and the
inverse problem is studied, which consists in recovering coefficients of the pencil from the given
Weyl-type function. The statement and the study of inverse spectral problems essentially depend
on the structure of the closed set. We consider an important subclass of closed sets when the
set is a unification of a finite number of closed intervals and isolated points. In order to solve the
inverse spectral problem for this class of closed sets, we develop ideas of the method of spectral
mappings. We also establish and use connections between the Weyl-type functions related to
different subsets of the main closed set. Using these ideas and properties we obtain a global con-
structive procedure for the solution of the nonlinear inverse problem considered, and we establish
the uniqueness of the solution of the inverse problem.
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INTRODUCTION

We study inverse spectral problems for pencils of functional-differential operators
on a closed set of the real line (in literature it is sometimes called a time scale). Such
problems often appear in natural sciences and engineering [1]. Inverse spectral problems
consist in constructing operators with given spectral characteristics. For differential ope-
rators on an interval inverse problems have been studied fairly completely; the main
results can be found in the monographs [2,3]. Inverse spectral problems for differential
pencils on an interval were considered in [4-10] and other works. Inverse problems for
functional-differential operators for Sturm - Liouville operators defined on time scales
were investigated in [11]. Inverse problems for pencils of functional-differential opera-
tors have not been studied yet. In Section 1. of this paper we present main notions and
establish properties of spectral characteristics for pencils of functional-differential ope-
rators on closed sets, and formulate the statement of the inverse problem. In Section 2.
we develop an algorithm for solution of the inverse problem of recovering the pencil
from the given Weyl-type function, and prove the uniqueness of the solution.

1. STATEMENT OF THE INVERSE PROBLEM

Let T be a closed subset of the real line; it is sometimes called a time scale. Consider
the following equation on 7™

Y22 (@) + (p° + pp(x) + q(x))y(o(x)) =0, x€T. (1)
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Here p is the spectral parameter, ¢(z) € Cr, p(z) € C}. are complex-valued functions,
y~ is the delta-derivative, o(z) = inf{s € T : s > a} for x # supT, o(supT) = supT
(see [11] for notions related to equations on closed sets such as delta-derivative, C and
others). The statement and the study of inverse spectral problems essentially depend on
the structure of the time scale 7. In this paper we consider an important subclass of
time scale, namely, the so-called Y1-structure [11]. Let the set 7" have the following
structure:

N
T = U [ak,bk], N>2, bp_1 < ap < by < Qp+1, Q1 <b1, aN<bN, ak:bk, ]{IIQ,N—l
k=1

For Y1-structure one has

—y(b —
yA(bk) _ y(ar1) — y( k)7 F=T.N—1,

A y2(z) =y (z), = € [ay,b1] U [an,by].  (2)
Ag+1 — Ok

In particular, this yields y®(b;) = ¥/(b1), and consequently,

y(az) = y(b1) + (az — b1)y'(by). (3)
Using (1) and (2) we obtain
y"(x) + (0 + pp(x) + q(2))y(x) = 0, @ € [ay, 0] U [an, by], (4)
y2 () = 1 (?J(ak+2) —y(be1)  ylaws) — y(bk)) _
YT g — b Apq2 — by g1 — by,

= ((i/?)2 — pp(by) — Q(bk))y(ak+1)> k=1N -2,

S () = — (y,(aN) ~ ylay) — y(bzv—l)> _

an —by_1 an —by_1

= ((ip)* ~ pp(br-—1) — albx-1) J(an).

Therefore

Qg2 — b
Y(arr2) = ylbes) + 22 (y(an) — y(be) )+
Ak+1 — Ok

ans = b)(arra = b ((60)° = pp(te) = a(be) Jy(ars). k=T N =2, (5)

ylax) = PLZIO) (o) (p)? = pplo2) = alow) Jyfax). (6)

Denote @ = {p, q}. It follows from (3), (5), (6) that

ylan) = a11(p)y(br) + awz(p)y'(br), }

y'(an) = as(p)y(br) + am(p)y/ (br), ™

where «aj;(p) are polynomials with respect to p of degree 2(N + j —3), and they depend
on Q(by),...,Q(bnyj—3). Moreover,

ajr(p) = (ip)* V¥l [1],  |p| — oo, (8)
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where o, = (ay — bi)(ay — by_1) [Toey (aks1r — bp)? (@), = 1 for N = 2, and
aly = (az — bi)(ag — by) for N = 3), af, = (ay — by)ad}, Y, = (ay — by_1)a%,

Yy = (a2 — b1)(an — by-1)a?, [1] = 1+ O(p~'). Without loss of generality, we as-
sume that a; = 0.

We denote by Ly the boundary value problem for Eq. (1) on 7" with the bound-
ary conditions y(0) = y(by) = 0. Let S(z,p) and C(z,p) be solutions of Eq. (1) on
T satisfying the initial conditions C'(0,p) = S2(0,p) = 1, S(0,p) = C2(0,p) = 0. De-
note Ag(p) := S(by,p). The eigenvalues {p,o}ncz of the boundary value problem Ly
coincide with the zeros of the entire function Ag(p). The function Agy(p) is called the
characteristic function for L.

Let ®(z, p) be the solution of Eq. (1) on T satisfying the boundary conditions

®(0,p) =1, @(bn,p) = 0. 9)
We put M(p) := ®2(0, p). The function M(p) is called the Weyl-type function. Clearly,

®(z,p) = Clz,p) + M(p)S(z, p), (10)
M(p) = —A1(p)/Ao(p), (11)

where A;(p) := C(by, p) is the characteristic function for the boundary value problem
L, for Eq. (1) on T" with the boundary conditions y*(0) = y(by) = 0. The zeros {pn1 nez
of Ay(p) coincide with the eigenvalues of L.

Now we need to study the asymptotical behavior of the solutions ®(x, p) and S(z, p).
For this purpose we extent the functions Q(z) on the whole segment [a;,by] such that
q(x) € Clay, by], p(x) € C'ay,by] and arbitrary in the rest. Consider the equation

y'(x) + (p° + pp(2) + q(2))y(z) = 0, € [0,by]- (12)
Denote
E(z) = %/Ozp(t) dt, Tl ={p: £Imp > 0},

Uy ={p: argpe[o,7 =4}, Iy ={p: argp € [7+ 9,27 — I}

It is known (see, for example, [2]) that there exist fundamental systems of solutions
of Eq. (12) {Yi*(x,p), Y5 (x,p)}, = € [0,by], p € IIt, |p| > po, having the following
asymptotical behavior for each fixed z € [0,by], v = 0,1 as |p| — oc:

v

Y, p) = (ip)! expli(pr + B(x)[1),

Y 0) = (~ip) exp(=ilpr + B()) 1] (13)

Taking (7) into account we conclude that the function ®(x,p) is the solution of Eq. (4)
satisfying the boundary conditions (9) and the jump conditions

D(an, p) = an(p)® (b1, p) + a12(p)®'(by, p), }
(14)

' (an, p) = a2 (p)®(b1, p) + c22(p) P’ (b1, p).
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Using the fundamental system of solutions {Y;"(x, p), Y5 (z, p)}, for p € I one has:
Oz, p) = Ai(p)Y1" (2, p) + A2(p)Y5' (2, p), 2 € [0,b1], }
Oz, p) = Bi(p)Yy" (, p) + Ba(p)Y5' (2, p), @ € [an, bn].

(15)

Substituting (15) into (9) and (14) and using (13), we obtain the following linear
algebraic system with respect to Ax(p) and By(p):

Ar(p)[1] + A2 (p)[1] = 1,
Bi(p) exp(i(pby + E(bn)))[1] + Ba(p) exp(—i(pby + E(bn)))[1] =
Bi(p) exp(i(pan + E(ax)))[1] + Ba(p) exp(—i(pax + E(@N)))[l

(
= an1(p) (As(p) expli(pby + E(b1)))[1] + As(p) exp(—ilpbs + B(br)))[1] )+
+az(p) (A1) (i0) exp(i(pbr + E(bi)))[1] + Az(p)(—ip) exp(=i(pbs + E())1]),

Bi(p)(ip) exp(i(pan + E(an)))[1] + Ba(p)(—ip) exp(—i(pan + E(an)))[1] =
= 21 (p) (A1(p) exp(i(pbr + E(b1))[1] + As(p) exp(—=i(pby + E(b0)))[1] )+
+aza(p) (A1(p) (ip) exp(i(pbr + E(b1)))[1] + Az(p)(=ip) exp(—i(pbs + E(b))[1]).

Taking (8) into account we deduce that the determinant D(p) of this system has the
form

Di(p) = (ip)ors(p) ((explip(by — an)) exp(i(E(by) — B(ax)))[1]-
— exp(—ip(bx — ax)) exp(~i(E(by) = E(an)))[1]) x
x ((exp(i(pby + E(b)[1] — exp(—i(pbi + EG))[1]), |ol =00, pe T (16)

Solving this algebraic system by Cramer’s rule and using (8) and (16), for
lp| = o0, p € II} we get:

Aoy =[1], As(p) = exp(2iphy)[1],
Bi(p) = exp(—ip(an — b1))O(p* (1],
Bs(p) = exp(—ip(an — b1)) exp(2ipbn)O(p** (1]

In particular for each fixed = € (0,b;) this yields:
®(x,p) = (ip)” expli(pr + E(@)))[1], v=0,1, |p| =00, pellf.  (17)
Repeating these calculations for p € TI_, for each fixed = € (0,b,) we get:
®)(x,p) = (=ip)” exp(—ilpz + E@))[1], v =01, |p| o0, pelly.  (18)

Similarly, we obtain

Sz, p) = —% exp(—i(pz + E(x)))[1], v=0,1, [p| = o0, peIlf,  (19)

1p)” _
5 w.p) = 0 explifpn + B@)II. v =0.1 ol >0, pTL;. (@0
for each fixed x € (0, by).
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2. SOLUTION OF THE INVERSE PROBLEM

Let the numbers Q(b2),...,Q(by—-1) be known a priori. The inverse problem is for-
mulated as follows: given M (p), construct @ = {p,q} on T.

In order to solve this inverse problem we will use the ideas of the method of spectral
mappings [3]. Let us prove the uniqueness theorem for the solution of the inverse
problem. For this purpose together with L, we consider a boundary value problem Lj
of the same form but with another potentials Q. We agree that if a certain symbol ¢
denotes an object related to Ly, then # will denote an analogous object related to L.

Theorem 1. If M(p) = M(p), then Q = Q on T. Thus, the specification of the
Weyl-type function M (p) uniquely determines the potential ().

Proof. For z € (0,b;), we define the matrix P(x,p) = [Pjx(x,p)|jx=12 by the
formula

P(z, p)

KA »-e-u

z,p) S(z,p) | [ ®x,p) S(z,p)
(o,p) . >]‘{<b’<x,p> S’@,p)}' &)

Since ®(x, p)S'(x, p) — ®'(z,p)S(x, p) = 1, it follows from (21) that

Pu(z, p) = ®(z, p)S:’(m, p) — S(:vyp)@j’(x, p), } 29)
Pis(z, p) = S(z, p)®(x, p) — (z, p)S(z, p),
®(z, p) = Pu(z, p)flj(w, p) + Pw(:v,p)qj’(x, p), } 23)
S(x,p) = Pu(z, p)S(x, p) + Pra(z, p)5'(x, p).
It follows from (17)-(20) that for each fixed z € (0,by),
Pri(z,p) = Uz) +O0(p™"), Puo(z,p) =O0(p™"), |p| = o0, p € IT5, (24)

where Q(z) = cos(E(z) — E(z)). On the other hand, using (10) and the assumption of
the theorem, we get

Pn(i',p) = C(SC,p)S/(l',p) - é/<$,p>5($,p)7
Pys(x, p) = C(x, p)S(x, p) — C(,p)S(x, p),

and consequently, for each fixed = € (0,b;), the functions Pyi(x,p) and Pio(x,p) are
entire in p of exponential type. Together with (24) this yields

Pll(x7p) EQ(ZE), P12(‘Tap) =0. (25)
It follows from (23) that
O(z,p) = Uz)®(x,p), S(z,p) = Q)S(z,p), € (0,b), (26)

for all complex p. Therefore,
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Taking (17)-(20) into account for |p| — oo we infer that:

e ) = SPUE) B, GO0 = eli(Be) = B, pe
P(x,p) i(B(2) — Blx S(x,p):ex B — El B
Cﬁ(x,p) —exp( <E< ) E( )))7 S(ZE,p) p( <E< ) E( )))7 pEH(S'

Together with (22) this yields exp(2i(E(z) — E(zx))) = 1. Since E(0) — E(0) = 0, it
follows that F(x) — F(x) = 0. Hence Q(z) =1 for = € [0,5]. Using (25) we calculate
Py (z,p) =1, and p(z) = p(z) for all x € [0,b]. It follows from (26) that

O(,p) = B(z,p), S(,p) = S(z,p), (27)
for all € [0,by], and consequently, Q(z) = Q(x) for all = € [0,b;]. Using the method of
spectral mappings [3] we also obtain an algorithm for constructing the potentials p(x)
and ¢(z) for z € [0, by].

Denote

(z, p) ®(aw, p)
(I)(a1\7>p)7 (I)(CLN,p) .

Since ®q(an,p) =1, ®1(by,p) = 0, it follows that the function M;(p) is the Weyl-type
function for Eq. (4) on the segment [ax,by]. Taking (14) and (27) into account we infer
M, (p) = M;(p). The specification of the Weyl-type function M, (p) uniquely determines
the potentials p(z) and ¢(z) for = € [an, by]. This means that Theorem 1 is proved, and
the solution of the inverse problem can be found by the following algorithm. O

Algorithm 1. Let the function M (p) be given.

1. Construct p(x),q(x) and ®(z,p) for x € [ai,bi| using the method of spectral

mappings.

2. Find ®(ay, p) and @' (an, p) via (14).

3. Calculate M, (p) by (28).

4. Construct p(z),q(x) and ®(x,p) for x € [an,by] by the method of spectral map-

pings.

We note that the inverse problem of recovering the potentials p(z) and ¢(z) from
the given two spectra {pp;}n>1, 7 = 0,1, can be reduced to the solution of the inverse
problem from the Weyl-type function. Indeed, using Hadamard’s factorization theorem
one can uniquely reconstruct the characteristic functions A;(p), j = 0,1, and then
calculate M(p) by (11).

Py (z,p) = Mi(p) == Pi(an, p) = (28)
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YK 517.984

06 onpeneneHnn pyHKLMOHaNbHO-aUddepeHLnanbHbIX Ny4KOB
Ha 3aMKHYTbIX MHOXecTBax no oyHkUuu Tuna Benna

B. A. FOpko

lOpko Bsiyecnae AHaTonbeBMY, OOKTOP PU3NKO-MATEMATMYECKMX HAYK, 3aBedyowmnin kadea-
POV MareMaTnu4eckomn onankn 1 BbIYUCINTENBbHOM MaTtemaTnku, CapaTtoBCKMA HALMOHAbHBbIN
nccnepoBaTenbCKUA TOCyAapCTBeHHbI yHMBepcuteT mmeHn H. M. YepHblwesckoro, Poccus,
410012, r. Capartos, yn. ActpaxaHckas, a. 83, YurkoVA@info.sgu.ru

PaccmatpuBaioTcs dyHKUMOHANbHO-ANdEpPeHUManbHble NyYkn Ha 3aMKHYTbIX MHOXECTBax
BELECTBEHHON OCW C HEeNVHEeNHON 3aBMCMMOCTbIO OT CrnekTpanbHoro napametpa. lony4yeHsbi
CBOICTBA VX CNeKTpanbHbIX XapakTepUCTUK 1 nccnenyetcst obpaTHas 3agaya, kotopas CoctouTt
B BOCCTAHOB/IEHMN KOS PMLMEHTOB NyyKa Mo 3afaHHOM pyHKUMK Tuna Bering. MNoctaHoBka 1
nccnenoBaHve obpaTHbIX 3afay CyWEeCTBEHHO 3aBUCAT OT CTPYKTYpbl 3aMKHYTOr0 MHOXXECTBa.
PaccmaTprBaeTcst BaxXHblii KNacc 3aMKHY ThIX MHOXXECTB, KOrAa MHOXECTBO siBNisieTcsl 06 beau-
HEHVEM KOHEYHOro Habopa OTPEe3KOB M U30NMPOBAHHBIX TOYeK. YToObl pewmnTb obpaTHyto 3a-
Jady Oong aToro Knacca 3aMKHYTbIX MHOXECTB, JaeTcs pasBuTue naen metoga crnektpalsb-
HbIX OTOOpa>xkeHWin. TakXe YCTaHOBNEHbl U WCMONb3YIOTCS CBA3N MexXAy YHKUMSMUA Tu-
na Be|7|n9|, OTHOCAWMEeCA K pa3HbiIM NMOAMHOXeCTBaM OCHOBHOINo 3aMKHYTOro MHOXeCTBa. C
MOMOLLbIO 3TUX MAEW U CBOWCTB MOnyyeHa rnobanbHas KOHCTPYKTMBHAS npouenypa peleHus
paccMaTprBaeMoil HeNMHenHon obpaTHol 3ajayn, a TakXe YCTaHOBNeHa e€OMHCTBEHHOCTb
peleHns aTol obpaTHO 3aaaudw.

Maremartrika 349



&hl@s. Capar. yH-T1a. Hos. cep. Cep. Matematnka. Mexannka. VHpopmatnka. 2020. T. 20, Bbin. 3

KnroyeBbie cnoBa:  pyHKUMOHANbHO-OUGdEPEHUMANbHbIE MYyYKM, 3aMKHYTble MHOXECTBa,
obpaTtHas crnekTpanbHas 3agava.

Moctynuna B pepakumto: 10.12.2019 / MpwuHsita: 15.02.2020 / Ony6nvkosaHa: 31.08.2020
CraTtbs onybnvkosaHa Ha ycnosusx nuueHsmmn Creative Commons Attribution License (CC-BY 4.0)

BaaromapHocTu. MccnenoBanue BBINONHEHO NMPU 4acTHYHOH (prHaHCOBOH mopjepxkke PODPU
(mpoekt Ne 19-01-00102).

Oo6pasew aJd HUTUPOBAHUA:

Yurko V. A. On Determination of Functional-Differential Pencils on Closed Sets from
the Weyl-Type Function [fOpko B. A. O6 onpenenennd (yHKUHOHAMbHO-AU(PPepPeHINATbHBIX
My4YKOB Ha 3aMKHYTBIX MHOXecTBaX Mo ¢GyHkuuu Tuna Beias] // Wss. Capar. yu-ta. Hos.
cep. Cep. Maremaruka. Mexanuka. Mudopmaruka. 2020. T. 20, Bem. 3. C. 343-350. DOLI:
https://doi.org/10.18500/1816-9791-2020-20-3-343-350

350 HayyHeir otaen



