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MepBblii OPTOHOPMMPOBAHHbIA 6a3nC B NPOCTPAHCTBE HENpPepPbIBHbIX OYHKUMIA Bbin MOCTPOEH
Xaapom B 1909 r. ®abep B 1910 r. npouHTerpuposan cuctemy Xaapa v Monyyun nepsbii
npumep 6asmca B NPOCTPAHCTBE HEMPEPBIBHLIX (PYHKLUIA, COCTOSIWENO N3 HEMPEPbLIBHBLIX (OYHK-
unii. 3Ty cuctemy nepeoTkpbin B 1927 r. Waynep. Bee doyHkuum @ abepa— Waynepa sBnsoTcs
KYCOYHO-NIMHENHbIMW, @ YaCTUYHble CYMMbl €CTb BMUCaHHblE NOMaHble. B pganbHenweM npeg-
NpVHUManMcb MOMbITKU MOCTPOUTbL rnamkue aHanoru 6asnca dabepa-—Ilaynepa. B 1965 r.
ato ypanocb K. M. llarnykoBy. MocTpoeHHble MM (OYHKUMKM BblnU FRafkyMMU, HO COCTOSN
u3 pyr napabon. larnykoBy yaanochk AokasaTb PaBHOMEPHYHO CXOLMMOCTb MONYYEHHBIX pas-
NOXEHWA, HO He y[oanocb MOMYYNTb OLEHKU OTKNOHeHWs. VHoi aHanor cuctembl dabepa—
Waynepa B 2007 r. npennoxunu T. Y. Aybaknpos n H. A. Bokaes. OHU nocTponnn Knacc oyHK-
uui, KoTopble 06pasytoT 6asnc B NPOCTPAHCTBE HENPEPbLIBHBLIX (PYHKLMIA, NONYYUIN OLEHKUN OT-
KNOHEHUS YaCTUYHBIX CyMM OT npubnuxaemoi yHKLmMK. [ocTpoeHHble B Ux paboTe oyHKLMM
6binu, kak 1 B cucteme ®abepa—Llaynepa, kycoyHo-nuHeliHbIMK. Cuctema ®abepa— Llaynepa
BXOOUT B MOCTPOEHHbIA UMW Knacc cucteM. B HacToswen crtatbe Mbl CTPOUM rniafkve aHa-
noru cuctembl ®abepa—Llaynepa 1 nony4yaem OLEHKU OTKIOHEHUS YACTWUYHbBIX CYMM OT Mpu-
6nuxaemoi pyHKLUK. MOCTPOEHHBIE CUCTEMBI SIBASIKOTCS CUCTEMaMW CXaTuid U CABUrOB OAHOW
CPYHKLMMW, KOTOPYIO Mbl HA3blBAeEM ABOUYHbIM 6a3MCHbIM cnnaiHoM. Kax ablii Takoi ABOVYHbINA
6as3unCHbI cnnariH ecTb MHTerpan n-ro nopsaka o1 doyHkuun Yonwa Wan 1. Takum obpasom,
HaM yLanocb NocTpouTb aHanoru cuctemol ®abepa—aynepa co ckonb yrogHo 60nbLOiA cTe-
NeHbio rNagkocT! 1 NOMYYNTb ANS PasfoXeHWn Mo 3TUM CUCTEMaM OLEHKW OTKIIOHEHWUS B
TepMrUHax MOLY e HenpepbIBHOCTU.
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BBELEHUE

Cucrema Pabepa — [llaynepa siBasieTcs ONHUM M3 MPOCTEHIINX 6a3UCOB B MPOCTPAHCT-
Be ([0, 1]. BniepBble oHa BcTpeuaetcsi B pesynbratax @adepa B 1910 r. [1], B nanbHel-
mem Obla nepeotkpbita Lllaymepom B 1927 r. [2]. TlpocToTa mpeacTaBieHUs] U LIKPOKHE
crieKTp 6a3uWCHBIX M aNnpoKCHUMalMOHHBIX CBOHCTB cucteMbl Pabepa — [llaynepa mosso-
JSIOT peliaTh IIMPOKHMH CHeKTp NpukaanaHbix 3amad [3-10]. T. ¥. Ay6akupoBbM U
H. A. DBokaeBbiM paccmoTpeHa cucTeMa, BKJuatlias B cebs cuctemy Pabepa — [llay-
nepa [11]. K nemocratkam cucrem Pabepa - Ulaynepa u AybakupoBa — bokaeBa Hamo
OTHECTH OTCYTCTBHE IVIAJKOCTH.
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[nankuit anasor cuctembl Pabepa — [llaynepa pacemorpen K. M. [ainykoseim B [12].
Onnako B 3Toil paboTe, XOTb MU Oblia MojydeHa OGa3UCHOCTb CHUCTEMBI B IPOCTPaH-
ctBe ([0, 1], He ObIIK MOJyUeHBl OLLEHKH CKOPOCTH MPHOIHKEHHS.

B nanHo# pab6ore Mbl moctpouM ceMmeidcTBo cucteM tuna Pabdepa — laynepa, umero-
IMX 3alaHHbIH MOPSNOK IMagKOoCTH. Takxke Mbl 10KaxKeM 0a3MCHOCTb 3TUX CHUCTEM B IPO-
crparctBe C[0,1] ¥ MOMYyYUM OLEHKH OTKJOHEHHS UACTHYHBIX CYMM OT MpPUOJIHKaeMOH
(PYHKLHMH B TepMUHAX MOLYJ/S HENpPEePbIBHOCTH.

B nepBo#l yactu ctaTtbd BBOAMTCS ABOWYHBIA OA3UCHBIH CMJIalH, KOTOPBIH SIBJASIETCS
o6o6ueHneM cuctemel Padepa - [llaynepa ¢ 3agaHHBIM NOPSAKOM IVIAAKOCTH, U paccMmar-
pHBAIOTCSl CBOHCTBA aHTHUIEPUOAMYHOCTH. Bo BTOpO# uacTW cTaThd paccMmaTpuBaeTcs
cCUCTeMa CXKaTMH M CIBUIOB [BOMYHOrO 0a3UCHOro CIJalhHa M [0Ka3blBaeTcs, 4TO 3TO
6asuc B C10, 1].

1. OBOWYHbIE BA3UCHbIE CMNJIAWUHbI

[Iycts
If(x)= /f(t) dt, x € [0,1] — omepaTop HHTerpupoBaHus, (1)
0
r(7) = sign(sin(2*"' 7)) — dynkuun Panemaxepa, (2)
n—1
Won—1(x) = Hrk(a:) — ¢yHKUMH YoJiua. (3)
k=0

Torpa dyHkIHIO
wn,N(x) = Q(na N>INW2"—1(‘T)7 ZAES [07 1]7 n, N e N7 N < n,

OynemM HasblBaTb 080uUuHbIM 6a3ucHoim cnaatinom N-i cmenenu om n-t GyHKyuu Yoa-
wa, rae Q(n, N) — HOPMHUPYIOLUH KOIPOULUEHT ¢, v (T).

Ha puc. 1 npusenen rpaguk gpyHkuuu ¢, y(z). [Ipy N = n—1 nannas cucrema Gyzmer
6asucom Pucca B Ly [13]. Bo BTOpo#i uacTu crathu OyneM paccMaTpuBaTh caydad N = n,
HO [J1s1 HauaJia BblBeJleM HeCKOJIbKO OOLIMX CBOHCTB MAJis MPOU3BOJBHOTO M.

2n—N+1 2n—N

Puc. 1. [1Bouunslii 6asucubiil crisaiii / Fig. 1. Binary basic spline

3ameuanue 1. PyHKUHUA wn,N(:c) MMeeT HelpepbiBHbIE MPOU3BOAHbIE N0 MOPSAKA
N — 1 BKJIOUUTEJIBHO.

Onpenenenne 1. Oynkuuto f OyneM Has3bBaThb axHmunepuoouteckol Ha 080UUHOM
unmepsare A ¢ nepuodom L., ecnu mas J0GHIX c A™. cpasanubix
p 7 p on+1» bt fE,y Y
COOTHOLIEHUEM T + —27}“ = 1, CrIpaBelJIUBO paBeHCTBO () = —f(y).
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3ameuanue 2. Oyunkuusa Panemaxepa rj neproinyHa ¢ MepHOIOM 2% U aHTHUIepHO-
1

k
JMYHa Ha J10oM HUHTEpBaJe A§ ) C nmepuoaom FETT -

Jlemma 1. Cnpasedausosl caedyrowjue ymsepacoenus:
1) Qpynkuus Yorwa riry 1 ...r,_1 NEPUOOUUHA C NepuOOOM 2%;

k
2) pyukyus Yoruwa ririyq ... Ty 1 QHMUNEPUOOUUHA HA AOOOM UMMepsaLe A,(,) c

nepuodom i, v =0,1,...,25 = 1;
3) Qpynxyus Yorwa Won_(x) = rory ...1r,_1 aHmunepuoOuurHa Ha 1000M UHMepPsa-
ae AP ¢ nepuodom s v=01...,2"~1,k=0,...,n— L

Jloka3areabCcTBO. YTBepxKaeHHe 1) oueBHIHO U3 3aMedanus 2. J[Js qoKasaTeqbCTBa
YTBEPKIEHUS 2) 3aMeTHM, UTO OYHKUHUSA Tjy1Tk4o - .71 EPUOAUYHA C TEPUOLOM 2,%

(k+1)\ (k+1)
urp(Ay, ) = _Tk(AzyH ).
Jlns nokasarenbCTBa yTBepkKAeHHUs 3) 3anuiieM Wy | B BHIE:

Wgn_l =Tor1...Tk=1Tk - -Tp—1-

[To noKa3aHHOMY paHee MPOM3BENEHME T ...T,_; AHTUIEPHOAMUHO Ha JI0OOM HHTepBa-
k k
e AW ¢ MEPHOIOM 3y, a MPOM3BENEHHE 7Ty ...T)_1 NMOCTOSHHO Ha MHTepBaJie AP

Tostomy Wan_; antunepuonnuna na A ¢ neprogonm FooT - O
Jlemma 2. [lycme I — onepamop unmeepuposarus (1). Toeda pyrkyus
IN(Won_1)(x) anmunepuoduuna na arobom unmepsaie AP (k =0,...,n—1—N,
N=0,1,....n=10)u [ I"Wa_1dx=0.
A§n717N)

Hoka3areasctBo. Cayyail N = 0 nokazaH B Jjemme 1, m. 3. [lycTe yTBepxkaeHHe
JeMMBbl BepHO Tpu Hekotopom N, T.e. I™NWyn_| aHTHMmIepHONMYHA Ha BCeX HHTepBalax
AP (k=0,...,n—1—N). 3ajuxcupyem k u3 [0,n—1— N] u nokaxem, uto IV W,
AHTUIEPUOANUYHBI B HHTepBaJax AFY. BriGepem uHTEpBas

A1) v v+1 2v 2v + 2

A= A C T

2 2v+1 2v+1 2v+2 2v+1
- (3 ) U ) u{tE )

)

k—1 k k
®Oyukuusa [V Woyn_| aHTHNEPHOAHYHA Ha Al U Ha MHTepBaJsax Aéy) 7 Agy)ﬂ no

npennosoxennwo. Toraa npu z € (0, 55 ) HMeeM

21/2»1 4z 2;:1 4

(V) (2”2’:1”): / (VW 1) (8) dt = / (I Wan 1) (#) dt =

2v+1
ok

2v 2v
2v
= - / (I Wan_1)(t) dt = — / (I Won_1)(t) dt = —(I" T Wan_y) (ﬁ + x) :
3y 0
T.e. [N W,y anTHIEDHONUUHB Ha HHTepBaNe (557, 557 ). O

328 HayyHeir otaen



C. A. Yymaderko. nagrne annporcrmauynn 8 C[0,1] (P ~%

Jlemma 3. Qynxyus P, n:
1) pasna Hyato 68 MOUKAX Fty;

1/2
2) umeem maxcumym no mooyato 8 mouKax ”;,{V;

3) 3HaKk @pynkyuu onpedearsiemcs anar0euuro Won-n_1(x).

Hoka3areabcTBo. [IpoBeneM nokasaTe/sbCTBO METOAOM MaTeMaTHYeCKOW MHAYKLHH.

1. nsg N = 0 Bce yTBepKJAeHHUS JeMMbl O4eBUIHbI, TaK KaK 1, o ABJsSeTCS QyHKLHEH
Yonua.

2. Ilyctb Bce yTBepxkaeHHs BepHbl A58 N — 1. Jlokaxkem 3Tu yTBepxKaeHus anas N.

Cornacto Jemme 2, INWsn_y aHTHNEpHOZMYHBI Ha HHTepBate (5, 4ir). Cie-
J0BaTeJIbHO, 3HAK (DYHKIIMHU 1), y ONpefiesisieTcss KakK npousseleHre (GyHKUUH Panemaxepa
ToT1...Tnh—N—1, MK CcOMIACHO (PYHKUMHU Yonawa Won—n~_;. Takum 0O6pasoM, yTBepxKaeHHe
3) IoKasaHo.

Jlns Toro 4toObl NOKa3aTh yTBepxkiaeHHs 1) ¥ 2), TOCTAaTOUHO PacCMOTPETb OTPE30K
[0, 5x=x], MOCKO/IbKY TOrAa AJIsi OCTa/bHBIX OTPE3KOB AaHHbBIE YTBEPXKIEHHsSI OYILyT II0-
JlydyaTbCsl U3-32 aHTHUIIEPUOAUUHOCTH.

1/2
Tak kak mpu N — 1 Ha oTpeske [0, Q%N] 3HAaK (DYHKLUHH 10, y_1 TOJOXKHUTENEeH, TO

1/2
YNy Ha 3TOM OTpe3Ke Bo3pacraer. Ha oTpeske [W%N,W%N] BCJIEICTBHE aHTHUIEPHO-
JIHMYHOCTH, — yObIBaeT, MPUUEM C TaKUMH »Ke 3HaYeHHsIMH MPOu3BOAHBIX. K3 3toro cie-
IYIOT cpa3y u 1), u 2) yTBep:KIeHHS. O

3ameuanue 3. CorsiacHO onpefieseHuIo,

max(y(n, N)(;c))( —1,z¢0,1].
Jemma 4. [Tycmo ¢, y(x) = Q(n, N) [N Wan_y(z) (x € [0,1]). Toeda
4-v+1 4-v+3 1
v (42—N) - (42—N) “y

Jlokasateascteo. CornacHo jeMMe 3 1 sameuannio 3, v, v (Z4t )| = 1. C apyroit

CTOPOHHI,
2-v+1 N 1
v [ ) = Q(n, N TV Wy (27 = ) = 1.
o () ()
CornacHo Jiemme 2, ¢/, \ GyleT aHTUIIEPHOAHYHA HA UHTepBAe |72, 242] a ol \ —
Ha MHTepBase (52, 245]. Torna
4v+1 4v+1
4.0n—N 4.9n—N
/ (IN2Won_y) (t) dt = — / (IN*Wan_y) (t) dt.
4v 4v
4.o0n—N 4.o0n—N
CJseoBaTe bHO,
dv+42
2 + 1 4.9n—N
‘v

4,2?LV7N

dv+1
4.on—N 1
_ N-1 _

4.23L71N

TakuM 00pasoM, ¥,y (15—~ ) = 5.

AHaJIOrMuHO MOKAa3bIBaeTCsl, 4T0 Uy y (15ow) = 3- O
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Teopema 1. Hopmupyroujuti Koaguuyuenm viuucisemcs credyrouum o6pasom:

2nN+3N—N2_2

Qn,N)=2"""=2 | 1<N<n. (4)

Hoka3ateabcTBo. PasbepeM aBa ciayuas.

1. «IlepBoe» MHTerpupoBaHHe — HHTErpUpOBaHHe n-i MPOU3BOAHOH (DYHKUHH 1y, (),
T.e. camod QyHKuUM Yosama. Ha kaxaom orpeske ¢yHKUMs paBHa Jubo 1, aubo —1,
a JUIMHA KaXKIOro OTPe3Ka paBHA 5. 3HAUWT, 3HaueHHe (YHKLUHWH B TOUKE - OyIeT
PaBHO 5-. AHAJIOTHYHO W B OCTAJNBHBIX TOYKAX BHIA 5 OHO GYIeT PaBHO JHGO o, JIH-
60 0, 160 —2%. Ho Ham Heo6xoauMo, 4TOOBI MOC/Ie KaXKA0r0 UHTErPHPOBAHUSl 3HaYEHHE B
TOUKAaX JIOKaJbHOTO MakKcHUMyMa (MUHHMyMa) Oblj0 paBHO 1 (—1). 3HAUUT, HOPMHUPYIOLIUH
KO3((PHULUHEHT TOoC/e MepBOro MHTErPUPOBaHUs NOJKeH ObiTh (Q(n,1) = 2". Ecau B
popmyay (4) mocraButh N = 1, MBI Takxke moaydum Q(n,1) = 2".

2. Kaxnoe nocsenymoliiee HHTErpUpoOBaHHe: MyCTh Mbl IPOBOANM i-€ HHTETPHUPOBAHUE,
T.€. OT (PYHKIHH wﬁln_”l)(x) nepexoanuM K (DyHKIIHH wﬁn_i)(x). B oTsuune oT mepBoro
caydasi, QyHKUUS He SIBJseTCsS KyCOuHO-mocTosiHHOH. OnHako, Mo JemMMe 3, 3HaueHHe
YHKLHH OYIeT PaBHO 5 B TouKax & = 1+ (5:tr) M @ = 2+ (5257 ). Hcnonbayst cBoiteTBO
aHTHIIEPHOAMYHOCTH (JeMMa 2), nosydaeM, uto ¢(z) = 1 — ¢ (5 — x). CienosaressHo,
cpelHee 3HaYeHHe (PYHKLHUH Ha OTpe3Ke [0, ﬁ} paBHO 3. 3HAUMT, 3HauUeHHe (YHKIHH
() B Touke z = st OYIeT paBHO 3 - zitmr. Ho amanoruuno m. 1 oHO HOMKHO
ObITh PAaBHO €MHHLE, OITOMY HOPMHUPYIOIIHUH KO3(h(HULUHEHT 1ocse BTOPOro U Kaxkaoro
MOCJIEAYIOIEr0 MHTErPUPOBAHUS N0JKeH ObiTh Q(n,1) = Q(n,i — 1) - 272,

OrTcrona HaXOLUM

N
Q(n,N) =2"- H gn—i+2 _ on+ 3, (n—N+2) _
i=2

‘n—N AN+2N—N2-2-2.n+ N N+3N-—N2—
_ gnt(N-)EEREE | op 2nAEREA 2uN+3N 2 0

2. CUCTEMA CXATUN U cOBUIrOB OBONYHOIO BA3UCHOIO CNNAUHA
B C[0,1]

Onpeneaenne 2. Oyuxuuio ¢, (r) = Q(n,n)["Wan_y(z), x € [0, 1], Gynem Ha3biBaTh
dsouunbim 6a3UCHbIM cnaatiHoM n-Ui cmeneru, tae (Q(n,n) — HOPMUPYIOUIHH KO3PPHU-
uuent B C0, 1].

3ameuanue 4. [Ipu n = 1 1BOMYHBIH 6a3UCHBIN CIIIAHH v, () COBNAfaeT ¢ TOYHOCTBIO
10 MHOXKHTeJs1 ¢ obpasyoliel dhyHkuueil cucrembl Padepa — [llaynepa.

[lokarkeMm, 4TO cUCTeMa CKAaTHUS U CIBUIOB JBOMUHOrO GA3UCHOTrO ClJaiHa SBJSETCS
6azucom B Cy[0, 1] (370T (pakT Ge3 mOKazaTesbCTBA B cjaydae n = 2 MPUCYTCTBYET B
pab6ote [14]), a npu no6aBJeHUH ABYX HOMOJHHUTeNbHBIX (GyHKUKE — B C|0, 1].

Paccmortpum cucremy

Om,j() = Vu(2" — J), mE Zy, je€[0,2™—1].
[ycts f(z) — dyukuus us Cyl0,1]. O6o3HauMM

Ro(x) = f(x), (5)
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So(z) = Ro (O *‘201/2) b0 ().

B ofuiem cayuae nosaraem:

(&) = R (J’ Zim) bms(z), @ € {2%” ]2%11 , 6)

Ha puc. 2 nzo6paxen npouecc npubmaukenus, rae R,,, R, +1 — rpapuk ocrtatka mnoc-
Jie m-ro U (m+1)-ro mara COOTBETCTBEHHO, ¢, ; — C2KaTHe U CIBUI' OCHOBHOH (Ga3HCHOM

(GyHKUMH, S, — NpUOJMKEHHe Ha m-M liare, KOTOpOoe CTPOUTCS He [0 YaCTHYHBIM
CyMMaM psifia, a M0 OCTAaTKaM.
¢m,j = ¢n,n(2m$ - ]) Sm Rm
///7'/4‘\\\\\\
\

Bmi1 |
A j+1/2 j+1
2m 2m 2m

Rm+ 1 Rm+ 1

Puc. 2. Tlpouecc npubnnkeHUsi MO OCTaTKaM
Fig. 2. Approximation process by residual

Onpenenenue 3. Hazosem modysem Henpepolsrocmy BblpaxKeHHe

wr(0) = sup (f(z+h)—f(x)), =el0,1-n] (8)

0<h<é

Mo0yrem HenpepvieHOCcmU 8mopoeo nopadxka (modyiem eradkocmu) —

w?(é) = sup (f(x+2h) —2f(x+h) + f(x)), z€[0,1—2h] 9)

0<h<é

Teopema 2. [lycmo ¢, ;(x) — 6asuc & Cy|0,1]. Hmeem mecmo caedyroujas oyerka
uepes mMoO0YLb HeNnpepbL8HOCMUL:

“ 1 17 1 s s,
‘f(x)—zsi(x) <wr (s ) + g8 (5o ) +5 2R+ 270
=0

(3deco u danree ucnosvdyemcs nopma 6 Cyl0, 1]).

JlokasaTeabcTBO. Jl/1s1 Hada/sia JoKaKeM

‘f(:v) =7 5iw)| = R (o)]. (10
B camom nese, ucnosb3ysi (5) u (7), moaydum
‘f(ilf) — > Si(@)| = |Ro(x) = So(w) = Y Si(x)| =
=0 =1
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"

= Ri(z) — Si(z) = Y _ Si(x) =+ = Ryppa ().

=2

Tenepp nokakem

1 17 1 I _3m
Rrale) <or (77 ) + 5 (5= ) +5-2 B Dls1+ 28,

2

[lyets j € [0,2" — 1]. OnpenesuM MOAY/Ib IBOMYHOH HENPepbIBHOCTH

(%) ()

¥ MOJYJib IBOMUHOH HEMpPEepBIBHOCTH BTOPOro mopsiaka mpu j € [0, 2" — 2

J+2 J+1 J
1(5) - () () b

ITo OCTPOEHHIO 0UeBUAHO, 4TO R, (54) = 0. U3 (6) u (7) caenyer

B (j + 1/4) h <J+_1/4) s, (ﬁ_1/4) _

Wrp = sup
J

~9 o
S} = sup

J

B j+1/4 j+1/2 J j+1/4
R, < = B (25252 ) + R () ) o (55
YuutbiBast, 4TO Gy (j;}n/‘l) =1 nosyuaem
)+ 1/4
Ry (] —;m/ )' =

o (5) - (m (522) () h e 02

ITokaxkeMm, 4TO
~9 ~9 ~9
me,m+2 < me_l,m+2 + 1/4 ' me_g,m' (13)

B camom nese, ucnonb3ys (12), umeem
j+1/4 1 j+1/4 j+1/2 J
—=(2 - A e En <
1 45+ 1 45 + 2 4j
(e (52 (e (59) 0 (2)]-

45 +1 45 +2 4j
25 () = (5 (55) #500s (57) )| )
YuuTbIBas, 4To

45 +1 jdiv2+i 45 +1
Sm—1 (W) = Ry (W Pm—1,j div 2 omiz )
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45 + 2 jdiv2+1 45 +2
Smfl ( om+2 ) = Rmfl (W (bmfl,j div 2 gm+2 )

45+ 0 jdiv2+1 4540
Sm—1 (W) = R (T Pm—1,7 div 2 om+2 |’

 div 2+ 1
~2 ~2 J 2
Whpm+2 S WRy_ymt2 T ‘le (W .

47 +1 45 + 2 47+ 0
20m-1,7 div 2 <W) — Gm—1,5 div 2 (W) — Pm—1,j div 2 ( i )' .

HOCJIEILHIOIO CyMMY, CTOALLYIO IIO4 MOAYyJIEM, 3allMCbIBA€M B BHUIE

Iy 1 i1 J
2¢m71,j div 2 (22,,71—_18> - (bmfl,j div 2 (22771—_1l - ¢mfl,j div 2 ﬁ . (14)

Paccmotpum 2 caydasi.
1. Ilyctpb j yeTHoe, T.e. j = 2k. Torna Beipaxkenue (14) npuHHMaeT BUJI

nosiyuaem

X

k+3 k+3 k
Z(bmfl,k (Zm—f) - (bmfl,k ( 2m—f> - (bmfl,k (Zm—l) ' . (15)
N3 nemmel 4 caenyet
k+1\ 1
- =_. 1
om-is (ot ) = (16)
Tak Kak QyHKUHUSA @,,_1 0 ABASETCH BBINYKJIOH Ha OTpeskKe [O, }J TO
k41 1
s R (17)
Torna BeipakeHue mox 3HakoM momy/asi B (15) paBHO 4d — % U [JIs] HEro BBIMOJHSETCS
HepaBeHCTBO
1 1 1
——<4d—--< - 18
2 2 2 (18)

2. IlycTb j HeueTHoe, T.e. j = 2k + 1. Torna Bolpaxenue (14) npuHHUMaeT BHUL

2k+1 1 2k+1 1 2k+1

Elumal ST Elumal ST artl

2¢m—1,k 2 1 8 - ¢m—1,k 2 1 4 - ¢m—l,k 2_1
2m 2m 2m

U3z (16) u (17) caemyer, uto BbIpakeHWe nox 3HakoM woaynas B (19) pasHO
2(1—d) — % —-1= % — 2d W #/1g Hero BbLINOJHAETCS HEPABEHCTBO
1 1

0<5-20< 5 (20)

: (19)

M3z (18) u (20) cnenyer

N ~ 1 Cdiv 2+ 1/4
W%MWHQSQW%mlmﬂa4-§‘3m—1(Z——ga—T—l‘)’<

< 52 +1.l.~2 — 52 _|_l.~2
S WR,,_1,m42 2 9 WR,—a;m = WR,, 1 ,m+2 4 WR,,\_oms

YTO J0Ka3biBaeT HepaBeHCTBO (13).
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[Tokaxewm, uTo mpu Bcex ¢ > 2

1
~2 ~2 ~2
WRmtt < WR,,_1,m+t + At—1 “WR,_om: (21)

(o () = (e (5) + e (359))) |
(ot () = (e (350) e (520))) |

B camom nese, uz (11)

~2
WRym+t —  SUP
JG [07271 72]

[Tpumenus (7), mosyuum

2
ORpmit S SUD

j€[0,27n—2]
j+1 j+2 j
2S5l =—— | — | Si— S )
+je[§,g§—2] ( ' (27”“) ( ' (27”“) o (2’”“)))‘

Teneps ucnosbayem (6):

~2
WR,, m+t < sup
j€[0,2m—2]

741 j+2 J

(2502 (37 ) = (o () + o (5)))|
j+1 7+ 2

—i—je[igg_g] (2¢m1,jdiv2t+1 (W) - <¢m1,jdiv2t+1 (W) +

J jdivattt 1
P15 div ottt (W))) R, <W 4 o <

o jdivertt 1
< me 1,m+t + w(¢7n71,jdiv2t+l)’m+t . ‘le ( 2m_1 + 2_m ’

Janee s OLleHKH w(2¢ cHoBa npumeHum (11):

m—1,j div gt+1),m+t

w(¢m—l,j div 2t+1 )Mt -

k+2 kE+1 k
Pm—1,j divat+1 ( St ) —20m—1,jdivar+tt (W) + Om—1,j div2t+1 (2m+t> ‘ =

k+2 k+1
wn(zn1—1;-—jdw2ﬂﬁ>—2wn<7"1 i ]mv?“>-%

= sup
kel0,2n—2]

= sup

ke[0,27—2] 2mt 2m

k
+1y, <2m 12m+t ]d1V2t+1> ‘ =
k+2 koo
Uy, ( S d1v2t+1) 2Up ( ! div 2”1) + (ﬁ—j d1v2t+1) ‘

YuuteBasg, uto k € [0,2" — 2|, j € [0,2" — 2|, k, j € Zy, uMeem

= sup
kel0,2n—2]

k+2 k+1 k
2 _
w(¢m71,jdiv2t+l)’m+t N ke[?)gg_m wn (F) B 2¢n <F> + wn (ﬁ) ‘ <
< sup [ (24 222 ) —20m (2 + =) v | < (51) - sup )
su n — | — T+ — n (T — - su )| .
= me[ol?u ot-+1 ot+1 =\ 9+ 16[01?1] n
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=

CTOMT OTMETHTb, YTO NIPH N = 2 B TOYKAX §, 3, & BTOPOI NIPOM3BOLHOM He CYIIECTBYeT,

OJIHAKO CYLIEeCTBYIOT BTOpPble IIPOM3BOJIHbIE CJieBa U CIpaBa, M TOrO BIIOJHE JOCTaTOYHO.
CrienoBare/ibHO, JaHHOE [0Ka3aTeJbCTBO CIIPABENJUBO AJs 1 = 2.
CornacHo Teopeme 1,

Q(n,n)
sup [!/(2)] = sup [0 (2)] = =22 Sup [ o (a)] =
w6[0,1]| (@) x ‘ ’ ( )‘ Q(n,n —2) ze[0,1]| (@)
n2+3n—2

272
- 2n2+3n—12 ’ ‘wn,nf2($)‘ = 25 |wn,n72(l’)| .

2

CorsacHo 3ame4anuio 3, |¢y,,—2(z)| < 1. Torna

2
&(2¢(m_1),jdiv2t+l)vm+t S (Qt_L) 2" < 22t13' (22)
B cBoto ouepenp,
9 ~ 1 jdiv2t +1/4
Wit S Wy it T 5273 Rpa (T) ‘ : (23)
CJieoBaTeJbHO,
('~L)I2%m,m+t < @IZ%m_l,ert + WQRm_Q,m = (“T‘)]Q%m_l,ert + F(D}z%m_g,ma

1 HepaBeHCTBO (21) mokasaHo.
Bepnewmcs k HepaBeHcTBy (12):

+1/4 1.
Ryt (jz—m/)’ < §W123m,m+2-

YuutbiBas (13), monyyum
j+1/4 1/ 1.
R <2—m < B O, mia+ Zwém,g,m :

[Ipeo6pasyem ero ¢ momotuibio HepaBeHcTBa (21):

G| 1 ([~ 1 1
Rm—i-l <2—m < 5 Wém72’m+2 + 1_6w12%m,3,m—1 + Zwlgm,g,m -

_ Ll 1, L,

- 2me_2,m+2 + gme_QJTL + 3_2me_3,m71'

Ha cnenymomewm mare npeo6pasyem Bce caraeMble ¢ MHIEKCOM R, o

j+1/4 1/ 1 1/ 1
‘Rm+1 (2—m < 5 w?%m_g,m+2 + 6_4w12%m_4,m—2 + g w?%m_g,m + Zw?%m_4,m—2 +
1, 1, 1, 1, 1+4,
+3—2me,3,m—1 = 5WRpgmt2 + W Rm-s.m + 39WRm-gm-1 + 128 YRm-am-2-
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[TokaxkeMm ¢ MIOMOIIIbI0 MeTOJla MaTeMaTHUeCKOH HHAYKIOHWH, UTO I10CJIE k-ro mara rnocJen-
Hee HEPaBEeHCTBO IMPUMET BUI

) k-1
j+1/4 1 -~
’Rerl ( 2m/ ) ‘ < 5 (tzz_z thl%?“'m—k—hm_t + Ckw-Zan—k—27m_k> ’ (24)
rue .
Co=1, (C., =0, Cp= Z(Ck—l + Ci_a). (25)

[Iycts npu k — 1 cnpaBeniuBo

ERVN IR A
J 2
R ( om ) ‘ S 5 Z Ct m—(k—1)—1,M—t + Ck*lemf(kfl)ﬁvm*(k*l) ) (26)

t=—2

Boinosmuum npeo6pasosanue (26) ¢ momolpio HepaBeHcTBa (21):

i+ 1/4
o (M) <

2m
1 2 1
~9 ~2
S é( Z G (wR —(k—1)—1—1,m~t + 4mt(m(k1)1)1wR7n(k1)127m_(k_1)_1) +

2 —
+Ck1me—(k—1)—27m(k1)> o

1 _ 1
— 5 Z Ct <w1%fmk1,mt + 4k—t_1 wémfkfmm k) + Ck le i m—kt1 —
t=—2
1 k—1
= (Z Co vt + C,:w;m”mk) |
t=—2
rme
k=2 k—3
C t_Z:Q 4k_t_1 - 4 — o 4_(k_1) t 1Ct + ZCk*Z - Z (Ckfl + Ck72) ,

T.e. C} = C}. HepaBenctso (24) nokasaHo.
B wutore nmocne kK = m — 2 maroB umeem

j+1/4
Rm+1 < 2m/ ) ‘ <Z thRl m—t —|— C’m_gw%ﬂ) . (27)

t=—2

Cnaraemble BHa Wy ., Mbl MOXEM [eperucarh C MOMOIIbIO HepaBeHcTBa (23) cie-

AYIOLIIMM 00pa3oM:
d 2m_1 + 1
Ry (J = 2)‘

~ 1
Dy mty < OF (g + Wﬂfﬂ = yt+ Wﬂfﬂ' (28)

w3 <w; + !
Ri,m—t X Y Ro,m—t 22(mt1)3

Ho Ry = f, cnenoBatenbHO,
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=
[ToncraBum (28) B (27), noayyum

j+1/4 1 = G
R’”“( o )' §<tzft it 2 sl | =
1 m—2 m—
zﬁ(ZCt & m— t+8||f||z
t=—2

t=—2
gm—t— 1> - (Z Cta}fm t+8l|f||0m 1) . (29)
t=—2 t=—2
Takum o6pasom,
OlLleHKa Yepe3 MOAYJb ABOWYHON HENpPepBIBHOCTH

B JIBOMYHO-PALMOHAJNbHBIX TOUKaX I[I0Jy4yeHa TIpefBapUTesbHas
Tenepb BosbMeM MPOM3BOMBHBIN & U3 € = 5oy

l\DI»—t

| B ()] <

OKPECTHOCTHU TOUKH

j+1/4

5m—- Lorja

+1/4 +1/4

Ry1(2) — R <j 2m/ ) + Rt (j Qm/ )’ <
+1/4 +1/4

< ‘Rm-i-l(x) — R (] 2m/ ) + | Rm+1 <] Qm/ )‘

Yunrsisas (10), HepaseHcTBO (30) NpHUMeT BHA
el s Sn) - (1(5) 805
i=0 N (j zi/z;)‘ . i=0
<@ -1 (55 1/4)‘

S0 o (5]

(30)

2
j j+1/2
Ouenum Bropoe cjaaraemoe B (31). 3ameTum, 4TO ecan = € [Qim,”;m/ } TO
S iom—i i i om—i
T € []dwﬁ- LA H} Yuutbias (6) U paBeHCTBO

sup ¢y, ()| = sup [¢),,
z€[0,1]

Q(n,n)
al@)] =
z€[0,1]
HUMeeM

ST sup |Ynn-1()],

z€[0,1]

m j+1/4 i jdivam—i 41

>[5 ()| < S () oo

i=0 =0

jdivam=i+1 J+1/4
_Ri (TQ) ¢i,jdiv2m_i ( om =

< Z <¢i,jdiv2mi(f’5) -

1=0

~

27,
Uy (20 — jdiv2™") — 4, <2i (j +1/4

|+ 1/4 gdiv2m" 4
®i j div 2m—i <j Qm/ )) R; <— <

A div2mt 4 2

o — jdiv2™ )'Ri (‘71\72—12) ‘ <
[ Qn.n) ( J’+i)’

< o sup [ (@) |20 (2 —
5 (g, o 7

“ 4
<Z<2m—

—1+2
1=0

R, (Jdiv2;i+%)'> <
div2mt 4 4
R, (JV2—>D (32)
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[TogcraBum (32) B (31)

: m 2 (j divem=i) + 1
a0l < 160 = £ (E52) [+ X (e (R (52 )+

(2]

_l_

U3 onpenenenusi Mmonyns raaakoctd B (9) u onpeﬂeneHHH MOJYJisl 1BOMUHOW HerNpepblB-
HoCTH BTOpOro nopsaxa B (11) ouesnaHo, uto W7, < wj 7 (5). TlepBoe ciiaraemoe OLEHHM
¢ momoltbio (8). Bropoe u TpeTbe ciaraemble cogep:KaT TOJNbKO IBOWYHO-PALHOHAJbHBIE
TOUKH, OLEHKa AJ KOTOPbIX MoJsydyeHa B (29).

Torna (33) mpumet BUL

R <7 (s ) + i(zm %(tzgctwf( =) +slflc. ))

7

1 (&= 1
+5< e} (g ) + SIFIC- 1>=

:wf(2m+2> Zsz+1 w( ) Zm:?“““f'HZ 2(

1=0 t=—2 =0 t=—2

m Ct 1
+4Cm71||fH = Wy <2m+2) 2m+11—i1 wJ% <2i1—t1> +
t1=—241=t1+2

+ Z _wf (2m t) + (Z 25 24 + 4Ch,— 1) Hf” (34)

=0

SE

[IpousBenem 3ameHy TepeMeHHBIX B NBOWHOH cymme B (34). Ilyetb m — t = iy — tq,
t=m—14. Tak Kak i1 —t; > 2,491 —t; <Km+2, 70 =2 <t < m—2. C 1pyroé CTOpPOHHI,
m-+t —i; = —2+m —iq, a 3Ha4uT, ¢ < ¢+ 2. Tak kKak i; < m, To 7 > 0. OKoHUaTEJbHO

NOoJy4YUM
m—2 t+2
1 Ci—i  Cy\ 1
| Riny1 ()] < Wy (2m+2> + Z (Z 9it1 + 7) Wy om—t +
=0

t=—2

+ (Z C’; —— +4C- 1) [FilB (35)

=0

[TokaxkeM C MOMOIIbIO METOa MaTeMaTHUECKOH HHAYKIMH, 4TO IJIs BeexX k > —2
3
Crp < 275" (36)
N3 (25) pns k= —2 u k = —1 umeem

1=C,<25, 0=0C_, <25.

338 HayyHeir otaen



C. A. Yymaderko. nagrne annporcrmauynn 8 C[0,1] &>

[Tosib3ysicb HepaBeHCTBOM (25),

1 1 —2(k-2) —2(k-1) -2k 22"’2% -2k
Cr =7 (Croa+ Cia) < 7 (273070 4 273670) < 273 <273k,

YTO J0Ka3blBaeT HepaBeHCTBO (36).
13 (35) u (36) mosnyunm

1 m—2 t+2 2—%(t—i) 5 1
s <o (g ) + 22 (2 S #2707 ) () +

t=—2 =0
m zfg(mfifl) e
+ (Z T2 ) 171l <
1=0
m—2
1 3 1 1 133 1
< 2 5t1 1) w? 2% 5™ 1 <
S W <2m+2)+t;2 ° (1_2_§+ )wf (2m—t>+ >0 1_2_§+ Hf”\
m—2
1 ) 34 1 1B_3,,
<W<Wm)+§(§:2ﬁ%ﬁ<wm)+25SHN>- (37)
t=—2

[Ipy 6oabminx ¢ MOLYy/b TIAAKOCTH

() -ler )

HeJib3si OLEeHUTH Jyulle, 4eM 4| f|. OnHako npu Takux 3HaueHHsix ¢ KospduiueHts C;
6ynyT masbl. C apyroé ctopoHsl, Korna C; HEIOCTATOYHO MaJibl, MOAY/b JBOUYHOH He-
MPepBIBHOCTH (W7, , CTAHOBUTCS IOCTAaTOYHO MaJl M3-32 BeJMUHHBEI MHTepBasa pPa3GHeHHs.
[Tepenuiem (37) caeayomnuM o6pasom:

B <or (g3 45 (ZW '} (g

t=—2

+W”>+f@)

) S oty et meH) 38)

t=k+1

1 BbiOepeM k = mdiv2 — 1. CnenoBaresibHo, (38) Oymet uMeTh BHUJ

1 5( 23 1 Smadiv 1 3
\Rm+1<x>\<wf(2m+2)+5(l it (g ) (i )||f||>

1 17 1 —2mdiv —2m
< wy (—2m+2>+7%% <W)+5’2 RN+ 2 A (39)

WM, noactaBus B (39) mdiv2 > mT’l

1 17 1 I _3m
o) <y () + 57 () 5230124

Tenepr HEOOXOAMMO [0Ka3aTh, YTO PA3JIOKEHWE B PSM M0 CHCTEME EIHHCTBEHHO.
Bosbmem npousBosbHyto GyHKUHIO fo(x) € Cy[0, 1]. PaccMoTprM ABOMYHO-paALlMOHANBHYO
TouKy 3. B 3T TOuKe fo(r) mpHHMMaeT MpPOM3BO/IbHOE 3HaueHHe. EnxuHCTBeHHAs (yHK-
LU U3 CHUCTEMBI @y, (%), KO3(P(HULHUEHT KOTOPOH He ompeesieH B 3TOH TOUKe M KOTOpas
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He paBHa HYJO, — ¢go(x). CenoBaTenbHoO, fo(r) HOMKHA OBITH NPUOIHKEHA C OMOIBIO
Koa(duureHTa npu ¢oo(z). Takum obpazom, Kod3(Q(ULUHEHT NMPH ¢go(x) ompenensercs
OlHO3Ha4HO. Jlajee paccCMOTPUM TOUKH ; M 3. B KaxkIOH M3 3THX TOYEK H3 CHCTEMBI
¢m,j(x) cyllecTBYeT POBHO ofHa (DYHKIIMS, HE PaBHAsl HYJIO B 3TOH TOUKe U KOS(DHHUIHEHT
KOTOPO# He GBI onpejesieH paHee (COOTBETCTBEHHO ¢y o(z) U ¢ 1(x)). [Iponomxkas nanee
JaHHBIH Mpollece, 3aMeTHM, 4TO AJIS KaXKJIO0H JBOHYHO-PALIMOHAJIbHOH TOYKH CYILECTBYET
POBHO OfiHAa (PYHKIHS, KOI(PPUIMEHT KOTOPOH He OBbI oNpelesieH Ha MpeablAyIIUX larax,
M TIPH 3TOM OTJIMYHAs OT HYJS B 3TOH JBOHWYHO-palMOHa/NbHOH Touke. TakuM 06pasoM,
KO3((UIHEHTbl KaXKI0H (HYHKIHH NIPH PA3JI0KEHHUH B PSJ ONPEeNIOTCS OIHO3HAUHO.
Ilast Toro uToGbl cucTeMa Oblia 6asucoMm B [0, 1], DOMOJHUM ee CAEOYIOLIUMH (QYHK-
muaMu: @11 = Ypn(22) (2 € [0,3]) U d_19 = ¥(22 — 1) (z € [3,1]). [Ipubausus
npousBosibHYI0 QyHKUMIO f(z) € C[0, 1], cooTBeTCTBEHHO, ¢_19 B2 =04 ¢_13 B & = 1,
MOJIyUUM MPOU3BOJIbHYI0 QyHKUHIO fo(z) € Cpl0, 1] O
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Smooth Approximations in C[0, 1]

S. A. Chumachenko

Sergei A. Chumachenko, https://orcid.org/0000-0001-7088-3740, Saratov State University, 83 Ast-
rakhanskaya St., Saratov 410012, Russia, chumachenkosergei@gmail.com

The first orthonormal basis in the space of continuous functions was constructed by Haar in 1909.
In 1910, Faber integrated the Haar system and obtained the first basis of continuous functions
in the space of continuous functions. Schauder rediscovered this system in 1927. All functions of
Faber—Shauder are piecewise linear, and partial sums are inscribed polygons. There was many
attempts to build smooth analogues of the Faber—Schauder basis. In 1965, K. M. Shaidukov suc-
ceeded. The functions he constructed were smooth, but consisted of parabolic arcs. Shaidukov
proved the uniform convergence of the obtained expansions, but failed to obtain deviation esti-
mates. Another analogue of the Faber—Schauder system was proposed by T. U. Aubakirov and
N. A. Bokaev in 2007. They built a class of functions that form a basis in the space of continuous
functions, obtained estimates of the deviation of partial sums from the approximated function. The
functions constructed were piecewise linear, as in the Faber—Schauder system. We construct
smooth analogues of the Faber—Schauder system and obtain estimates of the deviation of partial
sums from the approximate function. Those are systems of compressions and shifts of a single
function, which we call the binary basic spline. The binary basic spline is an integral of the n-th
order of the Walsh function Ws»_;. Thus, we were able to construct analogues of the Faber—
Schauder system with a large degree of smoothness and obtain deviations in terms of module of
continuity.

Keywords: basic splines, smooth interpolation, multi-scale analysis.
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