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Index tracking is a passive financial strategy that tries to replicate the performance of a given index or
benchmark. The aim of investor is to find the weights of assets in her/his portfolio that minimize the tracking
error, i.e. difference between the performance of the index and the portfolio. The paper considers the index
tracking problem with cardinality constraint, i.e. the limit on the number of assets in the portfolio with non-zero
weights. Index tracking problem with cardinality constraint is NP-hard problem and it usually requires the
development of heuristic algorithms such as genetic algorithms and differential evolution algorithm. In this
paper we will examine different algorithms for solving the problem in I2-norm, including greedy algorithm,
differential evolution algorithm and LASSO-type algorithm. In our empirical analysis we use publicly available
data relating to three major market indices (the Hang Seng (Hong Kong), S&P 100 (USA) and the Nikkei 225
(Japan). To compare the three approaches (the greedy and the LASSO-type algorithms, the greedy and the
differential evolution algorithms) to the index tracking problem, we use both a moving time window procedure
and stochastic dominance principle. Moreover, we carried out the comparison using both for in-sample and
out-of-sample tracking error analysis.

Key words:  index tracking, portfolio optimization, greedy algorithm, LASSO-type regression, differential
evolution algorithm.
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Table 1
Descriptive statistics of weekly index returns
Data set n m | mean, % std, % skewness | kurtosis | min | max
Hang Seng | 31 | 290 0.42 3.32 —0.04 3.85 —0.12 | 0.11
S&P 100 98 | 290 0.31 1.53 0.17 3.73 —0.04 | 0.06
Nikkei 225 | 225 | 290 | —0.01 2.86 0.44 4.85 —0.11 | 0.12
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Table 2
The results of comparing of the LASSO algorithm (Lasso) and the greedy algorithm (Greedy)
6=0.9 0 =0.25
Data set Intra-sample Out-sample Intra-sample Out-sample
Lasso ‘ Greedy | Lasso ‘ Greedy | Lasso ‘ Greedy | Lasso ‘ Greedy
Hang Seng 5-10 assets 12-17 assets
Weekly volatility, %
Mean 1.61 0.42 1.66 0.52 0.59 0.18 0.69 0.30
Std 0.79 0.13 0.81 0.16 0.21 0.07 0.29 0.15
taitt 6.50"* 6.04% 8.22%%* 5.2
Excess return, %
Mean 0.67 0.06 0.39 0.05 0.33 0.03 0.16 0.06
Std 0.47 0.13 0.40 0.13 0.19 0.06 0.18 0.10
tait 5.49*** 3.52%** 6.57*** 2.26**
corr 0.85 0.99 0.86 | 0.98 0.98 | 0.99 0.97 0.99
S&P 100 8-16 assets 19-34 assets
Weekly volatility, %
Mean 1.28 0.34 1.49 0.68 0.56 0.15 0.76 0.44
Std 0.42 0.11 0.64 0.19 0.13 0.05 0.25 0.13
Laii 9.50*** 5.23%%* 12.8%** 5.01%**
Excess return, %
Mean 0.59 | —0.02 | —0.10 | —0.01 | 0.40 0.00 | —0.01 —0.01
Std 0.38 0.12 0.48 0.20 0.17 0.05 0.24 0.12
ti 6.717 0.73 10.067* 0.01
corr 0.75 | 0.96 0.72 0.90 0.91 | 0.99 0.86 0.95
Nikkei 225 10-20 assets 31-40 assets
Weekly volatility, %
Mean 1.21 0.24 1.24 0.66 0.49 0.08 0.68 0.50
Std 0.48 0.07 0.55 0.28 0.17 0.02 0.25 0.24
tdire 8.85%* 4.08"** 10.13*** 2.33**
Excess return, %
Mean 0.66 0.01 0.01 —0.01 | 0.43 0.01 0.01 0.00
Std 0.48 0.07 0.49 0.15 0.22 0.04 0.27 0.11
t i 5.87*** 0.21 8.00*** 0.16
corr 0.88 | 0.99 0.86 | 0.96 0.98 | 0.99 0.95 | 0.98
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Table 3

The skewness, kurtosis and 95%-VaR values for the LASSO algorithm (Lasso) and the greedy algo-

rithm (Greedy)

Greedy

Ha6op nanubix Lasso Greedy Lasso
Data set
Hang Seng 5-10 assets (Kyean = 7.32) 12-17 assets (Kpean = 15.16)
0=0.9 6=0.25
Distribution of returns (out-of-sample)
Skew —0.03 —0.03 —0.10 —0.01
Kurt 3.27 3.45 3.42 3.70
VaRgs 0.94 0.95 0.95 0.95
S&P 100 8-16 axktuBoB / assets (Kpean = 12.11) 19-34 assets (Kean = 26.68)
5=0.9 0=0.25
Distribution of returns (out-of-sample)
Skew —0.09 0.12 0.07 0.23
Kurt 3.53 3.08 3.10 3.28
VaRgs 0.96 0.97 0.97 0.98
Nikkei 225 10-20 assets (K pean = 15.07) 31-40 assets (K pean = 34.84)
0=0.9 6=0.25
Distribution of returns (out-of-sample)
Skew 0.65 0.11 0.47 0.20
Kurt 5.10 4.98 4.83 5.72
VaRgs 0.96 0.96 0.96 0.96
Table 4

The CPU-time values in seconds for the LASSO algorithm (Lasso) and the greedy

algorithm (Greedy)

Lasso Greedy Lasso ’ Greedy

Data set 0=0.9 0 =0.25
Hang Seng 289.163 0.934 566.441 1.982
S&P 100 352.615 5.022 769.465 13.188
Nikkei 225 371.550 17.119 853.244 52.513
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Table 5

The comparison results for the algorithm of differential evolution (DE) and the greedy algorithm

(Greedy) for three data sets

K=5 K =20
Data set In-of-sample Out-of-sample In-of-sample Out-of-sample
DE | Greedy | DE [ Greedy | DE | Greedy | DE Greedy
Hang Seng Weekly volatility, %
Mean 0.54 0.57 | 0.60 | 0.67 0.15 0.15 0.23 0.24
Std 0.18 0.18 0.15 0.19 0.07 0.07 0.13 0.14
taiff 0.90 1.60 0.02 0.25
Yield against the index, %
Mean 0.11 0.06 0.14 0.10 0.03 0.02 0.05 0.05
Std 0.15 0.17 0.16 0.20 0.05 0.05 0.08 0.07
taiff 1.00 0.68 0.24 0.10
corr 098 | 098 [0.98] 098 | 1.00 | 100 | 100 | 1.00
S&P 100 Weekly volatility, %
Mean 0.67 0.67 1.00 1.01 0.19 0.19 0.48 0.49
Std 0.14 0.14 0.30 | 0.22 0.04 0.05 0.17 0.14
Lt 0.01 0.19 0.08 0.22
Yield against the index, %
Mean 0.00 | 0.00 | 0.04| —0.02 | —0.01 0.01 —0.01 —0.03
Std 0.19 020 | 026 | 0.24 0.05 0.07 0.12 0.15
tdifs 0.07 0.81 0.59 0.38
corr 0.90 | 0.88 0.81 | 0.79 0.99 | 0.99 0.93 | 0.94
Nikkei 225 Weekly volatility, %
Mean 0.78 | 0.54 1.07 1.06 0.24 0.17 0.60 0.59
Std 0.19 0.12 0.38 | 0.34 0.04 0.04 0.14 0.19
L 4787 0.16 5.62%* 0.11
Yield against the index, %
Mean 0.01 | —0.05 | 0.01 | —0.07 | 0.01 0.01 —0.02 0.00
Std 0.18 0.15 028 | 0.24 0.07 0.05 0.17 0.13
Lait 1.07 0.99 0.43 0.49
corr 0.94 | 0.97 | 0.89 | 0.88 0.99 | 1.00 0.96 | 0.96
Table 6
The skewness, kurtosis and 95%-VaR values for the differential evolution
algorithm (DE) and the greedy algorithm (Greedy)
Data set DE | Greedy DE | Greedy
K=5 K=20
Hang Seng Distribution of returns (out-of-sample)
Skew 0.06 0.04 0.07 0.08
Kurt 3.50 3.44 3.63 3.66
Var_95 0.95 0.95 0.95 0.95
S&P 100 Distribution of returns (out-of-sample)
Skew 0.21 0.16 0.26 0.30
Kurt 2.49 2.75 3.44 3.30
Var_95 0.97 0.97 0.98 0.98
Nikkei 225 Distribution of returns (out-of-sample)
Skew 0.36 0.14 0.29 0.11
Kurt 5.14 5.20 5.13 5.28
Var_95 0.96 0.95 0.96 0.96
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Table 7
sposiotu (DE) u »anHoro anroputma (Greedy)
The CPU-time values in seconds for the differential evolution algorithm (DE)
and the greedy algorithm (Greedy)

Data set DE Parameters DE ’ Greedy DE | Greedy
K=5 K =20

Hang Seng L =70, N=40 13.995 | 0.668 | 30.254 1.800

S&P 100 L =200, N =120 217.172 | 2.218 | 340.862 | 8.415

Nikkei 225 L =200, N =120 447273 | 4.856 | 575.207 | 21.332
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