LRALEDN

en N\(OLF\US-UN\\JERS\TT\I

PER Y\NSERL\(H
. Band 1.

“a /m’“i/“

ATOB b
033 Tleiamaro
() \ 0/

AL
Tuaorpasiz Co!




4

Tod
e
O

Mpogomkerue «M3ectiit mnepatopckoro Hukonaesckoro YHnsepcutera» 1910-1918, «Yuesix 3anucok Cry» 1923-1962,

«W3BecTnii CapatoBckoro yHuBepeuTeta. Hoas cepusi» 2001-2004

GegepanbHoe rocyaapcTBeHHoe biofpkeTHOe 06pa3oBaTenbHOe yupeXx/eHie BbiClero 06pasoBaHus
«(CapaToBCKMil HaLMOHaNbHbIiA NCCNIeA0BaTENbCKNIA TOCYAAPCTBEHHBIIA YHUBEPCUTET MMeHM H. I. YepHbiLueBckoro»

CAPATOBCKOIO 0)/(®;
YHUBEPCUTETA  Hayunuit mypwa
Hosas cepus 2022 Tom 22

Cepus MaTemaTtunka. MexaHuka. MIHpopmaTuKa, Bbinyck 1 1SSN 1816-9791 (Print)

ISSN 2541-9005 (Online)
W3paetca ¢ 2005 roaa

COAEPXAHUE
HayuHblii oTaen

MartemaTtmka

Dukhnovsky S. A. New exact solutions for the two-dimensional
Broadwell system [lyxHoBckuii C. A. HoBble TOUHbIE peLueHus
NS ABYMepHOI cucteMbl bpogyanna]

Knsuuu A. A., KnauuH B. A. Teopembl eJMHCTBEHHOCTA BOCCTAHOBNEHMS
npoo6pasa Npu BbIPOXAEHHbIX NpeobpasoBaHusX

Pauees C. M., YepeBatenko 0. U. 06 anroputmax AeKoAnpoBaHus
K008 [onmbl Ha CyYaii OLM6OK 1 CTUPaHKii

MexaHuKa

Ibka6paunos A. LL., Hukonaes A. 1., Knoukos 10. B., lypeesa H. A.,
WNuwanoB T. P. HenvHeilHoe geopMUpOBaHIe 0CECUMMETPUYHO HarPy)XEHHOIA
060n0uKM BpaLeHns Ha ocHose MK npu pasnnuHbIX BapuaHTax
onpezensoLLMX ypaBHeHWil

WBaHoB [l. B. bromexaHnyeckas nogaepxka peweHus spaya
npu BblbOpe BapuaHTa IeYeHms Ha 0CHOBE KONNYEeCTBEHHDIX KpUTepueB
OLLeHKI YCMeLHOCTH

Tykmakos A. J1., TykmakoB [l. A. YncnenHoe uccnefoBaHue BAUSHNS
napameTpoB AUCMEPCHBIX YACTUL, Ha OCaX/eHNe TBepAOil ¢asbl
3ANEKTPUYECKM 3aPSKEHHOI NONMANCNIEPCHOI ra30B3BeCH

NHdopmatuka

Romanov A. ., Batraeva l. A. Attention based collaborative filtering
[PomaHoB A. W., batpaeBa WU. A. KonnabopatnsHas dunbtpaums
C MexaHWU3MOM BHUMaHWA]

Cnepanckwii [l. B. 0 3aaue 06paLyeHus BbIX0O40B HeYeTKNX
AUCKPETHDBIX CMCTEM

Khokhlova 0. A., Khokhlova A. N. Analysis of technological trends

to identify skills that will be in demand in the labor market with open-source
data using machine learning methods [XoxnogBa 0. A., Xoxnosa A. H.
AHanu3 TeXHONOTMYECKIX TPEHAOB ANSl BbISIBNEHNS BOCTPEHOBAHHbIX

B 6y/ylLeM HaBbIKOB Ha PbIHKE TPYZAA N0 AAHHBIM U3 OTKPbITOTO UCTOUHMKA
€ UCN0/b30BaHMEM METOA0B MALUMHHOTO 06yYeHms ]

Chernyshova G. Yu., Rasskazkin N. D. Software implementation

of ensemble models for the analysis of regional socio-economic development
indicators [YepHbiwoBa I'. 0., PacckaskuH H. 1. Pa3pa6oTka npunoxexus
NS peanu3aLiv aHcam6eBbIX MOAeNel B 3afaye aHanmsa
COLMaNbHO-3KOHOMMUYECKMX NokasaTeneil]

28

48

62

90

103

112

123

130

XypHan «M3sectus CapaToBCKOro
yHuBepcuteta. Hosad cepus. Cepus
“Marematuka. Mexanuka. Mudopmaru-
ka"» 3aperncTpupoBaH B ®egepanbHoii
cnyx6e no Hag3opy B chepe cBA3N,
NHGOPMALMOHHBIX TEXHONOTWIA 1 MaC-
COBbIX KOMMYHUKALWIA.

3anuce o peructpayun CMU MK
No ®(77-76640 o1 26 aBrycra 2019 roga

XypHan BkntoueH B epeueHsb pe-
LieH31MpyeMbIX HayuYHbIX U3AaHNi, B
KOTOPbIX AOMKHBI ObITb ONY6AMKOBA-
Hbl OCHOBHbIE HayuHble pe3ynbTaTl
AunccepTaLnil Ha CoMcKaHue yyeHoi
CTeneHn KaHANAaTa HayK, Ha conckaHme
YUeHOI cTeneHu JOKTOpa Hayk (cnewy-
anbHoctn: 01.01.02; 01.01.06; 01.01.09;
01.02.06; 01.02.08; 1.1.1; 1.1.6; 1.1.8;
1.1.9; 1.2.2 (¢pu3.-maT. 1 TEXH. HayKw);
2.3.1 (¢m3.-maT. 1 TeXH. HayKK).
XypHan BXoAuT B MeXAYHapPOAHbIe
6a3bl faHHbIx Web of Science (ESCI),
Scopus, MathSciNet, zboMATH, DOA)

MognucHoi nHgekc usganus 36017.
MoANMCKy Ha NeyaTHble U3AAHNS MOX-
HO odopmuTb B IHTEpHET-KaTanorax
«Mpecca Poccum» (www.pressa-rf.ru),
«[pecca no nognucke» (www.akc.ru)
n TK «Ypan-Mpece» (ural-press.ru).
XypHan BbIXoAuT 4 pasa B rog.

LleHa cBobogHas.

INeKTPOHHas BepCUs HaxoauTCs B OT-
KpbITOM ZoCTyne (mmi.sgu.ru)

[lnpekTop u3patenncTea
Byuko NpuHa OpbesHa
Pepakrop

Kaprux Uropb AHatonbeBuY
XYAOKHMK

Cokonos [imutpuit Banepbesuy

Pepakrop-ctunuct
KoukaeBa IHHa AHaTONbEBHA

Bepcrka
Xanosa Buktopus AHaToNbeBHa

TeXHN4ecKkuii pefaktop
Kaprux Uropb AHatonbeBuY

Koppexrop
KoukaeBa iHHa AHaToNbeBHA

Appec yupeautens, uspatens

M u3paTenbcTBa (pefaKuum):
410012, Caparos, yn. ActpaxaHckas, 83
Ten.: +7(845-2) 51-45-49, 52-26-89
E-mail: izdat@sgu.ru

MoanucaHo B neyarb 22.03.22.
MognucaHo B ceet 31.03.22.
®opmat 60 x 84 1/8.

Yen. ney. n. 16,05 (17,25).
Tupax 70 3k3. 3aka3 8-T.

OrneyaraHo B TUnorpadumn
CapatoBcKoro yHusepcutera.
Appec Tunorpadpum:

410012, Caparos, b. Kasaubs, 112A

© (CapatoBckuii yuusepcutert, 2022



%@\) Izvestiya of Saratov University. Mathematics. Mechanics. Informatics, 2022, vol. 22, iss. 1

NMPABUNA /11 ABTOPOB

XypHan npunnmaer k nybaukaumun cra-
Tbi, COZPXKaLLe HOBbIE OPUrMHANbHbIE
pe3ynbTaThl M0 BCEM OCHOBHBIM pasgenam
MaTeMaTuKI, MeXaHUK1 U MHHOPMATUKK.
Pepkonnerveii He paccMaTpUBAlOTCA CTaTby,
HOCSALLME NCKIOYMTENBHO NPUKNAZHON Xa-
paKTep, paHee onybaMKOBaHHbIE UM NPUHS-
Tble K ONY6NNKOBAHMIO B AAPYTMX XypHaNax.

06bem ny6nukyemoii CTaTbk He AOMKEH
npeBbIWwath 12 CTpaHNL, 0YOPMAEHHBIX B
LaTeX cornacHo ctunesomy ¢ainy, pasme-
LeHHoMy no agpecy https://mmi.sgu.ru/
ru/dlya-avtorov. Ctatbin 60nbLuero obbema
MPUHMMAKOTCA TONLKO MO COFNACOBAHMIO C
pegKonnerueii xypHana.

Bce pykonucu, noctynuBLLme B peaKLyio
W COOTBETCTBYIOWMNE NPOdUAI0 XypHana,
MPOXOAAT PeLieH3MpOBaHHe, 1 3aTeM pejKon-
nerus NpUHUMAeT peLlieHine 0 BO3MOXHOCTH
nx onybnukoBaHua. B cnyyae nonoxutens-
HOTO peLleHns CTaTbs NOJBepraercs Ha-
YUHOMY 11 KOHTPONbHOMY PeJiaKTPOBaHMUH.

CraTbsl, HanpaBneHHas aBToOPY Ha f0-
paboTKy, AOMKHA 6bITb BO3BPALLEHA B UC-
NpaBNeHHOM BUAe B MaKCMMabHO KOPOTKMe
cpoku. Cratbs, 3ajepxaHHas Ha cpok bonee
TpEX MecsLeB, paccMaTPUBAETCS Kak BHOBb
noctynusLuas. K nepepabotaHHoil pykonucu
Heo6X0AUMO MPUAOXMTL MNCbMO OT aBTO-
POB, COlepXalLiee 0TBETbI Ha BCe 3aMeyaHus
W NOSACHSIOLLIEe BCe M3MEHeHNs, CenaHHble
B CTaTbe. Bo3BpalLieHve CTatbit Ha 40PaboTKy
He 03Hauaer, 4o TaTbs byzeT ony6anKoBa-
Ha, nocne nepepaboTku OHa BHOBb byfeT
peLieH31npoBaThbCs.

ABTOpY CTaTbi, NPUHATON K MybAMKaLyuK,
OAHOBPEMEHHO C pelleHneM peaKosnerny
BbIChINAETCSA NLIEH3UOHHBIA A0TOBOP.

[laToii nocTynnenus craTbi CYnTaeTcs Aata
MOCTyNNeHNs ee 0KOHYaTebHOr0 BaphaHTa.

Mnata 3a nybaukaumio pykonuceii He
B3MMaeTcs.

bonee noApo6HO ¢ npaBunamm Ans asTo-
POB 1 MOPSIAKOM PeLieH3MPOBaHNA MOXHO
03HaKOMUTLCS Ha CailTe XypHana: https://
mmi.sgu.ru

Appec peakonnerum cepuu:

410012, Caparos, ActpaxaHckas, 83,
CIY umeHn H. T. YepHbiiwesckoro,
MeXaHWKo-MaTeMaTnyeckunit Gakynster

Ten./¢axc: +7(845-2) 26-15-54
E-mail: mmi@sgu.ru
Website: https://mmi.sgu.ru

OTBeTCTBEHHbIN CeKpeTapb Cepum:
LLleyoBa K0nus BnagucnasosHa

CONTENTS

Scientific Part

Mathematics

Dukhnovsky S. A. New exact solutions for the two-dimensional
Broadwell system

Klyachin A. A., Klyachin V. A. Uniqueness theorems
for recovering the inverse image under degenerate
transformations

Ratseev S. M., Cherevatenko 0. I. Decoding algorithms
for Goppa codes with errors and erasures

Mechanics

Dzhabrailov A. Sh., Nikolaev A. P., Klochkov Yu. V.,
Gureeva N. A., Ishanov T. R. Nonlinear deformation
of axisymmetrically loaded rotation shell based on FEM
with different variants of definitional equations

Ivanov D. V. Biomechanical support for the physician's decision
when choosing a treatment option based on quantitative
success criteria

Tukmakov A. L., Tukmakov D. A. Numerical study

of the influence of the parameters of dispersed particles
on the deposition of the solid phase of an electrically
charged polydisperse gas suspension

Computer Sciences

Romanov A. |., Batraeva l. A. Attention based collaborative filtering
Speranskiy D. V. Reversion of outputs of fuzzy discrete systems

Khokhlova 0. A., Khokhlova A. N. Analysis of technological trends
to identify skills that will be in demand in the labor market
with open-source data using machine learning methods

Chernyshova G. Yu., Rasskazkin N. D. Software implementation
of ensemble models for the analysis of regional socio-economic
development indicators

15

28

48

62

90

103
112

123

130



W3B. Capar. yH-Ta. Hos. cep. Cep.: MatemaTtvika. MexaHuka. IHpopmaTuka. 2022. T. 22, Bblﬂm @

PEAAKLLMOHHAS KOJITErUA XXYPHANA
«W3BECTUA CAPATOBCKOIO YHUBEPCUTETA. HOBASA CEPUA.
CEPUA: MATEMATUKA. MEXAHUKA. NTHOOPMATUKA»

naBHblii pefakTop

Koccosuu Jleonug Opbesuy, soktop du3.-mar. Hayk, npodeccop (Capatos, Poccust)

3amecTutenb rnaBHoOro pepakTopa

poxopoB JAMuTpuii BaneHTMHOBUY, AOKTOP ¢u13.-Mar. Hayk, npodeccop (Capatos, Poccus)

OTBETCTBEHHbIW CeKpeTapb

LlleBLoBa H0nns BnagncnasosHa, kaHAMAAT Gu3.-mar. Hayk, aoueHT (Capatos, Poccus)
YneHbl peflakLMOHHOI Konnernm:

Angpeiiuenko Amutpuii KoHCTaHTUHOBNY, LOKTOP Qu3.-MaT. Hayk, npodeccop (Capatos, Poccus)
bayap CBetnaHa MuxaiinoBHa, 4oKkTop Gu3.-mart. Hayk, npodeccop (Cankr-Tetepbypr, Poccus)
Barynbsin Anekcanap OBaHecoBiy, AOKTop du3.-MaT. HayK, npodeccop (Poctos-Ha-floHy, Poccus)
dell'lsola Francesco, gokrop Hayk, npodeccop (Pum, Utanus)

3ybkoB Anekcangp Hukonaesny, goktop ¢pu3.-mart. Hayk (Omck, Poccus)

Wk6an Mog Awpad, Ph.D. (Pypku, VHgns)
Wmatann Cép3u, Ph.D. (Knoro, finonus)

Wngeiues IMuTpuii AHaTonbeBny, JOKTOp Gu3.-Mat. Hayk, un.-kopp. PAH

(Canxr-Metepbypr, Poccus)

Kannyxos H0nuit [laBngosuy, foktop ¢pus.-mar. Hayk, npodeccop (Kunb, BennkobputaHus)
Kosanés Bnagumup Anekcanaposuy, JoKTop Gu3.-Mar. Hayk, npodeccop (Mocksa, Poccus)
KpotoB BeHnamuH puropbesiy, fokTop ¢pu3.-Mar. Hayk, npodeccop (MuHck, Pecny6nnka benapyco)
TNomakuH EBrexnii Buktoposuy, Zoktop ¢u3.-mart. Hayk, un.-kopp. PAH (Mocksa, Poccus)
MatseeHKo Banepwii [aBnosuy, JoKTop TexH. Hayk, akag. PAH (Tepmb, Poccus)

Mopo308 Hukuta ®égoposuy, foKTOp Gu3.-Mar. Hayk, akag. PAH (CaHkT-Metepbypr, Poccus)
Hacbipos Cemén Padannosiy, foktop Gu3.-mar. Hayk, npodeccop (KasaHb, Poccus)

MonoBuHKIH EBrenmii CepreeBuy, fokTop ¢u3.-mar. Hayk (donronpyaHblid, Mockosckas 06n., Poccus)
Papaes HOpuii Hukonaesuy, foktop pu3.-mar. Hayk, npodeccop (Mocksa, Poccus)

Pavees Cepreii Muxaiinosuy, JokTop pu3.-Mart. Hayk, npodeccop (YnbsHoBcK, Poccus)
Pe3unkos Anekcangp ®efoposuy, OKTOp TeXH. Hayk, un.-kopp. PAH (Capatos, Poccus)
PogepcoH pam, Ph.D., npodeccop (Kunb, BennkobputaHus)

Ceprees AnekcaHap Hukonaesiy, foktop ¢pu3.-Mat. Hayk, npodeccop (Capatos, Poccus)
CnepaHckwii imuTpuin Bacunbesuy, fOKTop TexH. Hayk, npodeccop (Mocksa, Poccust)
CraposoiiTos 3ayaps VBaHoBuY, fokTop du3.-Mart. Hayk, ipodeccop (Tomenb, Pecniybnka benapych)
Cy660TtuH Opuin Hukonaesuy, Zoktop Gu3.-mar. Hayk, un.-kopp. PAH (Ekatepunbypr, Poccus)
TaHaHko Uropb EBcTadbeBuy, kaHAnAAT Pus.-mar. Hayk, AoLieHT (Capatos, Poccust)

Xpomos Asryct lMeTposuy, fokTop $u3.-Mat. Hayk, npodeccop (Capatos, Poccus)

Lanbito AHatonmii AbGpamoBuy, JOKTOP TexH. Hayk, npodeccop (CaHkT-Tetep6ypr, Poccus)
LWawkun Anekcangp ViBaHosuy, Joktop ¢u3.-mat. Hayk, npodeccop (BopoHex, Poccust)
Llatypsit AHgpeii Kumosiy, Joktop ¢u3.-mat. Hayk, AoueHT (Mocksa, Poccis)

0pko Bauecnas AHatonbeBny, JokTop Pu3.-Mar. Hayk, npodeccop (Capato, Poccus)

fIHr YyaHb-®y, npodeccop (HaHkuH, Kutaiickas HapogHas Pecnybnmka)

EDITORIAL BOARD OF THE JOURNAL
“IZVESTIYA OF SARATOV UNIVERSITY.
MATHEMATICS. MECHANICS. INFORMATICS”

Editor-in-Chief - Leonid Yu. Kossovich (Saratov, Russia)
Deputy Editor-in-Chief - Dmitri V. Prokhorov (Saratov, Russia)
Executive Secretary - Yuliya V. Shevtsova (Saratov, Russia)

Members of the Editorial Board:

Dmitri K. Andreichenko (Saratov, Russia)
Svetlana M. Bauer (St. Petershurg, Russia)
Francesco dell'lsola (Rome, Italy)

Dmitry A. Indeitsev (St. Petershurg, Russia)
Shogli Imatani (Kyoto, Japan)

Mohd A. Igbal (Roorkee, India)

Julius D. Kaplunov (Keele, United Kingdom)
Avgust P. Khromov (Saratov, Russia)
Vladimir A. Kovalev (Moscow, Russia)
Veniamin G. Krotov (Minsk, Belarus)
Evgenii V. Lomakin (Moscow, Russia)
Valerii P. Matveenko (Perm, Russia)

Nikita F. Morozov (St. Petershurg, Russia)
Semen R. Nasyrov (Kazan’, Russia)

Evgenii S. Polovinkin (Dolgoprudny,
Moscow region, Russia)

Yuri N. Radaev (Moscow, Russia)

Sergey M. Ratseev (Ulyanovsk, Russia)
Alexander F. Rezchikov (Saratov, Russia)
Graham A. Rogerson (Keele, United Kingdom)
Alexander N. Sergeev (Saratov, Russia)
Anatoly A. Shalyto (St. Petershurg, Russia)
Alexander I. Shashkin (Voronezh, Russia)
Dmitriy V. Speranskiy (Moscow, Russia)
Eduard I. Starovoitov (Gomel, Belarus)

Yurii N. Subbotin (Ekaterinburg, Russia)

Igor' E. Tananko (Saratov, Russia)

Andrey K. Tsaturyan (Moscow, Russia)
Alexander 0. Vatulyan (Rostov-on-Don, Russia)
Chuan-Fu Yang (Nanjing, Jiangsu, China)
Vjacheslav A. Yurko (Saratov, Russia)
Alexander N. Zubkov (Omsk, Russia)

_ . J \ﬁ
PEAAKUWOHHAS
KOJUIEr 4

<=




@Ms& Capar. yH-1a. Hos. cep. Cep.: Maremarvnka. Mexanuka. iHgpopmarnka. 2022. T. 22, sbin. 1

% MATEMATHKA

NsBectus Caparosckoro yHusepcutera. HoBasi cepusi. Cepus: Marema-
tuka. Mexanuka. Uudopmaruxa. 2022. T. 22, sumn. 1. C. 4-14
lzvestiya of Saratov University. Mathematics. Mechanics. Informatics,
2022, vol. 22, iss. 1, pp. 4-14

https://mmi.sgu.ru

k https://doi.org/10.18500/1816-9791-2022-22-1-4-14

Article

New exact solutions
for the two-dimensional Broadwell system

S. A. Dukhnovsky

Moscow State University of Civil Engineering, 26 Yaroslavskoe Shosse,
Moscow 129337, Russia

Sergey A. Dukhnovsky, sergeidukhnvskijj@rambler.ru, https://orcid.
org/0000-0001-9643-7394

Abstract. In this paper, we consider the discrete kinetic Broadwell
system. This system is a nonlinear hyperbolic system of partial
differential equations. The two-dimensional Broadwell system is
the kinetic Boltzmann equation, and for this model momentum and
energy are conserved. In the kinetic theory of gases, the system
describes the motion of particles moving on a two-dimensional

plane, the right-hand side is responsible for pair collisions of
particles. For the first time, new traveling wave solutions are
. J

found using the exp(—¢(&))-expansion method. This method is
P H as follows. The solution is sought in the form of a traveling
wave. In this case, the system is reduced to a system of ordinary

Hayl__”_lblm differential equations. Further, the solution is sought according to
this method in the form of an exponential polynomial, depending

OT,EI,eﬂ on an unknown function that satisfies a certain differential
equation. Solutions of the differential equation themselves are

\ < - J known. The summation is carried out up to a certain positive
number, which is determined by the balance between the highest
b linear and non-linear terms. Further, the proposed solution is

substituted into the system of differential equations and coefficients
at the same exponential powers are collected. Solving systems
of algebraic equations, we find unknown coefficients and write
the original solution. This method is universal and allows us
to obtain a large number of solutions, namely, kink solutions,
singular kink solutions, periodic solutions, and rational solutions.
Corresponding graphs of some solutions are presented by the
Mathematica package. With the help of computerized symbolic
computation, we obtain new solutions. Similarly, it is possible to
find exact solutions for other kinetic models.

@© Dukhnovsky S. A., 2022
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Hayunasi crartbs

YIK 517.951

HoBble TouHbIE penieHNs
AJis AByMepHOU cucteMbl bpoayasna

C. A. IyxHOBCKU#

HauuonanbHblii HccaenoBate bckuii MOCKOBCKHH TOCyIapCTBeHHbBIE CTPOUTE/bHBIN yHUBepcHuTeT, Poccus,
129337, r. Mockga, ya. flpociaBckoe mocce, 1. 26

HdyxHoBckuii Cepreit AHaTOJbeBUY, KAHANWAAT (PU3UKO-MaTeMaTHUYECKUX HayK, TpenofaBaTelb Kadeaphl
NpUKJAanHOH MaTeMaTHKH, sergeidukhnvskijj@rambler.ru, https://orcid.org/0000-0001-9643-7394

AnHoTramusa. B cratbe paccMoTpeHa AMCKpeTHasi KMHeTHYeckas cucteMma bponpyanana. lannas
CUCTEeMA fIBJISETCS HeJHHEHHOU runepOoJMUeCcKOl CUCTEMOH YpaBHEHHWH B YaCTHBIX MPOU3BOAHBIX.
JlBymepHasi cuctema bponyanna npencrasisieT co6oi KMHeTHUecKoe ypaBHeHHe BosblMmaHa, U mas
3TON MOJENH UMITYJIbC U SHEPTUS] COXPAHAIOTCS. B KHHeTHYeCKOH Teopuy rasoB CHCTEMa OMHCHIBAET
ABHMKEHHe 4aCTHL Ha ABYMEepPHOH IMJIOCKOCTH, NIPU TOM IpaBas YacTb CUCTEMbl OTBeuYaeT 3a MapHble
CTOJIKHOBEHHsI 4acTHLl. BriepBble HOBble pellleHHs1 Oerylileil BOJHbI HalAeHBl C UCIONb30BaHUEM
metona exp(—¢(&))-pasnoxenus. JlaHHble METOL COCTOMT B cJefyiolleM. PellleHue HlleTCs B BUe
Oeryluell BosIHEL. B 3TOM ciydae cucTeMa CBOAMTCS K CHCTeMe OOBIKHOBEHHbIX AU(QepeHLHalbHbIX
ypaBHeHuH. [lajsee pelleHHe HIIETCS COIVIACHO JAHHOMY METONY B BHJe IOJMHOMA IO 3KCIOHEHTaM
(cymMMa psina), 3aBUCSIIIEr0 OT HEM3BECTHOH (DYHKIIMH, KOTOpasi yIOBJETBOPSIET OIMpeAeJeHHOMY
aupdepeHLHalbHOMY ypaBHeHHIO. [Ipu 9TOM HM3BeCTHBI caMu pelleHUs IU(QepeHLHaNbHOr0 YpaB-
HeHusl. CyMMHUpOBaHHe BeleTCs 10 KOHKPETHOrO MOJIOXKHTENbHOr0 YUC/a, KOTOpOoe orpeje/seTcs
nocpeAcTBOM GasaHca MeXIy HauBBICIIMMHU JHHEHHBIMH U HeJIMHEHHbIMHU ujieHaMu. Jlanee mpen-
noJjlaraeMoe pelleHue MOACTAaBJseTCS B CUCTEMY AU(pdepeHIHaNbHbIX YPABHEHUH U COOMPAIOTCS
KO3((UIUEHTH NPU OJMHAKOBBIX CTeNeHsIX 3KCMOHeHT. Pelnas cucrembl ajnre6paniyeckux ypas-
HEHHH, Mbl HAXOAUM HeH3BeCTHble KOI(D(PHUIHMEHTH U 3aMUChIBAEM HCXOAHOe pellieHue. J[aHHBIN
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Introduction

Consider the two-dimensional Broadwell system [1,2]:

1
Ou+ Opu = —(wz — uv),
5
1
0w — 0pv = —(wz —wv), z,yeR, >0,
€
. (1)

Orw + Oyw = g(uv —wz),
1
Oz — Oyz = g(uv —wz).

Here u = u(x,y,t), v = v(z,y,t), w = w(z,y,t), 2 = z(z,y,t) are the densities
of four groups of particles with velocities (1,0,0),(—1,0,0),(0,1,0), (0,—1,0), € is the
Knudsen parameter from the kinetic theory of gases. This system describes a rarefied
gas consisting of four groups of particles. The interaction is as follows. The Broadwell
system describes particles of four groups, namely, the first group of particles moves at
a unit speed along with the axis Ox, and the second group moves at a unit speed in
the opposite direction. The third and fourth groups move in a similar way. Particles of
the first and second groups colliding cause a reaction that transfers into particles of the
third and fourth groups. In turn, particles of the third and fourth groups transfer into
particles of the first and second groups.

There are many methods for finding exact solutions such as the sine-cosine [3,4], the
exp(—p(§))-function method [5], the G'/G-expansion method [6], the generalized G'/G-
expansion method [7], the homogeneous balance method [8,9], the Riccati—Bernoulli
sub-ODE method [10, 11], the Jacobi elliptic function expansion method [12], the Exp-
function method [13, 14], the Kudryashov method [15], the first integral method [16]
and others. The Broadwell system is a non-integrable system, i.e. the Painlevé test is not
applicable. In [17], exact solutions of the Carleman system with conformable derivative
were obtained via the generalized Bernoulli sub-ODE method. In [18,19], the authors
found solutions of kinetic systems using the Bateman equation. Asymptotic stability
of equilibrium states for the Carleman and Godunov-Sultangazin systems was proved
in [20,21]. We, for the first time, will get solutions using the exp(—p(§))-expansion
method.

1. Description of the exp(—¢(¢))-expansion method
Consider a given nonlinear equation
E(u, ug, Uy, Uy, Ugt, Uy, -..) = 0, (2)

where u = u(x,y,t) is an unknown function. We will look for a traveling wave solution
E=kax+ly+ct, u=U(E). Then (2) is reduced to the ordinary differential equation:

E(U, U, kU WU KIU", KU, ...) = 0. (3)
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According to the exp(—¢(§))-expansion method, a solution is sought in the form

U(¢) = Za exp(—ip(§)), (4)

where ay # 0 and (&) satisfies the ODE in the following form

¢'(€) = pexp(p(§)) +exp(—p(€)) + A (5)

The solutions of Eq. (5) have the following form:
1) when pu # 0, A2 —4p > 0:

_ —\/A2—4utanh(V/\22_4”(£+C’))—)\
p(€) =n - , )
and
(= = prcoth (VR (€4 0)) =
P& =In - , )
2) when pu #0, A2 —4p <0
(VI
— A2 tan —
w@=m< o e @+Q)A>, ®
and
37 oy (VI
- A C))—A

3) when p=0, X#0, M —4u>0:

A
0= oy oy =) 1o

4) when #0, N#0, N2 —4pu=0:

o6 = (2SO, (1)
5) when u=0, A=0, M2 =4y =0:
P =In(£+C), (12)

where C' is an integrating constant.
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The positive integer N is determined by a balance between the linear term of the
highest order and the highest order nonlinear term. Substituting (4) into (3) and equating
coefficients at exp(—ip(£)),i = 0,1,2,..., to zero, we obtain a system of algebraic
equations. Then we find the unknown coefficients and write our solutions.

2. Application of the exp(—¢(¢))-expansion method

We use the transformation
u=U(¢&), v=V(), w=W(), z=2Z(¢&), &=kx+ly-+ct.

Then the system has the form

U'(c+ k) = aWZ—UV%
Vie—k) = ~(wz - Uv),

: (13
W(e+1) = ;UV-W@%

Z@—UZEWV—WZ)

We apply the following expansions by the exp(—y(§))-expansion method

Z a; exp(—ip(§ Z b; exp(—ip(&

(14)
Zcz exp(—ip(€ Zd exp(—ip(&
where N, M, P, L are positive integers.
Balancing between U’ and UV yields M = 1. Similarly, we have
M+1=N+M, P+1=P+L, L+1=P+1L,
so that N = P =L = 1. Then we seek the solution of (13) in the form
U=ag+aexp(—¢(§)), V =bg+ byexp(—¢(&)), (15)

W =co+crexp(—¢(§)), Z =do+ dyexp(—o(§)).

Substituting (15) into (13) and collecting coefficients of the order of exp(—ip(£)),
i=0,1,2,..., we have

a1 by +aobl ci1do cody

— — —chay — kday =0,
€ € € €
al—bl—%—cal—kal:(), (16)
€ €
ao—bo—%—cual—k‘,ual—o,
€
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and
albO + CLobl _ Cldo _ Codl — C)\bl + k)\bl = Oa
€ € € €
abt _adi L —o, (17)
g g
b d
M_M—cubl—i—kﬂh =0,
£ g
and
_albo _ aobs + cido + coch —cAep — ey =0,
€ € € £
b d
SRR e — e =0, (18)
£ 9
b d
_ %% | %% _ ey — lpey =0,
£ g
and
b b | cido | cod
_alo_a01+clo+coI—C/\d1+l>\d1:0;
€ € € <
b d
_abad e o, (19)
£ £
aobo COdO

+ — —cpdy + lpd; = 0.
£ £

Solving together (16)—(19) by the Mathematica package, we obtain

bo(c® — k2 (c(co +do) + (co — d0)1> (B2 — 12) + B (c — k)(c2 — I2)(k? — I2)

A= bo(c2 — k2)(c2 — 12) (k2 — 12)e
)

+

(c+ k) (A —12) (codo(k:2 ) 4 (2 — B2 - 52)g2u>

* bo(c2 — K3)(2 — ) (K2 — IP)e ’

_codo(K* = 1?) + (¢ — k) (¢ — 1P)e*p

o= bo (k2 — I2) ’
(c—k)(*—1*)e (* =k (c+ e
a]. = k2 _ l2 ) d]. = - kz _ l2 )
(2 =Kk (c—1)e (c+k)(?—1%)e

by = by, co=co, do=dp.

The exact solutions of the system (1) are:
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1) when pu#0, A2 —4u >0,

uﬂazcmak—w> < 1§Xc—Z>M

N l2 <\//\27tanh /\22_4# &+ C)) + A

c—i—k (2 —1%)e
v (€) = bo — T

<\/A2 ptanh (Y2 4“(54—60)4—A

(¢ —k2 (c—1)e
wi(§) = co+ _12

(Mv o tanh ( i4W§+CD+A
(2= k> (c+1)e ( 2u
W VA —4ptanh(” 5 (£+C))+)\

where £ = kx + ly + ¢t and C' is an arbitrary constant;
2) when pu# 0, A2 —4u <0,

codo(k* — 52) ( —k*)(® —P)’n

21(5) = d() -+

il;l ( 4p—N2 )’ (24)
4p — A2 tan ( ’; E+C)) =

l€) = by + LN fé%g ( . >, (25)
4p — X2 tan ( ’;_ E+0C)) =

W—WW+Z< 2p )
22(§) = do — T 72 . (27)
0 K21 I — N tan (Y222 4 0)) — A
where £ = kx + ly + ¢t and C' is an arbitrary constant;
3) when =0, A #0, A\ —4u >0,
_codo(B*=1?) + (=K (=) n (c—k)(*—1P)e A
e = (k) - m e (o) o
B (c+k)(c?—1?)e A
w0 =i+ S (e er) =
_ (2 —k*)(c—1e A
6 =0 (o) 0
B (2= k*)(c+1)e A
0= - S (o) oy

where ¢ = kx + ly + ¢t and C' is an arbitrary constant;

10 Hay4Hbii otgen



S. A. Dukhnovsky. New exact solutions for the two-dimensional Broadwell system @

4) when p # 0, N #0, \2 —4pu =0,

codo(K*—12)+(2=k*)(A=1%)e*u  (c—k)(*=1*)e ( N(E+O) ) (32)

uy(§) = bo(k2—12) N k2—12 2\ (E+0)+2)

B (c+ k) (= 1%)e N(E+C)

va(&) = bo - k2 — 12 (2()\(5 +C)+ 2))’ (33)
(¢ —k)(c—De [ N(E+CO)

@) =t (%M§+oy+m)’ (59
(2 —Ek*)(c+1)e N(E+C)

a(§) =do+ 55 (2(A(§+C)+2)>’ (35)

where £ = kx + ly + ¢t and C is an arbitrary constant;
5) when p=0, A=0, \2 -4y =0,

_ Codo(kQ . 12) 4 (62 . k’2)(62 . l2)€2,u (c— k)(CQ — 12)5 < 1 )’ (36)

) bo(K2 — ) TTe—e \g+o

A
B (2 —k*)(c—1)e 1
un(©) =0 - T (), (39)

where ¢ = kx + ly + ¢t and C is an arbitrary constant.

3. Graphs of the obtained solutions

Here we will plot some graphs of the obtained solutions. Equation (20) represents the
kink wave. Figure 1 shows the exact 3D kink-type solution of equation (20) for by = 1,
e=1lLc=1Lk=21=3,¢g=1,dy=1, p=1,C=1and —10 <z < 10, 0 <t < 10.

-10 5 \ 5 10

Fig. 1. Kink solution of u;(§) forbp =1, e=1,¢=1,k=2,1=3,¢o=1,dg=1, p=1,C = 1.
The left figure shows the 3-D plot and the right figure shows the 2-D plot for t =0
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Equation (24) represents the periodic traveling wave solution. Figure 2 shows the
exact 3D periodic solution of equation (24) for by =3, e=1,c=1,k=2,1=3, ¢y = 2,
dy=1,p=1,C=1and —10 <z <10, 0 <t < 10.

Equation (28) represents the singular kink solution. Figure 3 shows the exact 3D
singular kink solution of equation (28) for by = —-1,e=1,c=—-1,k=3,1=2, ¢ = 3,
do=1, u=0,C=1and —10 <z <10, 0 <t < 10.

Fig. 2. Periodic wave solution of ug(&) for by =3, e =1, ¢c=1, k=2,1=3, cg = 2, dy = 1,
uw =1, C = 1. The left figure shows the 3-D plot and the right figure shows the 2-D plot for t =0

-10 -5 \ b) 10

Fig. 3. Singular kink solution of ug(§) for bjp = -1, e =1,c=-1,k=3,1=2, ¢g =3, dp = 1,
w =0, C = 1. The left figure shows the 3-D plot and the right figure shows the 2-D plot for t =0

Conclusion

In this work, we have found the exact traveling wave solutions of the kinetic Broadwell
system by using the exp(—¢(&))-expansion method. All of the above solutions have been
verified using the Mathematica package. In the future, the solutions of the remaining
kinetic models will be found.
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AnHotamusga. [lpu pemiennu 3agad TpexMepHOH PEKOHCTPYKLUHH OOBEKTOB MO H300paKeHUsIM aK-
TyaJlbHOH fiBJIsieTCsl 3ajaua olpeleseHHUs YCJIOBHH, NPHU KOTOPBIX Takas PeKOHCTPYKLHsS Oyner
UMeTb Ty WJM UHYIO CTeleHb elHHCTBEHHOCTHU. VIMEHHO TaKue YCJOBUS [03BOJISIOT IPUMEHUTD, B
YaCTHOCTH, METOABI [MIyOOKOro MALIMHHOIO OOYYeHHs C HUCIO/Nb30BAaHHEM CBEPTOYHBIX HEHPOHHBIX
ceTedl Jis ONpefeJsleHHs MPOCTPAHCTBEHHOH OpUeHTaUUH OOBEKTOB HJIM UX COCTaBHBIX dacTei.
C MaTeMaTHUeCKOH TOYKH 3peHMs 3ajaua CBOLUTCS K ONpeleseHHI0 YCJIOBUH BOCCTAHOBJEHHS MPO-
obpasa A/ peo6pa3oBaHUs NPOeKUHUH. B HacTosllel cTaTbe N0Ka3aH Sl TeOpeM eIHHCTBEHHOCTH
TaKoOro pojfia BOCCTAHOBJEHHUS. B yacTHOCTH, N0OKa3aHO, YTO MapaMeTpbl NpeoOpa3oBaHUs BpalleHHs,
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Abstract. When solving problems of three-dimensional reconstruction of objects from images,
the problem of determining the conditions under which such a reconstruction will have one or
another degree of uniqueness is relevant. It is these conditions that make it possible to apply, in
particular, deep machine learning methods using convolutional neural networks to determine the
spatial orientation of objects or their constituent parts. From a mathematical point of view, the
problem is reduced to determining the conditions for restoring the preimage for transforming the
projection. In this article, we prove a number of uniqueness theorems for this kind of restoration.
In particular, it has been proved that the parameters of a rotation transformation close to identical
can be uniquely determined from the projection of the result of such rotation of an object with a
given structure. In addition, the article found the conditions under which the spatial orientation
of an object can be calculated from its projection.
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Beenenue

OnHo¥ M3 akTyaJbHBIX MPOGJEM TPU MOCTPOEHHWH CHCTEM KOMITbIOTEPHOrO 3peHHUs
SIBJISIETCSl 3a/lada OTpefiesieHHs] TIPOCTPAHCTBEHHOH OpPUEHTALMU M TMPOCTPAHCTBEHHOTO
noJioxkeHusi o6bekta 1no (oTocHUMKY. Hampumep, momo6Has 3amada ocoOeHHO BaKHa
IJIs1 CUCTEM aBTOHOMHOTO BOXKIEHHS, B KOTOPBbIX ONpe/iesieHHe TOJI0KEeHHUsT OJHKaANIINX
aBTOMOOUJIEH SIBJISIETCS] KJIOYEBBIM BOTIPOCOM JJIsi aBTOHOMHBIX TPaHCIOPTHBIX CPEICTB B
ropoacko cpene. B cBs3u ¢ atum, Hanpumep, B 2019 r. JlabopaTopusi po6OTOTEXHUKH
¥ aBTOHOMHOro BoxaeHus Baidu coBmecTHO ¢ IleKMHCKHUM YHHBEPCHTETOM MOCTaBH-
JIM COOTBETCTBYMIILYI 3anauy coapyxectBy Kaggle (https://www.kaggle.com/c/pku-
autonomous-driving) u npemoctaBuau 6osee 60 000 3K3eMMISPOB TPEXMEPHBIX aBTOMOOH-
Jiell ¢ MapKHUpOBKOH U3 5277 peasbHBIX M300pakeHHH. Hy>KHO OTMeTHTB, YTO TOMBITKH
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pelleHUs MONOOHBIX 3aJau U He TOJbKO JJis aBTOMOOUJEH B KauecTBe 0OBEKTOB MpeIpH-
HUMaJHUCh U paHee. Tak, cjenyeT oTMeTUThb padoty [1], B KOTOpOH mpencTaBjeH OfMH U3
METOJIOB OLIEHKH TOJIOKEHUH U pa3MepoB mapaJesenunenoB (3D 60KCOB), 0XBaThIBAIOIIKX
aBTOMOOUJ/Ib B MPOCTPAHCTBE 110 ero M3obOpaxkeHHio Ha (poTocHUMKe. B ykazaHHo# paboTe
MIPOU3BOJIUTCS OLIEHKA MeCTOINOJIOKEHHUS] aBTOMOOHJIS 10 YIJy PbICKaHHUs (yIJy MOBOPO-
Ta BOKPYT BEPTHKAJbHOH OCH), MOCKOJIbKY IpeNIoJaraeTcs, 4To KaMepa HabJronaTes s
BbIPOBHEHA OTHOCHTEJBHO IOPOKHOTO MOJNOTHA U yTOJ MeXIy MJOCKOCTbIO KaMephbl U MJI0C-
KOCTBIO JIOPOTH He M3MeHEeH U COCTaBJisieT 3HaueHHe 7 /2. JlaHHOe NOmylleHHe sIBJseTCs
BIIOJIHE COCTOSITEJIbHBIM, TMOCKOJIbKY /51 OOJIBLIMHCTBA 3a/lad aBTOHOMHOTO BOXKIEHUS,
pacrno3HaBaHHUsl OOBEKTOB TFOPOJACKOro Tpajuka M T.I. 3HAYEHHe KPEHa U TaHraxa AJd
aBTOMOOUJIEH Ha Jopore He sIBJsETCS CYyIIeCTBEHHBIM, €CJM, KOHEUHO, peub He HUIET O
MOJIO’KEHHUH aBTOTPAHCIIOPTA HA CrelHaJbHbIX KOHCTPYKIHSIX BPOJe Bbe3I0B/Che30B C
MOCTOB, TAHIYCOB, Pa3Bs30K U T. . (XOTs BOMPOC C NE€TEKTHPOBAHHEM MPOCTPAHCTBEHHOTO
pacnoJ/ioXKeHHs1 aBTOMOOUJIel B MeCTax BbIe30B M 32€3/10B Ha Pa3Bs3KH CTAHOBUTCS BCe
OoJiee aKTyasbHbIM). DTH Ke MPUeMbl ObIJIM HCIOMb30BaHbl B paboTtax [2,3]. AHasornuHas
3amaya 06 onpeneseHnd 3D mosoxkeHus 0OBEKTOB pellanach B padote [4], B KOTOpo#
UCI0J1b30BAJNMCh MOAU(DULIMPOBAHHbIE CBEPTOYHbIE HEHPOHHbIE CeTH U CIelHaNbHO MOArO0-
TOBJIEHHbIE MacKU OOBbEKTOB C MOHMXKEHHOH AHCKpeTH3aluel. B pabore [5] ucnosb3oBascs
MEeTO/l, OCHOBAHHbIH Ha MOKaJPOBOM CJI€KEHUH 32 00BEKTOM, a 00ydarollas MOfieb CTPOHU-
Jach Ha OcHOBaHWHU peKyppeHTHbIX LSTM HeiiponHbix cereil. OTMeTHM Takxke pabdory [6],
B KOTOPOH IJ/I1 LEJOCTHOM PEKOHCTPYKIIMU TPEXMEPHOH CLEHBl NpelJiaraeTcsl ee ONUCaHue
B BHUJle 'PAMMATHKH, a pe3y/bTaT PEKOHCTPYKLHH aBTOPBI CTPOAT B BUIE CHELHAJbHOTO
rpaa. Hano oTmeTuTh, 4TO MonoOHble 33a4M PEKOHCTPYKLMH BO3HHUKAIOT, HaNpUMep,
U NPU BOCCTAHOBJIEHUH TPeXMEPHOH MOIEeJH JHIA U MO03bl Yes0BeKa Mo QoTorpaduu
(cm., Hanpumep, [7,8]).

AHanu3 yKasaHHBIX paGoT U paboOT, MPOLUTHPOBAHHBIX B HHUX, TOKa3bIBA€T, YTO HaUOO-
Jilee 4yacTo JJisl pelleHrs 3a1ad NMPOCTPAHCTBEHHOIO aHa/ln3a U300paKeHWH NMPUMEHSIOTCS
HelpOHHble CeTH. DTO MOHSITHO — CBEPTOYHBIE HEHPOHHBIE CETH MOT'YT aBTOMaTUYECKU
BBISIBJIATb NPU3HAKH HA M300pakKeHHUAX M ONpelessaTb MX 3HAYMMOCTb HAa OCHOBe JaTaceTa,
UCIoJib3yeMoro B o6yueHuu. besycnoBHO, monxon, 0CHOBaHHBIM Ha MCMOJb30BAHUH HEHPOH-
HBIX CeTeH, 3aC/y’KMBaeT BHHMAHHS, HO OH TpeOyeT oueHb OOJBLIOrO Habopa AaHHBIX AJA
obyuenus. [loaTomy, KaKk Ham KarkeTcsl, M0Je3HbIM OblJIO Obl YyMeTb MPOBOAUTH MPsSIMble
BBIYMCJIEHUS] IPOCTPAHCTBEHHBIX JAaHHBIX, OCHOBBIBASICb MCKJ/IOUHUTEJNbHO Ha XapaKTepHbIX
0coBeHHOCTSIX H300pakKeHHH caMux oO0beKToB. Tak, Hampumep, B pabote [9] Gblio mO-
Ka3aHO, YTO OPHEHTAallUsl MJOCKOCTH Kpyra B MPOCTPAHCTBE MOXKeT ObITb MOJydyeHa Mo
XapaKTepUCTHKAM 3JJIUITHUECKOH 00J1acTH, siBJsolleNcs mpoekiueit kpyra. B padore [10]
Obl/1 OJYYeH M ONKMCAH aJrOPUTM BOCCTAHOBJIEHHS NMPOQUJ/S BUAUMOH 4acTH MOBEPXHO-
CTH BpallleHUs 10 ee NPoeKUHH. B monoOHBIX 3amadyax BaXKHYIO POJb UIPaAKT TeOpeMbl
eIMHCTBEHHOCTH: C KAKOH CTeNeHbl0 OJHO3HAYHOCTH MOXKeT ObITb BOCCTAHOBJIEH OOBEKT MO
cBoel npoekuuu? B HacTosiiel paboTe Mbl (hOPMYJIUPYEM sl YTBEPKIEHUH 0011ero xapak-
Tepa, a TakXKe JaeM MOJHOe pelleHHe 3a1ayu orpeeseHUs NPOCTPAHCTBEHHOH OpHeHTalUU
0o0beKTa 10 ero NpPoeKIMH B HEKOTOPBIX YACTHBIX caydasx. MaremMatnueckod MoJeJbio
00BEKTOB Mbl BbIOpaJ/IX KOHeUHble MOJMHOXKEeCTBa eBKJ/JAUA0Ba npoctpaHcTBa P C R™, n < 3.
Cnenyer ykasaTb pa6othl [11, 12], B KOTOpPBIX MpENJOXKEHBI METOAbl PEIIeHHs 3ajad,
MONOOHBIX Hallled, ¢ UCMOJb30BaHHEM METOAOB MAalllMHHOTO 00ydeHHs, a Takxke [13], B
KOTOpPOH oOpaTHble 3afauu [Jisl NpeoOpa3oBaHUs MPOEKLHUHU pacCMaTPUBAJIUCh B paMKax
UCCJIeIOBaHUI KOMIIbIOTEpHOU ToMOrpaduu 61oJ0rMueCcKUX 00BbEKTOB.
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1. OpHo3HauHOe ompeje/ieHNe MHOXKECTBA IO €ro MPoeKIuu

[lyectrb P C R", n > 1, P = {p1,....,pn, N > 0} — KOHeUHOe MHOXECTBO E€BKJIH-
noBa npoctpaHcTBa R™. bynem paccmartpuBaTh 1Ba BHIA BBIPOXKIAEHHBIX OTOOpaKeHUH.
Bo-nepBeiX, 0TOOpaXkeHHsI OPTOrOHAIbHOM mpoekuuu 7 : R® — R¥ ¢ R*, 0 < k < n,
BO-BTOPBIX, 0TOOpakKeHHe LeHTPalbHOH npoekuuu 7. : R} = {zr € R" : z, > 0} = Il =
= {z € R": z,, = 1}, 3ananHoe opmynoi x +— x/x,. Mbl CTaBUM 3aauy ONpeaeseHUs
MHOXecTBa P mo ero mpoekuuu 7(P) unu w.(P). KoHeuHo, B ofuiem ciaydae Takas
3a/laya He MMeeT eAUHCTBeHHoro pewenus. Ho ecsau, Hampumep, M3BecTHa HeKOTOpast
CTPYKTypa MHOXKecTBa P, TO MOXKHO HaaesTbCsl Ha TO, YTO MHOXKECTBO P BO3MOXKHO
OyneT BOCCTaHOBUTb MO CBOeH MpoekKUMH. B HacToslleld ctaTbe Mbl OyneMm paccMaTpu-
BaTh CTPYKTYPY MHOXKecTBa P, 3aJaHHYI B BHJE CHUCTEMbl COOTHOILIEHHH IJs OJUH
d={dij : dij = |pi — pj|} n yrnoB o = {ai : qijr = Lpipjpr,t # J,i # j,j # k} B Buze
ypaBHeHUS

F(d,a) = 0. (1)

Hanpuwmep, ecau B3t N =n + 1, To cucTeMa COOTHOLIEHUHN

dzgzdkla Z%j? k%la

3a/laeT CTPYKTYpPY NpaBUJbHOr0 cuMiiekca B R™. [Ipexne ueM nepexonuTb K HEKOTOPBIM
MOJIHBIM pelleHUsIM 3a4ad BOCCTAHOBJIEHUS, CPOPMYIUPyeM psii OOLUHUX yTBepKIEHHH,
JIeXKallUX B OCHOBE 00OOCHOBAHHUS BO3MOXKHOCTH OJHO3HAUHOTO OINpefeseHHus npoobpasa
npoekuuu. PaccMoTpuM cHauasa ciaydyail OpTOroHa/JbHOH Npoekuuu 7. BBenem cienyroliee

o003HauyeHHUe:
¢ = min |7 (p;) — m(p;)|-
i#]

Jlemma 1. [lycmo f; : R" — R", i = 1,2 makue npeobpa3os8arus, 4mo OAsL 8CAKOCO
x € P CR" goinoanerno

|fi(z) — x| <0/3, i=1,2.

Toeda cnpasedauso 00HO u3 caedyrowux ymeepucoenuts:

® ULU UMerom Mecmo paseHcmea

m(fi(pi)) = 7(fo(ps)), Vi=1,...,N,

® U/NU BbLNOJAHEHO

m(f1(P)) # 7(f2(P))-
JloKa3aTe bCTBO. PaccMOTPHM MPOM3BOJBHBIE i # j,i,j = 1, ..., N. Mimeem
6 < |m(pi) = m(pj)l = |w(pi) — w(fi(p)) + 7(f1(pe) — 7(f2(p;)) + 7(f2(p;)) — m(p;)] <
< m(pi) = w(fi(p))| + 7 (f1(pi)) — w(fa(pi))] + 7 (f2(p;)) — m(ps)] <

< |pi — filp)| + [7(fi(pi) — w(fa(pi)| + [pj — fa(py)| < ? + |7 (fi(ps)) — 7(fapy))]-

OTKYILa CJeAyeT HEPAaBEHCTBO

r(i0) — 7(faps))] > 3 @
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A. A. Knsguun, B. A. KnsuuH. TeopeMbl e4NHCTBEHHOCTY BOCCTaHOB/1eHs npoobpasa @

HPEILHO.HO)KI/IM Ternepb, 4YTO HE BBINOJIHEHA BTOpas ajJdbTE€pPHATHBA B YTBEPXKIACHUU JIEMMBI,
T. €. UMeeT MECTO PaBeHCTBO

T(f1(P)) = 7(f2(P)).

Torma nmast Besikoro @ = 1,2, ..., N Ha#neres Homep j = 1,2, ..., N, Tako#, uto 7(fi(p;)) =
= m(f2(p;)). laHHbBle paBEeHCTBA He MOTYT BBINOJNHATBLCS JJIs { 7 j B CHJy HepaBeHCTBa (2).
[TosToMy BBINIOJIHEHA TepBasi ajbTepHATHBA. Tenepb MPENINOJIOXKHUM, UTO He BBINOJHEHA
nepBasi ajbTepPHATHBA, T.€. MPH HEKOTOpoM i = 1,2,..., N HMeeT MeCTO HepaBeHCTBO
w(f1(p;)) # 7(fa(p;)). Torma Bo3aMOXKHBI 1Ba BapuaHTa. B mepBoM BapuaHTe — ToYKa
7(fi1(p;)) &€ w(f2(P)). DTO BI€UET BBHINIOJHEHHE BTOPOH ajbTepHAaTHBHL. Bo BTOpOM BapuaHTe
BO3MOXKHO paBeHCTBO 7(fi(p;)) = 7(f2(p;)) npu HekoTOpOM j # i. Ho 3TO HEBO3MOXKHO B
cusy HepaBeHcTBa (2). Terepb JeMMa 10Ka3aHa MOJHOCTBIO. O

Jlnsi ciyudasi UeHTPasbHOM MPOEKIUH [10Ka3aTeJbCTBO aHAJOTHUHOTO yTBEPXKAEHHS
HECKOJIbKO YCJIOXKHSIETCsI, TIOCKOJIBKY LeHTpaJibHasi MPOeKLHUsl He SIBJSeTCS JHUHEHHBIM
otobpaxeHueM. bojee Toro, He orpaHuuMBas OOLUIHOCTH, Mbl OyleM MpearnoJsaratb, 4To
MHOkecTBO P jexut B It = {&x = (z1,...,2,) € R" : 2, > 1}. [lokaxem cJjenyoiee
HEpPaBEHCTBO [/l BCSKOH Maphl Touek x,y € 11T

[me() = me(y)] < [z = yllyl. (3)

A

ey Zn-1)y ¥ = (Y1, -+, Yn—1). Torna

xz x
m(o) —m) = | L Y| | Y Y Y
xn yn 'CE’I’L ajn .CL"n yn
x/ / / / I ’ —
B A 8 B A A B e A O A1l )
|0 |y | |y

Tem cambiM HepaBeHCTBO (3) mokasano. [Tosoxum
M = ma ;
max |pil,
dc = min |7.(p;) — me(p;)| > 0.
i#j
HNwmeer mecto

Jlemma 2. [lycmo f; - R" — R", i = 1,2 makue npeobpa3osarus, 4mo 015 8CAKOEO

z € P C R" soinoaxero

Oc
i - o) , = 172
|[filz) —al < 537, 4

Toeda cnpasedruso 00HO U3 cAeQYrOULUX YmBepHcOeHUL:
® LU UMEeIOm Mecmo pageHcmsa

7T-C<f1(pi)) :T‘-C(fQ(pi))? Vi = 17"'7N7

® AU BblNOAHEHO

m(f1(P)) # 7Tc(f2(P))-
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Hoka3sareabcTBo. PaccMoTpuM mpousBosibHbIE ¢ # j, 7,5 = 1,..., N. UMeem
Oc < |me(pi) = me(p))| = |me(pi) = me(f1(pi) + e (f1(pi)) = Te(fo(ps) + 7e(f2(p))) — 7e(ps)] <

< [me(pi) = me(fr(pa) | + |me(fi(pi) = 7e(fo(py))] + [me(f2(ps)) = me(py)]-

[IpumeHnsisi HepaBeHCTBO (3), mosydaem

oc < |pi — frlp)llpil + [7e(f1(pi) — 7e(f2(pi))] + |ps — f2(pi)lIpj| <

- 2M3i\c/[ lme(fu(p2) — el o).

OTKyna crienyeT HepaBeHCTBO
Oc
me(fr(pi)) = me(fa(p))] > =

: ®)

Jlasee M0OKa3aTeJbCTBO HUYEM He OTJHMUYAETCS OT 3aKJIOUUTEJbHOH YacTH [0KasaTeJbCTBa
JeMMbI 1. L

Jlemma 3. [Tycmo R : R? — R3 — npeobpasosanue, npedcmasistowee coboil Kom-
nosuyuro nogopoma 6oKkpye ocu L, npoxodaujeil uepe3 Hauwaio Koopounam u cme-
uwienus 60046 8ekmopa, opmoz2oranvioco L. Oboswauum uepes A mampuyy 3moco
spawerus, a uepes T — BeKmop cmew,eHus, mak, 4mo umeem Mecmo paSeHCmE0
R(z) = Az + T Vx € R3. [Ipednososxcum, 4mo binOAHEHO HEPABEHCMBO

de
||A—]||-M+|T|<3—M, (6)

ede 6., M onpedesernovl gopmyramu (4). Toeda, ecau mromecmso P we ssasemcs
naockum, mo w.(R(P)) # m.(P)

JlokasareabcTBo. st x € P uMeeM

Oc
3M°

[R(z) =z = |A(z) = (2) + T| < [[A = 1] - J2| + |T] <

Otciona cjenyet, YTO BBHIMOJHEHBI ycJoBHS JeMMbl 2 npu fi(z) = R(z), fo(x) = .
[Tokaxem, 4TO MpH BLINOJHEHHUH MEePBOH aNbTepPHATHBBI MHOXKECTBO P JIEXKUT B MJIOCKOCTH,
OPTOrOHAJIbHO MPSIMOH L W TMpoxonsiiiell uepe3 LEeHTP MPoeKUHH. JeldCTBUTENbHO, MYyCTh
i # j. O6o3HaunM uepes II;, II; mnockocTH, opToroHasbHble OCH BpalleHHs L U MPOXOAs-
LMe 4yepe3 TOUKHU p;,p; COOTBETCTBEHHO. V3 BblMo/MHEHHUS epBOi anbTePHATHUBBI JeMMbl 2
caenyet, 4To m.(p;) = m(R(p:)), m(p;) = m.(R(p;)). BekTop cmereHusr oproronases
npsMo#t L, tak uto R(p;) € II;, R(p;) € II;. C npyro#t cTOpOHEI, NpsiMBle, COfepKalIye
TOYKH p;, R(p;) 1 p;, R(p;), IPOXONAT uepes LeHTP npoekuud. M3 storo cienyer, uro mioc-
koctu 1I;, II; coBmajarT Kak napaJjiiesbHble MJIOCKOCTH, COfepxKalle LeHTP MPOeKIHH.
Takum o6pasom, MBI MoJydaeM, 4TO BCe TOUKM MHOXKecTBa P JieskaT B OLHOH INJIOCKOCTH,
OpPTOTOHaJ/IbHOH OCH BpalleHHus1. JlemMma nokasaHa. UJ

[lycte R; : R? — R3, ¢ = 1,2 — nBa npeoGpa3oBaHus BUia KOMIIO3HUIIUK BpalleHUsI
M NapaJijie/bHOTrO MepeHoca Takue, uto R;(x) = A;x + T;, rne A, — mMarpuua BpalleHHs
B cTaHaapTHoM Gasuce. [lycTb £ — coGCTBeHHBIH BeKTOp Matpuubl A, A7 — BekTop,
3a/al0lIKE OCh BpallleHHs /s KOMIO3UulMK Bpallennit A;' u A,. Tlpu 3ToM cuuTaeMm, 4To
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BekTop Th — Ay A7 (T}) oproronanen Bektopy E. Bymem mpennonaraTh BbINOJHEHHBIMH
CJIeLYIOLHe YCJIOBHS:

¢
||A,~—]||M+|7}|<min{30—M,M}. (7)

s JOKa3aHHbIX BCIIOMOTaTeJbHbIX YTBep)KILeHI/Iﬁ CJenyeT

Teopema 1. [lycms P C R* NIIT — Kowneuroe mHoxcecmso, He aexcauiee 8 00HOLL
naockocmu u maxoe, 4mo

de = min |m.(p;) — 7T0<pj)| > 0.
]

Toeda Oas dsyx npeobpasosarnutl R; : R?* — R3 yxasanrnoeo sviwe suda, ydosiemesops-
roujux ycrosutro (7), 8bLNOAHEHO

7TC<R1(P)) # Wc(Rz(P»-

JlokasareabcTBo. Paccmorpum MHOxecTBO Py = Ry(P). ITocTpoumM oTo6GpakeHue
R : R?® — R3 Kak KOMIO3ULUIO HUCXOMHBIX oTobOpaxeHuh R = Ry o Rfl. HeHo, uTo
R(Py)) = Ry(P). ITosToMy HaM [0CTAaTOUHO MokKasathk, 4TO 7.(Py) # m.(R(Fp)). Mbl
3TO CHeJsaeM, M0Ka3aB, YTO AJsl MHOXKeCTBa P U oToOpakeHHs1 R BBINOJNHEHbl YCJOBUS
JeMMbl 3. C 3TOH LieJIbI0 3aMEeTHM, UTO

R2 o R1_1<33) = AQAl_l.T + Tg — AgAl_l(Tl)

To ectp R ecTb KOMIO3ULMS BpallleHUsl U NapaJlienbHOro nepeHoca. I[Ipuuem BekTop
cmemtenust Ty — Ay AT (T)) opToroHasen ocy BpallleHHs /s MpeoGpa3oBaHHs MOBOPOTA
Ay ATt lanee umeem

[A2A7H(2) — 2] = |42 A7 (2) — A7 (2) + A7 (2) — 2] <
<447 (2) = AT (2) + AT (2) — 2] <
< A2 = 1] JAT ()] + AT ()] I = Al < (1A = ]+ 1Az = I[])]=]-

3/ech Mbl BOCMIOJb30BAMMCh TeM (hakToM, uTo s Bpaiienuit |A;(z)| = |A;1(2)| = |z|. Cre-

(2

JOBAaTeNIbHO, U3 MPebIAYIIMX BHIKAALOK MoJaydaeM HepaBeHCTBO |[Ax AT —I|| < ||A; —1||+
+||Ay — I||. Hanee, past Touek q; € Py npuMeHsist HepaBeHCTBO (3), HMeeM

Ime(qi) = me(@)| = |me(q:) = me(pe) + me(pi) = 7e(ps) + 7e(py) — me(gy)] =
> [me(pi) — me(py)| = lai — pillpil = la; — pyllps] >
2 |me(pi) = me(py)| = 2M (|[Ar = I[|M + [Th]).

[Tostomy u3 ycnoBus (7) mosyuaem

146,

< 8
T (8)

6o = min ||mc(q;) — me(q;)| =
i#]

Ilasnee oLeHHUM BeJIMYHHBI, CTOsILIME B 3HaMeHaTese HepaBeHcTBa (6). Ilycts My =
= max,ep, |q|. UMeem

;| = |Ri(pi)| = |A1(ps) + T | < M+ |14
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W nockosbky 13 yciosusi (7) caenyert, uto |17| < M, Gynem UMeTb
lgi| <2M, ¢ € .

T[lostomy My < 2M. O6osnaunm uepes T Bektop 1T = Ty — Ay AT (T1), a uepes A maTpuiy
Ay AT, Torma nnisi neBoit yacTu HepaBeHcTBa (6) B caydyae MHoxecTBa Py GyneM uMeTb

[|A = 1[[Mo + |T| < ([[Ax = I][ + [|A2 = I[D(M + |Ta]) + [T,

3aMeTUM, 4TO

M TIOCKOJIbKY M3 HepaBeHcTBa (7) caemyer, uTo

Oc
T < 577
17 30M

nosydyaem HepaBeHcTBO |T| < 6./(15M). [IpuMeHsis ele pa3 HepaBeHCTBO (7), mosydyaem

e 52 e 26, 52
<

A—TI||M,+|T| < < :
] 1Mo + T 150 T 45005 150 S 1M T 15000

[IpaBasi yacTh HepaBeHcTBa (6) MOXKeT ObITb OlleHEHa, UCTOJb3Ys (8)

do 144, 70,
2 2 :
3My = 3-15My = 45M

OcTtaeTrcst IpoBepUTb HePaBEHCTBO

26, 52 75,
+ < —=,
15M  450M3 S 45M

KOTOpOe MnocJie npeodpa3oBaHuil OyeT SKBUBAJEHTHO HEPABEHCTBY
b < 10M?,
ITO HEPABEHCTBO OUEBHUIHO BBIIIOJHEHO, MOCKOJbKY
bc < |me(pi) — 7T0<pj)| < pi _ijpj’ < 2M? < 10M*.

Takum 06pa3oM BBIIIOJIHEHB! BCe YCJOBHUS JeMMbl 3, U 3TO 3aBepllaeT J0Ka3aTeJbCTBO
TeOopeMbl. U

3ameuanue 1. 13 noxkasaHHOH TeopeMbl cienyeT Takod ¢axt. Ecan MHOKecTBO
P C R? He sBiseTca IJIOCKMM, TO Haijercss He GoJiee OLHOrO BpalleHHs I, GJIHU3KO-
ro K TOXJECTBEHHOMY IMpeoOpasoBaHUIO, MEPEBOASIIEr0 MHOXKeCTBO PP B MHOXeCTBO,
UMelolllee 33laHHYI0 LeHTpa/bHY0 MpoekiHrio. To, uTo riobasbHO TeopeMa He MOXKET
ObITb CIIpaBeAJHBOH, 0ueBUIHO. JJOCTaTOYHO MPUBECTH MPUMEPHl MHOXKECTB P, UMEIIINX
HEeTPUBHAJBbHYIO TPYTIIy CUMMETPHH.
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2. YcjgoBud J0KaJbHOM OXHO3HAYHOCTH

JlanuM MHOM MOAXON K pelleHUI0 TMOCTaBJEHHOW 3a4aul, KOTOPBIA B KaKOW-TO CTeleHU
Oyznet paccmarpuBathesl B 6osiee obiield cutyaund. ChopmyarpyeM UCKOMblE YCJOBUS /15
NIPOU3BOJIBHOTO CeMeHCcTBa npeobpa3zoBaHUl.

[Tycts B mpoctpanctBe R® umeercs: Ha6op Touek P = {p;}, 1 3amaHo cemeicTBO
npeo6pasosanuil R' : R? — R3, zaBucsamux or HaGopa mapametpoB t = (ti,....t,) H
Takux, uto npu t = (0,...,0) npeoGpaszosanue R° sBsisercs ToxaecTBeHHbIM. Uepes P!
Oynem 0603HaYath 06pa3 Habopa Touek P npu ortoOpaxkenud RY, T.e. P! = {R'(p;)}Y,.
Mbl uccienyeM ciaenyoulylo 3afady: NpH KakKHWX YCJIOBUSIX Ha paclosioKeHHe TOouek p;
no Hatopy touek Q' = {m(R!(p;))}¥, unu Q' = {m.(R'(p;))}Y, MOXKHO OIHO3HAUHO
BOCCTAHOBUThb HaGop Touek P! Mpu MaJjblX 3HAUEHHSIX BCEX MapaMeTpPOB t, ..., tpy,.

PaccmoTpuMm cHavana ciaydyaiéh OpTOrOoHaslbHOM MPOEKLUHMH 7 Ha MJ0CKOCTh 2z = 0.
[Tyctb otoGpaxkenue R' = (Ry(x,y, 2,t1,...stm), Ro(x,y, 2,1, ooy tm), R3(x,y, 2,1, ooy ).
EcTecTBeHHO MpennoJiokuth, utTo m = 2N. BBenem cjenymwoiunre o6o3HaueHus. [lyctpb
P, = (x4, yi, z:), QF = (uf,v},0), 4 =1,...,N. Torma Mbl MOXXeM 3amucatb CUCTEMY ypaBHe-

o

HHUH

( Ry(z1, 01,21, b, .o toy) = ul
Ro(z1, 41,21, b1, o toy) =0t
(9)
Ri(TN, YN, 2N, b1, oo ton) = tily
| Ro(zn, yn, 28, trs s tan) = Ul

Ecau U3 3Tod cucTeMbl ypaBHEHUH MOXKHO OJHO3HAYHO BbIPAa3WTh HAOOp MapameTpoB
t1,...,tan, TO IO HUM MBI CMOXKEM BBIUHCJIUTB MOJOXKeHHs: Touyek p! = R'(p;). Tlo Teopeme
06 06paTHOM OTOOpaxKEHWH YCJOBHEM JIOKAJIbHON Pa3peliMMOCTH CUCTeMbl ypaBHeHHH (9)
B OKPEeCTHOCTH TOYKHU ¢t = 0 siBsisleTcsl HeHysneBOH sikobuaH. [losTomy mosnydaem ycjoBue

%_il(xl;ylazlao) gtilv(xl,yl,zl,O)
%_Iff(xl,yl,zho) gtf; (1,1, 21,0)
det | b #0. (10)
%—ﬁ(mN,yN,zN,O) gt]jjlv(xNavaZMO)
G2 (rn,yn, 28, 0) o 5 (N, YN, 28, 0)

AHasOrUUHO MOXKHO MOCTYMHTh, €CJH OCYLIECTBJISIETCS IleHTpaJsbHas MPOEeKLHs Ha
JIOCKOCTh 2 = 1 C LIEeHTPOM B HayaJje KOOpAuHAaT. B 3ToM cjyyae NpUXOAUM K CHUCTeMe
ypaBHeHUH

( Ri(x1,y1,21,t1, ..., ton) = i Rs(x1,y1, 21,0, ... tan)
RQ(Il,yl,Zl,tl,...,th) = U{Rg((lfl,yhzl,tl,...,t2N>
R1<1’k,yk,zk7t1,...,t2]\[) = u'}VRg(xN,yN,ZN,tl,...,th)

( Ro(zn, yn, 2oty s tay) = ONRs(Tn, yn, 2, t, o tan)-
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YuuTbIBasi, YTO LEHTPabHble MPOEKLHH HauaJbHOr0 Habopa Touek P HMeT KOOPAHHATHI
(x;/2i,yi/zi, 1), ¥ BBIIUCBIBasE ONpeNeNUTENb, TPUXOIUM K YCIOBHIO

28 0) — BB EL0) e 2 HE (1, 0) — w1 G (11, 0)
a%2(01L0) —nGEPL0) . ag2(en0) — g (p,0)

det | : Do #0. (11)
ZN%_I;I(pN,O) - xN%_]ff’(pNa 0) ... ZNgt];lv (P, 0) — xNgt]:; (b, 0)
an G (pv, 0) = un Gt (pn, 0) oo 2n g (pn, 0) = yn g (pv, 0)

Paccmorpum otobpaxenue F' : RV — RV xortopoe aasa mo6oro t € R2Y crasur B
COOTBETCTBHE TOUKY
t t t t
(Ug, V], .oy Uy, Uy )-

Torpma, ecnu BoimosiHsieTcst ogHO M3 ycjoBud (10) mau (11), otobparkeHue F B3aHMHO
OHO3HAYHO B OKPECTHOCTH TOYKHU t = 0.

Wcnonb3yss DaHHBIA TOAXOM, BBIMHILEM YCJOBHSI AJsI CHCTEMbl OBOPOTOB OTHOCH-
TeJbHO HEKOTOPOU TOUKH (g, Yo, 20). 1aK Kak MOBOPOT TOUKH 3a[aeTcs ABYMs YIJaMH
(t; = @, ty = 1)), MBI pACCMOTPHUM CEMEHCTBO MMOBOPOTOB:

R1($7Iya Z, §07w) = Ty + ("L‘ - l’o) COS@Z) - (Z - ZU) Sin¢7
R2(xay727§07w) = Yo — (Q? - :CO) SiHQOSin + (y - yO) COS Y — (Z - ZO) Singocosw, (12)
Ry(z,y,2,0,9) = 20 + (. — 20) cos psiny) + (y — yo) sing + (2 — 20) cos p cos 1),

rae o, € R.
Ecsu 1eHTp noBopoTa (DMKCHPOBaH, TO HaM AOCTATOYHO BBIMUCATh YCJOBHE MJIsI ONHOM
TOYKH, Hampumep p;. Boiuucaum onpenenutensd (10), cuuras, 4to ¢, = @, ty = 1:

det < 0 —2’10+ =0 ) = —(21 — 29)*.

—z1+ 2

[TosToMy B maHHOM MpPOCTOM caydae oTobOpaxkeHue F'(¢, 1)) OyleT B3aHMHO OIHO3HAUHBIM
MPH MaJIBIX yIJIaX MOBOPOTA o U 1, i XOTs Obl OflHA TOYKA M3 HaGopa {p;}, He Jexut
Ha MJOCKOCTH 2z = 2.

PaccMoTpum Tenepb ceMeiicTBO MOBOPOTOB BOKPYT NMPOHU3BOJNBHON TOUKH U FOPU30OHTAJb-
HBIX CIBUrOB. B 3TOM ciyuae noGaBasioTes ellle 1Ba napameTpa, U npeodpa3zoBaHue OyneT
UMETb BU]

Rl(xv Y, z,a, b7 2 2/}) =a-+ ($_$0) COS,{?Z) - (Z_ZO) Sin¢;
R2<x7 Y, z,a, b7 ®, w) =b— (x_‘r()) sin % Sinw + (y_y()) COS Y — (Z_ZO) sin ¥ Cosw7 (13)
Ra(@, 3,2, b, 0,48) = 7 + (£—0) cososingh + (y—3o) sin o + (=) cos  cos .

CyienoBaTeibHO, HaM HY>XKHa OyzeT ellle ofHa Touka (t; = a,ty = b, t3 = @, ty = V).
Torna, Beruncasis onpenenuresns (10), monyuaem

10 0 —2z1 + 2o

0 1 —z1+4+2 0 . 2
det 10 0 it | T (21 — 22)°.

0 1 —29 + 2o 0
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Oro6paxenue F(a,b, ¢,1)) Oyner B3aMMHO OHO3HAUHBIM TIPH MaJbIX CABHTaX a,b W MasbiX
yIJIax TOBOPOTA ¢, 1), €CJH HalAyTCs ABe TOUKHM W3 Habopa {p;}Y |, KoTopele He Jexar B
OIHOM IIJIOCKOCTH %z = const.

[lepefineM K cayyaio LEeHTpPanbHOH MpoOeKUHUU 7. PaccMoTpuM cHauasa ceMeHCTBO
npeo6paszoBanuil (12). Ias Hero ycmoBue (11) serko BeIYMCASETCS U UMEET BHUJ

z1(y1 — o) z1(21 — 20) + 21(21 — 20)
det —

z1(z1 — 20) +y1(y1 — yo) vr(z1 — w0)
= (21 — 20) (v1(x1 — 20) + y1 (11 — %o) + 21(21 — 20)) =
(- 2) - B (- 2) - L) o

DTO yC/MOBHE O3HAYaeT, uTo XOTs Obl ONHA TOYKAa W3 Habopa {p;}, He JEXKUT HH

B IJIOCKOCTH z = 25, HH Ha cdepe pamuyca 1/2+/x3+ y2 + 23 C LEHTPOM B TOUKe
(z0/2,y0/2, 20/2).
PaccmoTpum Tenepb moBopoThl co cauramu (13). Yeaosue (11) OymeT Takum:

Yo) 21(21 — 20) + 1 (21 — )

21 0 x(yp — (

0 21 zi1(21 —20) +y1(y1 — vo) yi(w1 — o)
(y2 — (
(21— y (

det
0) 2ol 29 — Z()> —|— ZL’Q(I’Q — IL‘())

20) + y2(y2 — yo)  y2(z2 — 20)

Z9 0 T2\Y2

<

0 zZ2 21\ %1

= —zfzg(zl - 32)2 + 2122(21y2 — Toy1) (21 — 20) (Y2 — Yo) — (22 — 20) (Y1 — Yo))+

+2122(21 — 22)(21(@2(22 — 20) + y2(42 — W0)) — 22(¥1(y1 — Yo) + 21(21 — 20))) # 0. (14)
CyMMI/IpyH BCe HOJIyLIeHHbIe pe3yJIbTaTbI, HpI/IXOIU/IM K C.He,U,yIOU_U/IM yTBep)K,ELeHI/IHM.

Teopema 2. 1) Omobpasxcenue F(p,1)), coomeemcmayrouiee cemerlicmsy nosopo-
mos (12) u opmoeoHarvHol npoeKyuu, 83aUMHO 00HOZHAUHO NPU MALLLX YeAax n08OpPO-
ma o u 1, ecau 6 nabope mouex {p;}~N., naiidemcs xoms 6o, 00HA MOUKQ, He AHAU4ASL
8 NAOCKOCMU Zz = Zy.

2) Omobpaxcerue F(a,b, p, 1), coomeemcmsyroujee cemeticmay npeobpazosanuil (13)
U OPMO2OHANLHOL NPOEKUUL, 83AUMHO OOHO3HAUHO NpU Masblx cdsueax a,b u manvix
yeaax nosopoma o, 1, ecau 8 nabope mouex {p; N, naidymcs xoms 6oL 0se mouxu,
He nexcaujue 8 00HOU NAOCKOCcmU z = const.

Teopema 3. 1) Omobpascenue F(p,1)), coomsemcmayowee cemeiicmsy nosopo-
mos (12) u yexumpanrvHol npoekuuu, 83aUmHO 00HOZHAUHO NPU MANLLX YeAaX NOBOPOMA
© u 1, ecau xoms 6oL 00na mouka us nabopa {p;}¥, He sexum 6 naockocmu z = zy u

00HOBpeMeHHO He nexcum Ha cpepe paduyca 1/2\/xt + y2 + z5 ¢ yenmpom 6 mouke
(ZL'()/27 y0/2, 20/2).

2) Omobpaxcerue F(a,b, p, 1), coomeemcmsyroujee cemeticmay npeobpazosanuii (13)
U UeHmpaivHol NpoeKkyuu, 83aAUMHO OOHO3HAUHO NPU MAAbLX cO8ueax a,b u npu
MAAbLX yeaax nogopoma o, 1, ecau 8 nabope mouex {p; N, naidymcs xoms 6oL dse
mouku, Hanpumep py = (r1,y1,21) U p2 = (T2,Ys, 22), 04 KOMOPbIX BbLNOAHAEMCS
Hepaserncmso (14).
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3akJjroueHue

B craTbe paccMoTpeHa 3anadya 06 OLHO3HAYHOM OIpefie/leHUH NPOCTPAHCTBEHHBIX TOUeK
N0 WX OPTOTOHAJbHOM U LIEHTPaAJbHOH MPOEKLUUSM IMPH YCJOBUM, UTO NAHHBIA Habop
TOYEK eCTb 00pa3 HEKOTOPOro Haua/JbHOro Habopa TOYeK MapaMeTpUYecKoro cemercTBa
npeo6pasoBanuil. [losyyeHsl yc/0BUS Ha Ha4aslbHOE PACIONOKEHHE TOUeK, FrapaHTHUpPYIOLHe
TaKoe OJHO3HAYHOEe BOCCTAHOBJIEHHE [JI CeMeHCTBa MaJ/lblX IOBOPOTOB U MaJblX CABHUIOB
(Teopema 2 u Teopema 3).
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Beenenue

BaxHocTb HuccaenoBaHus KonoB [onnbl 0Oyc/oBaeHa, B YaCTHOCTH, TeM, 4TO Ha HUX
OCHOBE CTPOSITCS TePCHeKTUBHBIE MOCTKBAHTOBbIE KpUMTOCcHCcTeMbI [1]. Xopolio U3BecTHO,
UTO HEKOTOphle KJjaccuyeckue Koabl [onmbl JiexkaT Ha rpaHule Bapiiamosa-Iunb6epra.

Onpenenenue kona [onmer [2] onupaercst Ha nBa o6bekTa: MHOrodseH G(x) ¢ Ko du-
nueHTaMu u3 nosist GF'(q™), KOTOPBI Ha3blBae€TCsl MHOTOUJIEHOM [OMIBI; TOIMHOKECTBO

L ={ap,a1,...,a,_1} 31eMeHTOB MoNst GF(¢™) Takux, urto G(«;) # 0 n7s Bcex a; € L.
Kox Tonmner I'(L, G) cocTouT U3 BCeX BEKTOPOB U = (g, Ui, . . ., Up—1) C KOMIOHEHTAMH U3
GF(q), nns KOTOpbIX ne1
R, = Yi (mod G(z)).
=0 T —

Eciun G(x) nenpuomum, To Kom I'(L,(G) HaspiBaeTcsi HENMPUBOAUMBIM KomOM [ommsbl.
MHokecTBO L Ha3bIBaeTCsi MHOXECTBOM HYMepPaTOpPOB MO3HMLHKE KOLOBOro cjoBa. MmMeror
MEeCTO CJIeyIollle OLeHKH MapaMeTpoB 15 KonoB lonmbl (cM., Hampumep, [2,3]).

Teopema 1. [Tlapamempol [n, k,d|-koda T'(L,G) nad nosem GF(q), ede L C GF(q™),
C853QHbL COOMHOULEHUCM

n=IL|, k=2n—mr, r=degG(z), d>r+1.

[Tycte o = (ap, 1, .., 1), THE @ — Pa3NUUHBIE 37eMeHTHl noast GF(¢™), y =
= (Y0,Y1,---,Yn_1) — HeHyseBble (He 00si3aTeJIbHO pa3jHUYHbe) 3jeMeHTH U3 GF(¢™).
Torna o606uennsiil Kon Puna—Cosiomona, o6o3HadaeMblil GRSk (v, y), COCTOUT U3 BCeX
KOIOBBIX BEKTOPOB BH A

u = (yOb(QO)a ylb(al)a s 7yn—1b(an—1))7 (1)

rae b(xz) — nHMOpPMaLHOHHBle MHOrOYJeHBl Hax nojeM GF'(¢™) cTeneHu He Bblie k — 1.
Hawm noHamo6utesi cienyoniee yTBepKaeHue (cM., Hampumep, [4]).

Teopema 2. Kod I'(L, G) npedcmasasem coboii oeparuuenue koda GRS, _.(L,y) Ha

noonose F=GF(q): I'(L,G)=GRS,,_.(L,y)NF™, ede r=deg G(z), y = (Yo, Y1, - -, Yn—1)>

1

)
Oéz'—Oéj

i=0,1,....n—1. (2)

yi = Gov) H
J#
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CnenctBue 1. [Iposepounas mampuya kooa GRS, _,.(L,y), komopuolii 3adaem Koo
I'(L,G), umeem 8ud

1 1 1 G(ap)™? 0 0
(&%) (0751 Ap—1 0 G(@l)_l 0
ap™t ot L ol 0 0 oo Glagq)™!

m. e. cosnadaem c npogepouroil mampuueti kooa I'(L, Q).

Takum o6pasom, kon I'(L,G) M0okHO 3aiaTh ¢ MOMOILbI0 06001eHHOr0 Koxa Puna-—
Cosiomona (OPC). [lnsi nekonupoBanusi KogoB Puna—CosioMoHa Ha caydai ouiM60K X0poIio
M3BECTHBI CJIeAYIOLIHe aaroputmbl [4-6]: anroputm [ao, anroputm CyrusiMbl, aJroputm
Bepaekamna— Meccu, anroputm [Iurepcona—ITopencreiina—Lupaepa. [das konos lonnsl
nono6HbIe aITOPUTMbI pacCMaTpUBaNUCh B padote [7].

[Tycte kon I'(L, G) siBasietcss nBoM4HbIM. Ecin G(x) He UMeeT KpaTHBIX KOpPHEH, TO
kon I'(L, G) nHaswiBaetcs cenapabesbHbiM Koo Lonmbl. [Tycts G(x) — nosmHbli KBaapaT
HEKOTOPOro MHorouseHa Hajy GF'(2™) HanMeHblue# cTeneH, aensmuiics Ha G(z). B cay-
yae cenapabesibHoro kopa G(z) = G2(x). Jlns MHHMMaJILHOTO PacCTOSIHHUS cenapabeabHOro
xona I'(L, ) BepHa ouenka d > 2r + 1 u Beinosueno pasenctso I'(L,G) = T'(L,G) (cwm.,
nanpumep, [3]). DT hakThl MO3BONAIOT CTPOUTHL cenapabenbubiii ko I'(L, G) = T'(L, G),
a HEKOTOpble aJIrOPUTMbI JEKOIUPOBAHHUS KOLOB [ONMEl NPUMEHSITh OTHOCHTENBHO KOJa
GRS, o (a,y), 7 = deg G(x).

[lycth mo KoHUA maHHOH paboThl [n, k,d]-kox T'(L,G) 3anaercs Ha ocHoBe OPC kopa:
I'(L,G) = GRS, (L,y) N F", F = GF(q), r = deg G(z), k = n— r — pasMepHOCTb K04
GRS,_.(L,y) naunbl n, H — npoBepouHas Matpulia koga GRS, .(L,y). Iycts d,d —
KOJIOBBIE PACCTOSIHUS COOTBeTCTBeHHO KomoB I'(L,G) u GRS, (L,y). Tak kak d > r + 1,
d=n—k+1=r+1, To el B KOLOBOM BekTope u € ['(L, G) npousouiso ¢ omn6oK u
$ CTHpaHWH, MpUUeM r > 2t + §, [Jsl €r0 AeKOAUPOBAHUS MOXKHO MPUMEHSITh aJTrOPUTMBI
nexkonupoBanus ajs OPC konos.

Ecmu xe kox I'(L, G) nBonuHbI# U cenmapabenbhbiil, To I'(L, G) = GRS,,—o.(L,y) N F",
F =GF(2), k = n—2r — pasmepHocts Koxa GRS, _s.(L,y), H — npoBepouHasi MaTpHlia
kona GRS,_o,(L,y). Takxke d > 2r + 1, I'(L,G%) C GRS, _2,(L,y), d = 2r + 1, nostomy
B 3TOM CJydae ajroputmbl nekopupoBanusi ajs OPC KOZOB MOXHO MPUMEHSITb MAJIs
NIeKOIMPOBaHUsI BEKTOpa u, B KOTOPOM ¢ OLIMOOK M § CTHPAHHH, mpuueM 2r > 2t + s.

1. lexkomupoBanue KonoB I'onmnbl Ha ocHOBe aaroputrma I'ao
(mepBbIil BapuaHT)

[Ipenmnosioxknm, 4To B KaHase CBS3H JeHCTBYIOT OWIMOKH U cTHpaHHus. [1ycTb KomoBbli
Bektop u € I['(L,G) mosydeH Ha OCHOBe HH(OPMALHMOHHOTO BEKTOpa b C IMOMOLIbIO
npaBuaa (1), a mocse mepenayd BeKTOpa u Ha MPUEMHOH CTOPOHE IMOJyueH BEKTOp v,
B KOTOPOM t OIIMOOK U S CTHUPAHUH.

[Tpu onucaHuu cienymllero aaroputMa 6yieM yuuTeiBaTh padoTh [5,8]. Ilyets S —
MO3UIIMK CTEPTBIX CUMBOJIOB B BeKTope v. Ha ocHOBe BeKTOpOB v, L, y COCTaBUM COOTBET-
CTBYIOLIME BEKTOPHI U, /3, 2 IyTeM yla/eHHsl BCeX KOMIOHEHT ¢ HOMepPaMH U3 MHOXKeCTBa .S.
Pacemorpum kox GRS;(f,%2) AMMHBL N = m — s U Pa3MepPHOCTH k, KOTOPBIH MOJy4yaerT-
ca u3 koga GRS;(L,y) nmyTeM BbIKa/JblBaHHSI KOMIIOHEHT C HOMePaMH H3 MHOXeCTBa S.
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s KOJIOBOrO PacCTOAHHSA KoAa GRS; (ﬁ, Z) BBITIOJIHEHO PaBeHCTBO d = N — kE+1=

—n—s—k + 1. IIpennosoxxkum, 4to AJA d BBI[TIOJTHEHO HEPaBEHCTBO d 2t 4+ 1. Torma
BEKTOP ¥, B KOTOPOM TOJIbKO OLIMOKH, MOXKHO J€KOTHPOBATD.
Ha ocHoBe KOMMOHEHT BeKTOpa [3 ONpefesuM MHOTOUJEH

m(z) = (z — fo)(x — f1) ... (& — fr-1)

[Tycts Xy = 5;,,..., Xy = B;, — JoKaropsl olIMOOK. B 1aHHOM a/ropuTMe MHOTrO4YJeH
JIOKATOPOB OLIMOOK 3amuileM B BUIE

olx)=(r—X1)...(x — Xy).

Ecau ommn6ok He 6b110, TO GyneM mosarate, uto o(x) = 1. [Tycte © — BEKTOp, TOJIyYeHHBIH
M3 u TyTeM BBIKAJbIBAHHS KOMIOHEHT ¢ HoMepaMmu u3 S. ITonsiTHO, uto u € GRS;(, 2).
Tak Kak n—k—l—l =d=22t+s+1, Ton—s=> 2t—|—/<: > k;, M03TOMY BEKTOP U MOJIyueH C
MOMOILBIO KOAMPOBAHHUA MH(DOPMALMOHHOr0 MHOrouseHa b(x) = by + byx + ... + by_jz*~?
(Ha OCcHOBe KOTOPOTO MOJy4eH BEKTOP %) C MOMOIILbIO MpaBUIa

’17 = (Zob(ﬁo), Zlb(ﬁl), e ,Zﬁ,1b<ﬂﬁ,1)) .

Ecau v; = w;, 10 v; = 2;b(5;). Ecaut v; # w;, TO Ha MO3ULMK @ MPOU30IIIA OLINOKA,
nostomy o(f3;) = 0. U3 sroro cienyer, uro

0(61>Z;15l = U(/Bl)b(ﬁl)7 L= 07 17 s 7?” -1
O6o3uauum p(z) = o(x)b(x). Torna

[ocTpouM HHTEPNIOSLKOHHbH MHorouneH Jlarpanxa f(z) CTeleHH He Bbille n—1,
npoxoasiui yepes Touku (Bo, 25 o) (B1, 21 01)se - -y (Ba1, 25 Uno1):

f(ﬁz)zzjlil7 i:O,l,...,ﬁ—l, degf() n_l

Torna u3 paBeHCTB
o(Bi)f(Bi) =p(Bi), i=0,1,....,n—1,
nosiydaeM CpaBHEHHe

o(z)f(x) = p(x) (mod m(x)). (3)

Auaroputm 1 (mekomumpoBaHue Koma [onmbl Ha ocHoBe anroputMa [ao Ha cuayudaii

OINOOK U CTHPAHUH).

Bxox: npuHATBHINA BEKTOp v.
Bbixon: MCXONHBIF KOLOBBIM BEKTOP %, B KOTOPOM MPOU30LLIO0 S CTUPAaHHUH U He 6oJee

t own6ok, ecau r = 2t + s, r = deg G(z), v € I'(L,G) € GRS,,—(L,y) (nas KABOUYHOTO

cenapabespHoro xoma 2r > 2t + s, u € I'(L,G) € GRS, _2.(L,y)).

1. Ilycte S — no3uuuu cTepThIX CUMBOJIOB B BeKTOope v. Ha ocHoBe BekTOpOB v, L, y
COCTaBJISIIOTCSl COOTBETCTBYIOLIME BEKTOPb U, (3, z MyTeM ylaseHHsl BCeX KOMIIOHEHT C
HoMepaMM K3 MHoxecTBa S. [locsie aToro BeKTOp v paccMaTprBaeTcst Kak BeKTOp, B
KOTOPOM TOJIBKO OLIMOKH U KOTOPBIH COOTBETCTBYeT HEKOTOPOMY KOLOBOMY BEKTOPY
xona GRS%(B, z) anuHbl . = n — s. Onpejensercss MHOroYJleH

-1
m(z) = [ [ (= - 8).

1=0
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2. WUnutepnonsiuusi. CTPOUTCS MHTEPIIOSLUOHHBIN MHOrOuUJeH f(z), AJIsT KOTOPOTO
1~ . ~
f(ﬁz)zzl (%% 220,1,...,’”—1.

3. HesakonueHnHsi#i 0606ueHHblH anroput™ EBkauna. [lyets r_i(x) = m(x), ro(x) = f(x),
v_1(x) = 0, vo(z) = 1. [IponsBoguTCcs MOCAENOBATENbHOCTD AEHCTBHH 0600IIEHHOTO

anroputma EBkaunpa:
rico(x) = riy(x)gim1 (z) + 1i(2),

vi(7) = vio(7) — Vi1 (@) gia(z), T 2>1,
JI0 TeX IOp, T0Ka He JOCTUraeTCst TAKOro r;j(x), LJIsi KOTOPOTro

itk ntk
n—2l— ) degrj(x)<n;— :

degrj_1(z) >

4. Jlenenne. MudopmauronHbiii MHorouseH koga GRS; (3, z), COOTBETCTBYIOIHMH KOLOBO-

rj()

vj(z)

5. Bblumc/ieHne KOLOBOro BEKTOpPa % C MOMOLIBIO KOAHPOBAHHS MH(POPMALMOHHOTO MHOTO-
usieHa b(z) ¢ nomoubio dopmy.sl (1) naa kona GRS:(L,y):

My BEKTOpPY u, paBeH b(z) =

u = (yob(), y1b(cn), - .., Yn—1b(n_1)).

Teopema 3. Ecau 8 kodosom sekmope npoudowro t ouubox U s cmupanutl, npuiem

> 2t+s (2r > 2t + s daa dsouurnoeo cenapabesvroeo koda), r = deg G(x), mo

anreopumm dekoduposarus 1 eceeda npusodum K eOUHCMBEHHOMY peuleHuro, a UMeHHO
Kk ucxooHomy xodosomy sekmopy u koda I'(L, Q).

HoxkasateabctBo. [lycts kon I'(L, G) uMeet KonoBoe pacctosiiue d = r+1 (d > 2r+1
1Jis ABoM4HOro cenapabenbHoro kona), r = deg G(x). [lycts uw € I'(L,G). Tak kak mno
teopeme 1 kox I'(L, G) siBnsiercst orpanndenneM koga GRS;(L,y) Ha nognone GF(q), 1o
U MOXKHO MOJIYUHTb C TOMOLIBI0 KOAHPOBAHHUS HEKOTOPOro HWH(POPMALKOHHOTO MHOTrOUJIEHA
b(r) kona GRS;(L, y) C MOMOLIBIO (OPMYJIbI (1). IIpu 3TOM KOIOBOE paccTosiHHE Kofa
GRS;(L,y) paBHO d=n—k+1=r+1(d=2r+1B caydae IBOHUHOrO CerapadebHOro
KOZa Fonnbl). [Ipennonoxum, 4To Mpu nepenade BeKTOpPa u MPOU3OLIIO ¢ OWIHUOOK U §
CTUpPaHuil, r > 2t + s (2r > 2t + s), a Ha IPUEMHOH CTOpPOHe MoJiyueH BekTop v. Kak u
paHee, BBIKOJIEM M3 BEKTOPOB u, ¥, (v, Yy KOMIIOHEHTbl C HOMEPAMH CTEPTHIX KOMIOHEHT
BEKTOpa v, TMOJYUYUB MPU 3TOM u, U, 5 U 2. Tenepb U TIPUHAJIEKUT KOMLy GRS;(B, 2)

IJIMHBl . =N — S U C KOJOBBIM PacCTOSTHUEM d=7f—k+1=n—s+k+1. Tak kak
2t+1<g—s:n—s—%+1:cz (4)

10 Koil GRS; (3, 2) MOXeT UCIPaBUTh ¢ OLIMOOK B BEKTOPE .

3ametum, uto aas o(x) ¥ p(x) (MCTHHHBIE 3HAYEHHS), KOTOPbIe MOJyUYeHbl Ha OCHOBE
MCXOIHBIX NaHHBIX, CpaBHeHHe (3) BbINOJHEHO, npudeM b(x) = p(z)/o(x).

[TycTb ¢ momouibio anroputma | mosayueHsl 3HaueHus r;(x) U v;(z), NpuyeM

Atk k
n—2k : degrj(x)<n;— .

degr, 1(z) >
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[Toxazxkem, uto v;(z) meantcs Ha r;(x), npudeM r;(x)/v;(z) = b(x). JloMHOXKHB NepBOe 13
NpHBEeHHBIX HHXKe CPaBHEHHII:

o(z)f(z) = p(x) (modm(z)), wv;(x)f(z) =r;(z) (modm(z)),
Ha v;(x), a BTOpoe — Ha o(x), MONYyIUM
vj(x)p(x) = o(z)r;(z) (modm(x)). (5)
YuuTeiBasi, 4To AJs JHOOOro ¢-ro 1mara 060011eHHOro ajaroputMa EBKAKWIA BBIMOJHEHO
degv;(z) = degm(z) — degr;_1(z),

CTeNeHH MHOTOYJIEHOB B 00eHX 4acTsiX cpaBHeHHs (5) cTporo MeHblie 1 = degm(z).
CrenoBare/ibHO, MOJyuaeM PaBeHCTBO

vj(x)p(z) = o(x)r;(x).

Taxk kak p(z) = o(z)b(x), To 7;(z) = vj(x)b(x).

[TockosibKy KOmOBEIF BeKTOp U Koga GRSi(f,2) mosydeH ¢ MOMOILBIO MHOrOYJIeHa
b(x), To, yUUTBIBAsi HEPABEHCTBO N — § > k us (4), BexTop u Koma GRS;(L,y) noayueH
C MOMOLILbI0 3TOTO Ke MHorousieHa. [loaTomy HcxooHbIH KomoBbIE BeKTOp u Koma I'(L, 7)
MOXKHO HaHTH Ha OCHOBe KOAMPOBaHMSI MHorouseHa b(z) xona GRS;(L,y) ¢ nomouibio
dopmynsl (1). O

3ajaua HaXOXAEHHsI WHTEPNOJISIIMOHHOTO MHOTOUJIeHa TeCHO CBsi3aHa ¢ 3ajaueil oOpa-
eHus: Matpuubl Bannepmonna. B padorax [9, 10] npuBoasiTcss anropuTMel HaX0XKIEeHHUS
006paTHO# Matpuibl co caokuocTeio O(n?). B padore [11] npuomsTcss TouHble GOPMybI
oOpaTHOU MaTpullbl BanmepmoHzna depes sjeMeHTapHble CHMMETPUUYECKHE MHOTOUYJIEHBI.

[IpuBenem atu popmynsl. [Iyets V =V (ay,...,a,) — marpuna Bannepmonna:
1 1 1
V=V(a,...,a,) = “ @2 e n ,
a'?!& a.g L a'z'—.l
rae ag,...,a, — JIeMeHTbl Mpou3BoJbHOro noss F. [lycTb

o =o(ay,...,a,) = Z Qi - - - Qi

1< <...<ip<n

— 3JIeMeHTapHbIH CUMMETPUUYECKUH MHOTOYJEH OT aq,...,G,, k= 1,...,n. [Ipu 3ToM

oo = opay,...,a,) = 1.

Tak:ke onpenesum
ok =ok(ar,...,qj,...,a,), k=1,...,n—1 j=1...,n,

rae ~ 03Hauyaet, yTO 3JeMeHT mponyiieH. Torna (i,7)-# sJeMeHT MaTpulbl V1 paBen

vt i = (—1 A — On—ji . (6)
( ) = 2::11(@@‘ — ay,) HZ:Z'-{-l(ak — a;)
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Ipumep 1. Paccmorpum paciupenue noas GF(2) € GF(2%). lycers none GF(2%)
CTPOUTCSI HA OCHOBE MPHMHTHBHOrO MHOrouseHa p(x) = z* +z + 1, @ — NPUMHUTHBHBIH
sseMenT nogisi GF(21):

a’= 1 = 1000, o= o = 0100,
a? = a? = 0010, o= a® = 0001,
at= 1 +a = 1100, o’ = a +a? = 0110,
ab = a? +o® = 0011, o= 1 +a +ao® = 1101,
o= 1 +a? = 1010, o’ = o +ao? = 0101,
al®= 1 4a +a? = 1110, o't = a +a? +a® = 0111,
al2= 1 +a +ao? +a = 1111, o= 1 +ao? +a = 1011,
alt= 1 +ao? = 1001, o= 1 = 1000.
[lycte L = GF(2') = {0,1,a,0?,...,a'}. PaccMoTpuM KBaapaTHbIH MHOTOUJIEH

22 + x4+ o, Tak kak cjen siementa o B GF(2') He paBeH HyJ10, TO 3TOT MHOrOUJIEH
B nosie GF(2') ue umeer kopueii. [Tostomy onpenenum G(z) = 2% + x + a. [TockoabKy
mHorousned G(z) cemapabesbhbii, To ['(L,G) = I'(L,G), rne G(z) = x* + 2% + af.
[IpoBepounas matpuna H kona ['(L,G) npuMeT Tako# BHI:

H_(O./12 Oélz O{4 013 049 0[4 « (18 016 O[S CY6 (0% 042 042 (18 Oég)

0 a2 a® a® a2 a® af o a® o' 1 o' a3 a4 of o8
[locnie 3ameHBl KaXKaoro 3JjemMeHTa MaTpulbl H CTOJOLOBBIM IBOMYHBIM BEKTOPOM
IOJUHBL 4, TIPEACTABJASIOIIUM 3TOT 3JeMeHT, NoJayuuM matpuuy H, pasmepa 8 x 16. Tak
KaK BCe CTPOKH IOJyYEeHHOH NBOMYHOH MaTpulbl Hy JUHEHHO HE3aBUCHMBL, TO n — k = 8§,
k = 8. BoinucaB nocTpoyHO (PyHAAMEHTAJNbHYI CUCTEMY pelleHHH OJHOPOAHOH CUCTEMBbI
JUHEHHBIX ypaBHeHUH HoX = O, HaxomuM mopoxjamllyo matpuny kona ['(L, G):

10110111000O000O0O00O0
100101001 1O0O000O0O00O0
11100100101O000O00O00O0
G- 06010111001O001O0O0QO0O0
001011101 00O01O0¢O0O0
060100111000O0O0O01O0O0
1010110000O0O0O0O0T1@O0
11010010O00O0O0OO0O0GO0T1

Insi nanHoro [16,8]-koma KonoBoe paccTosiiie d = 5, MO3TOMY KO MOXET HCIPAaBJISTh
10 IBYX OLIMOOK, KOO0 OAHY OWIMOKY W 10 ABYX CTUPAHUH, JUOO N0 YeTblpeX CTHUPAHUH.
PaccmoTpum cayyail ogHOH OIIKMOKK M ABYX CTHpPaHUH.

YuuteiBas teopemy 1, xox I'(L,G) sBasieTcss orpanudenHueM koga GRS1o(L,y) Ha
noamnose GF(2), rae

6 6 7 .9 12 7 13 14 3 9 3 13 11 11 14 _12
y:(a7a7a7a’a 7a7a ’a 7a7a7a7a 7a 7a ’a 7a)

Y

npuueM paBeHCTBO [ ;(a; — a;j) = 1 BBINOJHEHO B CHJY TOrO, YTO KOPHSIMM MHOTO4JIEHa

"1 — 1 ABISAIOTCS BCe HEHyJIeBbe dJeMeHTHl moJist GF(2™).
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[TycTh mocsie KomupoBaHus MHpOpMaLHoHHOrO BeKTopa i = (1,0,0,1,1,1,0,1) nonyden
KonoBbI#l BekTOp Koxa I'(L,G)

u=1G =(0,1,0,1,1,0,0,1,0,0,0,1,1,1,0, 1),
a Ha NPUEMHOM KOHLIE TOJIyueH BEKTOP
U = (07 17 O’ 07 17 07 O’ 17 07 07 *7 17 *7 17 O’ 1)’

T. €. IPOMU30ILLIA OHA OWHKOKA HA 3-U MO3UUHUK (HyMepys MO3ULUH C HYJs) U IBA CTUPAHUSA
Ha 10-# u 12-i nosuuusix. [Ipu 3TOM Ha MPUEMHON CTOPOHE HU3BECTHBI TOJBKO MO3UIIUH
cTupaHuil. a5 neKogupoBaHUS BEKTOpa v NPHUMEHUM aJjJropuTm 1.

1. Ynanus B BekTOpe v CTEpTble CHMBOJIbI, I0JYYUM HOBBIH BEKTOP
v=1(0,1,0,0,1,0,0,1,0,0,1,1,0,1),

B KOTOPOM TOJIbKO OfiHa omubKa. /s n1eKoAUpOoBaHHS NAHHOTO BeKTopa OyneM pac-
cmatpuBaTh Koi GRS12(f,z) navnbl n = 14, § ¥ y — BeKTOpHl IJIHHBI 14, KOTOpHIE
TOJTy4aloTCsl COOTBETCTBEHHO M3 BeKTOpoB L 1 y myTeMm yaanenus 10-i u 12-if kommo-
HEHT:

B = (0, 1,a,a2, &37&4’(15’&67057’068,0[10’ 0412,0413,0414)

Y

5 = (a6,0567057,Oég,0412,047,0413,Oél4,053704970513,0[11,0(14,&12).

MHoxecTBO S TO3ULHUH CTepPTHIX cUMBOJIOB paBHO S = {10,12}. CocraB/sieM MHOro-
ujieH m(x):

16
(x — a%)(z — all)

+Oé3£13'6 +041491:7+044:c8—|—043x9+a3:c10+a6x11 —|—0683712 +CY2$13 +3§'14.

= o + a"2? 4+ 23 + axt + B2+

m(z) =

[lycts V' = V() — marpuua BanmepMmoHza, mocTpoeHHasi Ha OCHOBe BeKTopa [3,
V~1 — oGpaTHas k He#i mMaTpuua (MOCTPOEHHAs, HAIPUMED, ¢ MOMOLLbI0 hopmyasl (6)),
7 — JMaroHajbHasi MaTpUlla Ha OCHOBe BEKTOpa 2:

coo( 6 6 7 9 12 7 13 14 3 9 13 11 _14 12
Z = Diag(a”,a”,a",a”, o o', a”, o o’ 0’ o o ot o).

2. Unrepnonsiuus. BoiuucaseM koahduimentsl muorousena f(z) = fo+ fix+. ..+ fizz'®:
(f07f17 .- '7f13) = ,ﬁZilVil = (07 a97 O{S’ 0[107 Oa 0437 O[137 OZ4, a77 CYQ, a5a 044, 07 0411)7
f(l,) — a9$+a8x2+&10$3+OZ3$5+0513x6+G{4l'7+O{7$8+a2x9+a5$10+a4x11—I—O{llxlg.
3. IlpumeneHue HemosHOro 06001IeHHOr0 anroputMa EBkauna. OnpenensieM r_i(x) = m(x),
ro(x) = f(x), v_1(x) =0, vo(z) = 1 u npumeHsieM anroput™m EBkinpa:
r_1(z) = ro(z)(a® + a'z) + ri(2),
ri(z) = oz + a2 + 32 + ozt + o225 4+ %27 + a"2® + ata® + %210 + 2
v(2) = —(a® + atz) = a® + o’z

Tak kak (7 4 k)/2 = 13, degro(z) = 13, degry(z) = 11, To mocJe MepBoro wara
anroputMa EBK/HIa OCTaHABIHBaeMCs.
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4. Jlenenwue:
br) = 12

(1 (SL’)

+06131’5 —f—(l/lll'ﬁ +O[l’7 —|—OZ7ZE8 —|—Oé71'9 +a11x10‘

= o'z + o*2? + a"2? + o2t

5. BbiunciieHre HCXOIHOTO KOZOBOTO BEKTOPA u C MOMOLILbIO KOAHPOBAHHS HH(POPMAIIHOH-
HOro MHorouJieHa b(z) B KonoBblil BekTop Kona G RS14(L,y):

U = (905(0)7915(1)7 y2b(04), s 7y15b(a14)) = <07 ]-7 07 17 ]-7 07 07 17 07 Oa 07 17 17 ]-7 07 1)

C yueroM TOro, 4To CTOJOIBI MaTpullbl G ¢ HOMepaMu 7, 9-15 (Hymepysi ¢ HyJs)
00pasyioT eMHUYHYI0 MaTpHULy, U3 3TUX MO3ULHUH BEeKTOpa w HU3BJeKaeM HH(OPMaLMOHHBIH
BekTop ¢ = (1,0,0,1,1,1,0,1).

2. [exomupoBaHue Koo I'onmnbl Ha ocHoBe aaroputma I'ao
(BTOpO# BapuaHT)

[Tyctb komoBeiit BekTOp u € I'(L, G) mosydeH Ha OCHOBe HH(OPMALIMOHHOTO BeKTOpa b
¢ momollbio npaBuaa (1), a mocse nepegaud BeKTOpa u Ha MPHUEMHOH CTOPOHE IMOJyUYeH
BEKTOP v, B KOTOPOM t OIIMOOK M S CTHPAHHUH.

3aMeHHUM B BEKTOpe v CTepPThle CUMBOJIbI, Hamnpumep, Hyasamu. [loayuum npu sTom

BekTOp v. [lycTh OLIMOKHM MPOU3OWIIMA HA MO3ULMSAX i1,...,%, & CTUDAHUS — Ha MO3H-
UUAX Ggi1,-- -, 0¢ps. LlycTh Xy = ayy,... Xy = «;, — HEHW3BeCTHble JIOKATOPBI OLIMOOK,
Xif1= Qjys- -y Xips = ., — HU3BECTHBIE JIOKATOPBI CTHPAHHUH.

OnpenesnyM MHOTOYJIEH!
m(x) = (r —a)(x—ay)...(x — ay_1).

Tak>e ornpeesM MHOTOUJIEH JIOKATOPOB OLIHOOK o () ¥ MHOTOUJIEH JIOKATOPOB CTHPAHHUM
v(x) cienymomumM o6pasoMm:

oz)=(r—X1)...(r —Xp), v(@)=(@—Xet1).. . (r — Xpps).

O6o03Hauum o(z) = o(z)v(x). Ecau omnbok u ctupaHuii He ObLIO, TO OyleM MOJarath,
uto o(z) = 1.

Eciu v; = u;, 10 v; = y;0(v;). Ecain U; # w;, TO Ha TO3ULHUH ¢ MPOU30LILJIA OWIKUOKA WU
cTHpaHHe, mosTomy o(c;) = 0. M3 3Toro crienpyer, 4to

o(ai)y; 'y = o(a;)b(ay), i=0,1,...,n— 1.

O6o3nauum p(z) = o(x)b(x). Torna

olay)y; s = play), i=0,1,...,n—1.

[TocTpouM HHTepHONSUMOHHBIM MHorouseH JlarpaHxka f(z) cTemneHd He Bbille n — 1,
o —1~ —1~ -1 ~ .
MPOXOASIINE Yepe3 TOUKH (v, Yo Vo), (1, Y1 01)se -+ (Qn—1,Yp—10n—1):

flay) =y 'y, i=0,1,....n—1, degf(z)<n—1

36 Hay4Hbii otgen



C. M. Pauees, O. U. Hepesarerko. Ob anroputMax nekoamnposaHns kogos [onnebi @

Torna us paBeHCTB
o(a;)f(a;) =play), i=0,1,....,n—1,
noJiy4aeM CpaBHeHHe
o(z)f(x) = plz) (modm(x)).

[Tocne o6o3nauenus f(x) = f(z)v(x) naHHOe cpaBHeHHe MPHOOpeTaeT BUJL

o(z)f(x) = p(x) (modm(z)). (7)
3aMeTUM, 4TO B N
dego() < "0 degile) < “HEES, ®
TaKk Kak -
dego(r) <t < d_g_l = ”_’;_37
degp(x) = dego(x) + degv(z) + degb(x) < n—Tk—s ts+k—1< %f{:—l—s

Auaroputm 2 (nekomvpoBaHHMe Konma [onmbl Ha ocHoBe asnroputMa [ao Ha cuayuaii
OIINOOK U CTHPAHHH).

Bxon: npuHATBIH BEKTOp v.

BeIxon: HCXOnHBIM KOLOBBIH BEKTOP %, B KOTOPOM NPOM30LLJI0 S CTUPAHUH U He OoJiee
t omwuboK, ecau r = 2t + s, r = deg G(x), u € I'(L,G) C GRS, _,(L,y) (nas IBOMUYHOTO
cenapabesibHoro kona 2r > 2t +s, u € I'(L, G) C GRS,,_2,(L,y)).

1. Onpenensiercst t = [(d — s — 1)/2]. B BekTOpe v Bce CTHpaHHs 3aMeHSIOTCS HYJs-
MH, TOJydasi TeM CaMbiM BEKTOp U. BBIUHC/SIOTCS 3HAUEHHs JIOKAaTOPOB CTHPAHUH
Xi1 =04, -, Xits = Q;,,, Ha OCHOBE M3BECTHBIX NMO3ULMH CTUPAHUH Gyi1, ..., Iits.

Taxxe BHIYHC/ASIETCS MHOTOYJIEH JIOKATOPOB cTHpaHui v(x) = (r — Xiiq1) ... (x — Xpag).
2. Nurepnonsuusi. CTPOUTCS HHTEPNOJSLUHOHHBIH MHOrousieH f(z), I/ KOTOPOro

f(()él):yl_lﬁl, 220,1,,77,—1

Boiuncasiercst MHorousen f(z) = f(z)v(x).

3. HesakonueHHblii 060611eHH bl anroputm Eskauaa. [lyets 1 (z) = m(z), ro(z) = f(z),
v_1(z) = 0, vo(x) = 1. TIpousBoAHTCS MOC/IENOBATENBHOCTb AeHCTBUE 0600IIEHHOTO
anroputma EBkauna:

ri—o(w) = 1i_1(2)qi-1(x) + i),
vi(r) = vio() — Vi1 (T)gia(x), i 2>1,

IO TeX MOop, TMI0Ka He JOCTHUTaeTcsl TaKoro r;(x), A/1s KOTOPOTo

degrj_1(x) > %m, degrj(z) < %m
ri(z)

4. Jlenenue. HpopMalMOHHBIH MHOTOUJIEH paBeH b(r) = ————.

vj(@)v(z)

5. Beruncsienne KogoBOro BeKTOpa u C MOMOLILbI0 KOAUPOBAHHUS WH(POPMALUOHHOIO MHOTO-
uneHa b(x) ¢ nomoutbio dopmy.el (1) ans kona GRS;(L,y):

U= (yOb(a0)7 ylb(a1>7 s 7yn—1b(an—1))‘
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Teopema 4. Ecau 8 kodogom eexkmope npoudowno t ouubok u s cmupanuil, npuiem
r>2t+s (2r > 2t + s 0as 0souunoco cenapabeavroco koda), r = degG(z), mo
areopumm dekoduposauus 2 cezda npusooum K eOUHCMBeHHOMY PeuLeHuro, a UMEHHO
K ucxoonomy kodogomy sekmopy u koda I'(L, Q).

J_IOKaSaTeJIbCTBO AHAJIOTUYHO N0KAa3aTeJJbCTBY TE€OPEMBI 3.

IIpumep 2. [Ipopomxum paccmorpenue npumepa 1. IlycTb nocse kogupoBaHUsi MHGOP-
MaruoHHoro Bektopa ¢ = (1,0,1,1,0,0,1,1) nonydyeH konoBuiit BekTop kona I'(L, G)

w=iG=(0,1,1,1,0,0,0,1,0,0,1,1,0,0,1,1),
d Ha HpI/IEMHOM KOHIE IMOJy4Ye€H BeKTOp
U = (O’ 17 17 07 07 07 07 17 07 07 *7 17 *7 O’ 17 1)7

T. €. TIPOU30IILJIA OJHA OWIKOKA Ha 3-U MO3UIMHK (HyMepysi MO3ULUK C HYJs1) U 1BA CTHPAHUS
Ha 10-# u 12-i nosunusx. [Ipy 3ToM Ha MpUeMHON CTOPOHE M3BECTHBI TOJBKO TO3UIIUU
cTupaHuil. J{as neKoarpoBaHUS BEKTOpa v MPHUMEHUM aJ/TOPUTM 2.

1. [Monaraem s =2, t = [(d—s—1)/2] = 1. 3aMeHUB B BeKTOpe v CTepPTble CUMBOJIbI HYJIsI-
MH, noaydaem v = (0,1,1,0,0,0,0,1,0,0,0,1,0,0,1,1). Takxke BblUHC/IsIEM MHOTOYJIEH
JI0KaTopoB ctupanuil v(z) = (z — ajg)(z — age) = (x — o) (z — a't) = @® + oz + 22
[Tycts V = V(L) — marpuua Bangepmonza, noctpoerHas Ha ocHose BekTopa L, V1 —
oOpaTHast K He#l mMaTpuua, Y — JAuaroHa/jbHas MaTpHlla HAa OCHOBE BEKTOPA Y.

2. WNurepnoasiys. Boiuncasem kosdduumentsl Muorounena f(z)=fo+fix+...+ fi52'5:

(fos fr,-o o f15) =0Y 'Vl =

3 2 9 5 4 12 8 5 14 4
,Oé,Oé,Oé,Oé,0,0é,].,Oé,O[,O[,Oé),

=(0, o5 o a, «a

f(z) =’z + a’2? + az® + o2 + o?2° + 2% + ®2" + a2t +

‘I—OZlQﬂflO +I11 + a8x12 + Oé5l'13 —G—Oz14:1714 + (1441'15.
BoiumcasieM f(z) = f(z)v(x):
F(z) = oz + az? + o2® + o't + a'20® + a2 + P27 + a2t + '+

L al0410 4 12,00 4 05002 08 L (18,04 (11,15 | (08,16 | (4,17
3. TlpumeHenue HemoJsiHOTO 0000IIeHHOTO anroputma EBkauna. Onpenensiem r_q(z) =
62z ro(z)=f(x), v_1(z) = 0, vo(x) = 1 1 npumensiem arroput™ Eskinza:

r-i(z) = ro(x)q(z) + ri(x),
QO(:E) = 07
ri(z) =z + 216,
vi(z) =v_1(x) — vo(x)go(x) = 0,
ro(r) = ri(z)q(z) + ra(z),
q1(z) = a® + o'z,
ro(z) = ax + 2% + o?2% + a2t + o225 + axb + a2 + a2® + 2%+
0210 4 12,00 4 B p12 | 18y 18,04 4 1105
ve(x) = vo(x) — vi(2)qr(x) = 1,
ri(x) = r2(x) g2 () + r3(x),
q@2(z) = ab + oz,
r3(z) = oz + a2% + 2% + atlat + 25 + o218 + aB2” + aMa® + a2+
o220 4 g1 4 012 4 F g8,
v3(x) = vi () — va2(7) g2 () = b + o

=m(x)=x

—~
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Tak Kak (n+ k + s)/2 = 15, degro(z) = 15, deg r3(z) = 13, To mocsie TpeTbero wiara
anroputMa EBK/HIa ocTaHaBIHBaeMCs.
4. JleseHue:

r3(x)

_— = a13x+0z2x2 +ax3 +a14x4+0z8x5 +oz3x6 +a10x7+a2x8 +oz2x9—i-owc10.
v3(z)v ()

b(x) =
5. Bbiunc/ieHre HCXOMHOTO KOJOBOTO BEKTOPA u C MOMOIIbI0O KOAUPOBaHHS HH(POPMALIHOH-
HOro MHorousieHa b(x) B KonoBblil BeKTOp Kona GRS12(L,y):

u = (yob(0), y1b(1), 2b(ar), . .., y1sb(a**)) = (0,1,1,1,0,0,0,1,0,0,1,1,0,0,1,1).

C ygeTtoMm TOro, uto cToabuUbl MaTpulbl G ¢ HOMepamu 7, 9-15 (Hymepysi ¢ HyJIs1)
00pasyloT eIMHUYHYI0 MATPUIly, U3 STUX MO3ULHUN BEKTOpA u U3BJAeKaeM UH(POPMalLlMOHHbBIH
BekTop ¢ = (1,0,1,1,0,0,1,1).

3. [HexomupoBanue KoaoB I'onnbl Ha ocHoBe aaroputmMa Cyrusmsl

[IycTp v — mosyyeHHBIH HAa NPUEMHON CTOPOHE BEKTOP, B KOTOPOM MOTYT ObITb OLIMOKU
u ctupanusd. [lycts d > 2t + s+ 1. Tak KaK MO3HIHHU CTEpPTBIX CHMBOJIOB U3BECTHBI, TO 3a-
MEHHUM 3TH CUMBOJIB B BEKTOpPE v, HAllpUMep, Ha HyJau U OyfieM 00pallaTbCsl C MOJTy4YeHHBIM
BEKTOPOM U KaK C BEKTOPOM, COMIEPKAIIUM TOJbKO OWHOKU. [IycTh OLIMOKK MPOU3OLIIH
Ha MO3ULMUSAX %1,...,%, & CTHPAHUS — HA NO3ULHUAX @441,...,%+s. |IPpY 3TOM H3BECTHBI
TOJMBbKO MO3ULHUH %¢i1, ..., Lt1s. 110CTE TOTO KaK Ha JAaHHblE MO3ULUHHA MOMECTHUJU HYJH,
C KaKMMHU-TO TO3ULUSIMH MOTJIM YyraaaTh (ecJd B KOJLOBOM BEKTOpE TaM AeHCTBUTENbHO
crosiin Hynu). [losToMy v = u + e, rie e — BekTOp OLIKMOOK Beca He GoJjee ¢ + s.

Beruncessisi CHHAPOMHBIE BEKTOpP, MoJydyaeM

=T —T
S=vH =eH :(..., ity vy Cippon )><
_ T
1 1 1 Glap)™? 0 0
% (7)) (65} (077 0 G(Oél) 1 0 .
ap Rt gkl il 0 0 Gla,_q)™!
(Glon) ™ e Glag,,) '
e, Gy, ote, Glag,,
-1 -1
_ eilG(ah) Qg + .o eit+sG(ait+s) Ay
1, n—k—1 1, n—k—1
e, G(ay, ) Hag +...+e,,.Gla,,,) o
Ilycts X; = «;,,...X; = @;, — HEU3BECTHBIE JIOKATOPBl OWMOOK, Xiy1 = ...,
Xits = @, , — U3BECTHbIE JIOKATOPbI CTHPaAHWUH, Y; = €;,,...,Y;1s = €;,,, — 3HaYeHUd

OLIMGOK, TIPUYEM JIOKATOPBl MpHHa/exaT noaio GF(¢™), a 3HaueHUs OLIMO0K — TOJII0
GF(q). O6o3naunm Z; = Y;G(,)~', j=1,...,t+s. Torna

S(]:Z1+...+Zt+Zt+1...+Zt+s7
S1 =721 X1+ .+ ZXe + Zep1 Xeyr + o+ ZiysZiys, (9)

Soprs—1 = Z1 X7 L+ 2 XPTT 4 2 XPTT L+ 2 X
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3anuiem CI/IHILpOMHbIﬁ MHOT'OYJIEH B BHIE

2t+s—1 ' 2t+s—1 [ t+s t+s 2t+s—1
= ) Sa'= ) (sz>x_ZZJ<Z )2>:
=0

=0 J=1 1=0
HZS Z——— L - (Xja)*™ HZS Zj 2t+s HZS Zijth
= = — —_
1 - X — 1 - X,z — 1 - X,z
7j=1 7j=1
[Tonaras
t+s t+s
o(x) = Hl—Xx ZO‘Z , o0o=1,
=1
t+s t+s
ZZ I a-X), ZZXQHS T a-Xa),
1<j<t+s, 1<j<t+s,
J#i J#i

[1ocJe MpuBeAEHUA BCEX ﬂp066ﬁ K O6U.L€My 3HaM€HaTeJI10 IoJYYHUM!:
S((L’) _ 2\ x2t+s_

Torna N
S(z)5(x) = &(x) — 2> T5d(z).

JlaHHOe BBIpAXKEHHE HA3BIBAIOT KJIOUEBBIM yPaBHEHHEM, KOTOPOMY MOXKHO MPUAATH MHOH
p yp pomy p
BHJL:
o(x)S(r) = @(x) (mod z**%). (10)

3ametuM, uto o(z) = o(x)v(x), roe o(x) — 3TO MHOTOUJIEH HEU3BECTHBIX JIOKATOPOB
OLIMOO0K, V() — MHOTOUJIEH H3BECTHBIX JIOKATOPOB CTHPAHHUIL:

t s

F(z) = [J(1 = Xi2) [](1 = Xiiz) = o()w(2).

=1 i=1

BBenem B paccmoTpenue MHorousieH S(x) = S(z)v(r) — MOAH(MHUUUPOBAHHBIH CHH-
npoMHblH MHorousieH. Torna kitoueBoe ypaBHeHue (10) mpumer BUI

o(x)S(z) = @(x) (mod x**%), (11)

rue
dego(z) <t, degw(z)<t+s—1, o(0)=1. (12)

Aunropurm 3 (nekomupoBanue kofa [ommel Ha ocHOBe ajiroputma CyrHsiMbl Ha caydai
OIIMOOK U CTHPAHHH).

Bxox: mpuHSITHI BEKTOD v.

Bhixozi: MCXOMHBIH KOIOBBIE BEKTOP U, B KOTOPOM TPOU3OLIJIO S CTHPaHHH U He Gosiee
t omn6oK, ecau r > 2t + s, r = deg G(z), v € I'(L,G) € GRS,,—,(L,y) (mnns ABOUYHOrO
cenapabespHoro kopa 2r > 2t + s, u € I'(L,G) C GRS, _o,(L,y)).
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1. Onpenensiercst t = [(r — s)/2]| (t = [(2r — s)/2] B cnyuae nBOMYHOrO cenapabesbHOTO
kona [onmbl). B BekTOpe v Bee cTHpaHUsl 3aMeHSIOTCS HYJSIMH, [OJy4asi TEM CaMbIM

BekTop v. Haxomsitcs KoMmoHeHTHl Sy, Sy, ..., S2+s—1 CHHAPOMHOIO BeKTOpa vH .
Ecnu oHUM Bce paBHBI HYJIO, TO BO3BPALLAETCS BEKTOP U U MpoLenypa OKOHYEeHaA.
BoluncnsioTes 3HayeHUsl JIOKATOPOB CTHPaHu# Xyi1 = a4, .,...,X¢ys = ,,, Ha
OCHOBE M3BECTHBIX MO3UUMH CTHPAHMH isy1, ..., 5. BBIUMCIASAIOTCA KOIPOUIHEHThI
MOAM(HULHUPOBAHHOTO CHHIPOMHOIO MHOrouJsieHa S(x).

2. Tlyets r_y(z) = 2275, ro(x) = S(x), v_1(x) = 0, vo(z) = 1. C nOMOIIBI0 0GOBIIEHHOrO
anroputMa EBK/MIA POU3BOAUTCS TOCJAEN0BATENBHOCTD BhIUUCAEHUH (1 > 1):

ri—2(7) = rio1(2)gi1 () + ri(2),
vi(2) = vi—2(x) — vim1(T)gi1(2).
[Ipouecc mpexpamiaercsi, Kak TOJBKO AJISI HEKOTOPOro 7;(x) GyAeT BBITOJHEHO
degrj_i(z) >t+s, degrj(z)<t+s—1L

Torga
o(z) = Mv;(z), wlz)=Ar;(2),

rae KOHCTaHTa A € GF(¢™) 3amaercsi Tak, 4ToObl YAOBJETBOPsiioch yeaosue o(0) = 1.
[lycts | = dego(x).

3. OTbicKMBaIOTCS | KOPHEH MHOrodJsieHa o () MocJieoBaTeJbHOH MOACTAHOBKOH B HEro
HeHyJIeBbIX 3JeMeHTOB moJst GF(¢™). TIpi 5ToM JI0KaTOphl OLIMGOK — 3TO BEJHUHHBI,
o6paTHBEIE KOPHSM MHOTOUJIeHa o ().

4. Ilpy BbIYMCJIEHUH 3HAUYEHHH OLIMOOK BBHIMOJNHSAETCS OIMH M3 CJEIYIOLIUX ITyHKTOB.
4.1. Ecau cpeny JoKaToOpoB CTUpPaHUH Xi;i1,..., Xy1s HMeeTCs HYJieBOe 3HayeHHe
(B MIPOTHMBHOM CJydae NepexoiuM B NYHKT 4.2), ckaxeM, X, = 0, To mycTb

M={1,..., 3U{t+1,...t+s}\{p}

— MHOXKeCTBO MHJIEKCOB JIOKATOPOB OMIMOOK M CTUPaHUH 0e3 yueTa MHAeKca p. Haxonat-
ca Zj;, j€ M, nanpumep, ¢ nomoubio aaroputMa ®opuu ais 0606meHHbIX Konos PC:
w(X;:)
Zj = . —1y°
[Liean (1 = XiX57)
[Tocne storo HaxoxpsiTcs 3HaueHust omnbok Y; = Z,G(X;), j € M. Y Bexropa v U3 i;-T0
cumMBoJIa, X; = «;;, BbluMTaeTCs 3Hauenue Y;, j € M. Ilpu atom mosyyaercss BeKTOp
w. TlycTb 17151 HEKOTOPOro ¢ BbINOJHEHO ¢y = 0 (B MPOTHUBHOM CJly4yae BCe JIOKATOPHI
CTHpaHUH ObliM Obl HeHyseBble). BbluucisieTcss 3HaueHHe Z,, PaBHOE CKassPHOMY
NPOM3BEJICHUI0 BEKTOPA U Ha MEepBYI0 CTPOKY MaTpullbl H. Boluuciasercs sHaueHue
omnbku Y, = Z,G(c;). Ocranoce B BEKTOpe U U3 i-TO CHMBOJA BBIUECTb Y),.
4.2. Ecnu ycnoBue 4.1 He BbimosiHeHo, To nyeth M = {1,... [} U{t+1,...,t + s}.
I[To dopmyse (13) HaxonsiTcs 3HauUeHUs Z;, 3aTeM 3HaueHHs OWHOOK Y; = Z;G(X;),
J € M. Y Bekropa v M3 i;-To ciMBOJa, X; = «;,, BbIYATaeTCs 3Hadenue Y, j € M.
[Tpu 3TOM moJsrydaeTcsi BEKTOp 1.

je M. (13)

Ecau «; = 0 119 HEKOTOPOTO ¢, TO BBIUMUC/SETCS 3HAUEHUE Zj, PABHOE CKaJSIPHOMY
MPOM3BEIEHUIO BEKTOpPA © Ha MepByt0 cTpoky Matpuulbl H. Ecau Zy # 0, To Beruucasercs
3HaueHue omHUOKU Yy = ZyG(y;). Ocranoch B BEKTOPe U M3 i-TO CUMBOJIA BBIUECTH Y.
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Teopema 5. Ecau 8 xodosom sexmope u € I'(L,G) npoudowiso t owubok u s
cmupanuti, npuwem r = 2t + s (2r > 2t + s 6 cayuae 0souurozo cenapabesbHoeo
koda lonnwet), r = degG(z), mo arcopumm Oexoduposanus 3 ecezda npusooum K
e0UHCMBEeHHOMY peuleruio, @ UMEeHHO K ucxo0Homy Kodosomy sekmopy u koda I'(L, ).

Hoxkasareabcrso. Ilycte I'(L,G) = GRS;(L,y) N F". 13 HepaBenctsa r > 2t + s
(2r > 2t + s) cnemyert, uTo d > 2t + s + 1. Tlostomy nss neKOOUPOBaHHS BeKTOpa
u € I'(L, G) MOXXHO MPUMEHHUTD J1060H anroputm nekoxupoBanus aiass OPC Koo, Tak Kak
u € GRS(L,y). B aToM cayuae octaercs nmpuMeHHTb TeopeMy 4 U3 paboThl [12]. O

Ipumep 3. Iponosxum paccmorpenre npumepos | u 2. B nannom cayuae I'(L, G) C
C GRS12(L,y), npu stom mnpoBepouHasi Mmatpuuia H kona GRS12(L,y), yuuTsiBas cjien-
cTBUe 1, UMeeT BHUJ

o o a® o a® o a2 a a? af a'? o2 ot ot a o

- 0 o o of o a2 a7 o ot o of o2 1 o a¥ o2
0 o o a® &% a o2 a® ol of 1 o o' o a2 o

0 o ol a2 02 o a2 ot & 1 o o o ol g0 1

[lycThb, KaK ¥ paHee, Ha MPUEMHOM KOHIIE TMOJYYeH BEKTOP
U= (O’ ]‘7 07 07 ]" 07 07 17 O’ O’ *’ ]" *’ ]" 07 1)7
B KOTOPOM OJIHA OLIMOKA M 1Ba cTUpaHus. [IpUMeHHM K 3TOMY BEKTOpPY aJrOPUTM AEKOMAH-
poBaHHS 3.

1. yetb s =2, t = [(2r—s)/2] = 1. 3aMeHUB cTepTble CUMBOJBI Ha 0, MOJYUUM BEKTOP U:
v=1(0,1,0,0,1,0,0,1,0,0,0,1,0,1,0,1).
o ~T
HaiineM KOMIOHEHTBI CHHAPOMHOrO BekTOpa vH :
(SU7 Sl; 527 S3> = (Oél27 Oéz) 06147 052)'

BeruncsisieM M3BeCTHBIE JIOKATOPbl CTHPaHUU:

9 1
Xo=ap=a", Xzg=ap=a .

[Tosatomy
S(x) = S(z)v(z) = (@ + Pz + oM2? + 22°) (1 — 2)(1 — o'lz) =
:am+a13x+a11m2+a13x3—|—a7x5.

2. Ompenensiem r_,(z) = 2, ro(x) = S(z), v_1(z) = 0, vo(z) = 1. BEIMOMHAEM HEMOIHbII
anroput™ EBksaupa:

roi(x) = ro(x)qo(x) + (),
QO(x) = 07
ri(z) = 24,
01(2) = v1(2) — gole)o(z) = 0,
ro(z) = r(x)q () 4+ ro(x),

=

v3(z) = v1(x) — @2(2)ve(z) = 1 + a’x.
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Tak kak t + s = 3, degry(z) = 3, degrs(z) < 3, TO MocJie TpeTbero Liara OCTaHABJH-

Baemcsi. Torna
o(z) = Ms(z), w(x)=Irs(z).

[Ipu A = 1 noanyyaem o(0) = 1, mostomy

o(r) =1+a’r, @(z)=a?+ o’z + a2

Kopuem mHorousnena o(r) siBaserca r; = o'?, mostomy X; = 27! = o? = az. d10

3HAUMT, UTO OWIMOKA Mpousollia Ha 3-# nosuuud. Mtak, Ha 3-i MO3ULUHU BeKTOpa U
TOYHO HMeeTcsl olIMOKa, a Ha nmo3uuusax 10 u 12, Bo3MOXHO, ecTb OIMOKHU (mocsie
3aMeHbl CTEPThIX CHMBOJIOB HYJSIMM Mbl MOIJIA TIOCTAaBUTb HEKOTOPbIE CHMBOJIbI BEPHO).
Tak kak cpenu JIOKaTOPOB CTHPaHUH HeT HyJeBbIX 3HaYeHWH, TO MepexoiuM K MyHK-
Ty 4.2 anroputma 3 nekonupoBanus. [lockosnbky kon I'(L,G) nBonunsil, To Y] = 1.
Haiinem Y u Y;. Mcnoabsyem anroputm ®ophu:

B(X3")
To = =0, Yy=2ZG(a1) =0,
ST - XG0 - XX, 2 = ZaGln)
Zg = CU( 3 ) = 0447 }/3 = ZgG(O&m) =1.

(1-X1 X1 — XX
Takum 06pasom, B BeKTOpe v ABe OIMOKK — Ha 3-U u 12-i mosunusax. [lostomy

@=1(0,1,0,1,1,0,0,1,0,0,0,1,1,1,0,1).

Tak kak oy = 0, To mpoBepsieM, Obla au omnbdka Ha 0-# mosunuu. CkansgpHoe Mpou3Bese-
HUe BEKTOpa U Ha MepPBYI CTPOKY MaTpHIlbl H [aeT HOJIb, TO3TOMY HCXOAHBIH KONOBBIH
BEKTOp PaBeH u = U.

4.

HekoanupoBanue kogoB I'oninbl Ha OCHOBe ajJropurmMa
Bepaekamna—-Meccu

[Tpomosxxum paccmotpenue cpaBHenus (11). ITycTe v — mosydeHHBIH Ha MpPUEMHOH

CTOpPOHE BEKTOP, B KOTOPOM MOTYT ObITh OIIMOKHU W cTUpaHus. [lyctb ¢ — Makcumasb-
HO€e UHCJIO BO3MOXKHBIX OIIMOOK NMPU (PUKCHPOBAHHOM 4YHCJe CTHPAaHUH S B BeKTOpe v,

d>2t+s+1,t=[(d—s—1)/2], m — peanpHoe 4yncyo omnboK, m < t. B atom ciyuae
degw(z) < m+s—1, 1 HeOOXOAUMBIM YCJOBHEM BBINOJHEHHUsI JAHHOTO CPABHEHHUs sIBJISIET-
csl TO, UTO KO3hUIHEHT MHoroueHa o(x)S(x) npu x, i = m—+s,m+s+1,..., 2t +s—1,
paBeH HYJI0. YUUTBIBast, UT0 0p = 0, MoJy4aeM CHCTEMY ypaBHEHHH:

UOS;/S—i-m + Ulgstm—l +.. .+ Umgs = 07
UUSs+m+1 + Ulss+m + .o+ Uis+1 = 07

005s42t—1 + 0154212 + ... + 0 Ssy2t—m—1 = 0.

3anuiemM JaHHYI0 CUCTeMY B MAaTPUYHOM BHJE:

Sermfl Ss+mf2 S Ss 01 _Ss+m
Ss+m Ss—l—m—l ce SS—H 02 _ _Ss+m+1 (14)
Sstot—2 Sstat—3 -+ Sstat—m—1 Im —Sstat-1

Maremartnka 43



@Ms& Capar. yH-1a. Hos. cep. Cep.: Maremarvnka. Mexanuka. iHgpopmarnka. 2022. T. 22, sbin. 1

Ynanus B cucteme (14) 2t — 2m moc/aeqHUX ypaBHEHHH, MONYyYUM HOBYIO CHCTEMY C
KBaJpaTHOH MaTpulied cHCTeMbl mopsika m. MaTpuily AaHHOH cHCTeMbl 0003HAYUM Yepes
M(m, s).

Teopema 6. [lycmo npousdownro s cmupanuii. Mampuya M(m,s) Hegvipoxncderna
moeoda u moavko moeda, K020a NPou3ouULL0 m OULULOOK.

Jloka3aTeabCTBO cieyeT U3 TeopeMbl 5 paGoThl [12].

Jlns HaxoxaeHUs pelleHHs cucTeMbl (14) MpUMeHUM CJIeNYIOUUH aJTOPUTM.

Auaroputm 4 (anroputm bepseksmna-—MeccH)
Bxon: mocsienoBaTesnbHOCTD Ay, . . . , 4y, HAJ HEKOTOPHIM IOJIEM.
Bruixon: LFSR (L, f(z)) MuHMManbHO# mJUHBl L, 1/ KOTOPOTO

L
—aj:Zfiaj_i, ]:L+1,L—|—2,,n
i=1
1. Onpepenuts r:=0, f(x):=1, b(z):=1, L:=0.
2. Hukar:=1,....n

L
2.1. Onpepenuts A :=a, + Y fia,_;.

=1
2.2. Ecim A =0, To b(x) :=x - b(z).
2.3. Eciu A #0:
2.3.1. Ecnu 2L < r:
buf(z) i= f(z) = A-z-b(a),
b(z) = A1 f(x),
F(z) = buf (@),
L:=r—1L.
2.3.2. Wnaue (r.e. BoioJHEHO 2L > 71):
f(@):=[f(z) = Az bz),
b(x) :=x - b(x).

Teopema 7. [Iycmo d>2t+s+1. Ecau na 6x00 areopumma 4 nodame nocaedosa-

meaoHocmo S, Sgi1,..., Ssior_1, MO HA 8bLX00e areopumma b6ydem 8epHoe 3HAUEHUE
MHO2O0UNeHA A0KAMOPO8 ouuboK o(x).

HMoxka3areabctBo. [lycTb o(xr) — MHOrodJseH, MoJy4YeHHBIH MOCJe MPUMEHeHHUs aJl-
roputMa 4. Tak Kak K03(p(HUUHEHTB MHOroYJeHa JIOKATOPOB OLIMGOK o (x) SIBJASIOTCS
pelenreM cucteMmbl (14), To mo cBoHCTBY ajroputma bBepseksmmna—Meccu OyneT Bbl-
MOJIHEHO HepaBeHCTBO L < m (B HaHHOM cJiydae [ — JJIMHA perucTpa). YOajuB B
cucteme (14) 2t — 2m mnociefHUX ypaBHEHHH, MOJYyYUM HOBYK CHCTEMY C KBajapaT-
HOH MaTpuueHd cucteMbl nopsinka m. M3 Teopembl 6 ciaenyeT, 4yToO NaHHas MaTpuua
HeBBIPOXKJeHa, MO3TOMY IOJlydeHHasi HOBasi CHCTeMa HMeeT eJMHCTBEHHOe pelleHUe.
DTo 3HAUMT, UTo 0(x) = o(x). O

Auaroputm 5 (nekopupoBanue Kopa [onmel Ha ocHoBe anroputma bepisekamna—Meccu
Ha cJydald omuOOK U CTHUPAHHH).

Bxox: npuHATBHIH BEKTOP v.

Bbixoa: HCXOMHBIM KOLOBBIH BEKTOP u, B KOTOPOM MPOU3OLIIO S CTUPAHHUU U He 6oJjee
t own6oK, ecaun r = 2t + s, r = deg G(z), u € I'(L,G) € GRS, (L,y) (nasi ABOMYHOr0
cenapabesnpHoro kona 2r > 2t +s, u € I'(L,G) C GRS, —2,(L,y)).
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1. Onpenensiercst t = [(r — s)/2]| (t = [(2r — s)/2] B cnyuae nBOMYHOrO cenapabesbHOTO
koza [onmbl). B BekTOpe v BCe CTHpaHHs 3aMEHSIIOTCS HYJSIMH, MOJydasi TeM CaMbIM
BekTOp v. HaxomsTcsi KoMmoHeHTH Sy, Si,...,S91s-1 CHHIPOMHOTO BEKTOpa H
Ecau oHM Bce paBHBI HYJIIO, TO BO3BpALlaeTCsl BEKTOP U U MpoLeaypa OKOHUEHa.
BelyncasiioTest 3HaueHHs JIOKATOPOB CTHUPaHMH X1 = y,,,,..., Xips = Oy, Ha
OCHOBE M3BECTHBIX MO3ULHMH CTHPAHUHU yi1,...,%1 5. BBIUUCASIOTCS KOI(DDHULHEHTHI
MOAH(HULHUPOBAHHOTO CHHIPOMHOIO MHOTOUJIEHA g(x)~ N

2. Ha Bxon anroputma 4 nomaetcs mocjeqoBaTebHOCTb Sy, Ssii,. - -, Sstot—1. Ha BbIXOE
JaHHOTO aJrOpUTMa nosydaetcss MHorodseH o(x). [lyets [ = dego(z).

3. OrtbickuBatoTcsl | KOpHEH MHOTOYJIeHA o(x) TOCAeI0BATENbHOM MOACTAHOBKOH B HETO
HeHyJIeBbIX 3JeMeHTOB noJst GF(¢g™). [Ipu aTom JloKaTOpbl OIHOOK — 3TO BEJUYHHBI,
o6paTHble KOpPHSIM MHOrouJjieHa o(x).

4. Tlpu BbHIYMC/IEHHU 3HAYEHHE OIMOOK BBIMOJNHSIETCS OIUH U3 CJEIYIOLIUX MyHKTOB.
4.1. Ecnu cpenu J0OKaToOpoB CTHpPaHUH X;ii,..., Xy s UMeeTCs Hy/leBOe 3HauyeHHe
(B MPOTHMBHOM CJlydae MepexofiuM B NyHKT 4.2), ckaxeM, X, = 0, To nycTb

M=A{1,... . }U{t+1,...,t+s\{p}

— MHOKeCTBO MHJEKCOB JIOKAaTOPOB OLIMOOK U CTUpaHUil 6e3 yueTa uHaekca p. Haxonsr-
¢ Zj, j € M, nanpumep, ¢ nomoueto aaroputrma Popuu (13) a5 06001L1eHHEIX KOLOB
PC. Ilocse sToro HaxopsaTcsl 3HadeHus omuoboK Y; = Z;G(X;), j € M. Y BekTopa v
M3 1;-T0 CHMBOJa, X = «,;, BBIUMTAeTCs 3Ha4yeHue Y;, j € M. Ilpu 3TO0M mosmydaercs
BeKTOp . IlycTb 1/ HEKOTOPOro ¢ BbIMOJHEHO ;; = 0 (B MPOTHUBHOM CJyuae Bce JIOKa-
TOPBI CTUPaHMH OblIM Obl HeHy/eBble). Beruncisercs 3HaueHHe Z,, paBHOe CKalspHOMY
NPOM3BENEHHI0 BEKTOpa U Ha MepBYI0 CTPOKY MaTpuubl H. Beruucsasercs snauenue
omn6ku Y, = Z,G(a;). Ocranoce B BEKTOpe U M3 i-TO CHMBOJA BHIUECTb Y),.

4.2. Ecnn ycnosue 4.1 He BbimosiHeHo, To nycTb M = {1,..., [} U{t+1,...,t+ s}.
I[To dopmyne (13) HaxonAaTcs 3HayeHHs Z;, 3aTeM 3HadeHHs owubok Y; = Z,;G(X;),
J € M. Y Bekropa v M3 i;-To ciMBOJa, X; = «;,, BbIYATAeTCs 3Havenue Y, j € M.

[Ipu 3ToM mosydaeTcsi BEKTOP .
Ecnu «; = 0 past Hekotoporo ¢ U dego(x) crporo menblue aaunel LFSR (mosnyuentoro

Ha BBIXOJIe aJrOpPUTMa 4), TO BBIUKC/ISIETCS 3HAaUeHHe Zg, paBHOE CKaJiPHOMY TPOU3BEIEHHIO
BEKTOPa U Ha TepBYIO CTPOKY MaTpullbl H, a 3aTeM BBIYMC/ISETCS 3HAUeHHE OIIMOKH
Yo = ZoG(e;). OcTanoch B BeKTOpe U M3 i-r0 CHMBOJIA BbIYECTh Yj.

IIpumep 4. IIponomxum paccmatprBaTh npumepsl 1, 2 u 3. IlycTb Ha npuemMHOH cTO-
pOoHe ToJiydeH Bce ToT ke BekTop v = (0,1,0,0,1,0,0,1,0,0,%,1,%,1,0,1). [Tocse 3ameHsl
CTEpPTBIX CHMBOJIOB HYJISIMH TosiydaeM Bektop v = (0,1,0,0,1,0,0,1,0,0,0,1,0,1,0,1).
KomroHeHTbl cHHAPOMHOTO BeKTopa S BHIUHCJEHBI B IIPeAbLAYIIEM TIPUMEpe: Sy = a'2,
S1=a', Sy =a', S3=a', S;=a’. Onpenensem s =2, t = [(2r — 5)/2] = 1. Ha Bxoxn
aJropuTMa 4 TnojiaeM noc/enoBaTeNbHOCTh Sy = a'l, Sz = of?. Tlonyuaem o(z) = 1 + oz,
L = 2. MHorousied w(z) MOXKHO Ha#TH U3 cpaBHeHus w(x) = o(x)S(x) (mod z*). INocse
5TOr0 OCTaJOCh MOBTOPUTH Iaru 3 u 4 mpeabIAyLEero npumepa.
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Abstract. A curvilinear finite element of the median line of an axisymmetrically loaded shell of
revolution with a stiffness matrix of 8x8 size is used when choosing nodal unknowns in the form
of displacements and their first derivatives is used. The constitutive equations at the loading step
are implemented in two versions. In the first version, the relations of the deformation theory of
plasticity are used, which consist of expressions for the elastic and plastic parts. The relationships
between strain increments and stress increments were determined by differentiating the equations
used. In the second version, the hypothesis of separation of the deformation into elastic and
plastic parts was not used. The constitutive equations developed by the authors are obtained
on the basis of the hypothesis of the proportionality of the components of the deviators of the
stress increments and the components of the deviators of the increments of deformations with
the coefficient of proportionality as a function of the chord modulus of the deformation diagram.
An example of calculation showing the effectiveness of the developed algorithm is presented.
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Beenenue

B Hacrosilee BpeMsl pacyeThl TOHKOCTEHHBIX KOHCTPYKLHH ONUPAIOTCS Ha A0CTaTOYHO
pa3BUTYIO Teopuio obosouek [1-7]. B coBpeMeHHBIX TEXHONOTHUECKUX peasusiX 3HaUHUTeJb-
HO BO3pacTaeT HeOOXOAMMOCTb HauboJsee MOJHOIO UCMOJNb30BAHUS TPOUHOCTHBIX CBOHCTB
MaTepuasoB, KOTOpble JO/KHbI 00ecredyrnBaTh YCTOMYUBYIO paboTy 0060/104eUHOH KOHCTPYK-
LMK Jaxe MPU JOCTHXKEHHWH Tpelie/IbHbIX Harpy3ok. JlefcTBUe 3TUX HArpy3oK HOCHT SIPKO
BbIpa>KeHHBI MECTHBIH XapakTep, UTO B CBOIO OUepellb MOXKeT NPHUBECTH K BO3HUKHOBEHHIO
naacTUYecKUX nedopMaurid. Y4yeT (pHU3UUeCKOH HeJIMHEeHHOCTH MPUMEHSeMOro Marepua-
Jla, HeCOMHEHHO, MPUBOIUT K 60Jiee SKOHOMHUUHBIM pelLIeHUsIMH, M03BoJsAs 3(DPEeKTHBHO
OLleHUTb paboTy KoHCcTpyKuuu [8—13]. B pacuerax 3a mpepesamu ynpyrocTu MIHPOKO
UCrosb3yeTcsl aeopMalMOHHAsl TeOpUs MJACTUYHOCTH C pasfeseHHeM AedopMalMM Ha
YIPYTyIo U NJacThyecKyto yacTh. COOTHOLIEHUs] MexXAy NpUpalleHUus MU AedopMauuil U
NpUpaLleHUIMH HalpsiKeHHH Ha l1are Harpy»kKeHus onpejesstorTes auddepeHIUpoBaHHEM
onpeesSIOLMX YpaBHEHUH NeopMallMOHHOH TeOpUH MJIaCTHUYHOCTH C NMPUHSATHEM HEU3-
MEeHHOCTH oObeMa MNpH MJacTHueckoM AedopmupoBaHuu. [Ipyn BbIBome omnpenessiiolinX
ypaBHEHMH B HacTosllel paboTe MpeaJsoXKeHa TUIOTe3a O NPONOPLUOHANbHOCTH KOMIIOHEHT
[IeBUATOPOB NpHUpalleHnH neopMalMil KOMIIOHEHTAM [e€BHATOPOB MpHUpalleHnH HanpsiKe-
HUH, Ha OCHOBe KOTOPOH KO3((HULHUEHT NPONOPLUOHANbHOCTH NOJYy4YeH B BUIe (PYHKIUU
XOP/IOBOT'O MOJYJSl AMarpaMMbl aedopmMupoBaHusi. B paspaboTaHHOM BapuaHTe MOJy4eHHUs
onpefesSIOIMX YPaBHEHUH Ha LIare HarpykKeHusl HCKJI04YeHa orepalys pasjieseHus Je-
(opMaLry Ha ynpyrylo M MJacTHYeCcKylo 4acTH, YTO T03BOJIMJIO 3HAYUTE]bHO YIPOCTUTD
aJropuT™ (OPMHPOBAHUS ONpeAEesIOIUX YPaBHEHUH.

1. Marepuaabl 1 MeTOIbI
1.1. OcHOBHbIE COOTHOIIEHUS

B npouecce nehopMHUPOBAaHHSI PACCMATPUBAIOTCS TPU ITIOJIOXKEHUS TOYKHM CPEeAMHHOM
JMHMH TIPOJOJBHOTO CedeHHsl 000/10UKH BpalleHus: ucxopHoe (touka H°), nocse j maros
Harpyxenus (tTouka H, BeKTOp nepemenienusi v) u nocsae (j + 1) wara (touka H*, BeKTOp
nepementenuss Av). CoOTBETCTBYIOIIME TOUKH, OTCTOSIIIME HA PACCTOSHUM ( OT CPeJMHHOM
TOBEPXHOCTH, 0003HadaTcs cumBoatamMu H%, HS u H*.

I[Tonoxkenue Touku H® 060/10UKH BpallleHHs OMHUCHIBACTCS PafHyC-BEKTOPOM

R° = zi + 7k, (1)
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TIe T — oceBas KOOPAWHATA, ' — PafUyC BpaLleHUSs, ABJAILANACA QyHKUUeH oT z, 1, k —
OpPTHl I€KapTOBOHM CUCTEMBI KOOPAMHAT.

BekTop JiokanbHOro 6asuca, KacaTesabHblH K CPeUHHON JTUHUU MPOAOJNBHOIO CeYeHUs
000J104KH, MOKHO MOJYy4uTh AuddepeHpoBanueM (1) mo KprBONMHEHHOH KOOPAMHATE S:

0 0 .
e = RS = (i+r.k) . )
OpT HOpMaJII/I K CpeILHHHOﬁ HOBerHOCTI/I OHpeILe.HHGTCH BeKTOprIM HpOI/ISBGILeHI/IeM

e =e)xj= —r .21+ z k. (3)

CootHouenus (2) u (3) MOXKHO MpeNCTaBUTb B MAaTPUYHOM BHJIE

{e%) = m)i}, (i} =[] {e"}, (4)
2x1 2x2 2x1 2x1 2x2 2x1
rne {e’}1 = {el%"}; {i}? = {ik}.
HuddepenurpoBanuem (2) u (3) ¢ ydetom (4) MOXHO CPOPMHPOBATH MaTPHUUHOE
COOTHOLIEHHE

{e%} = [m%][m"] " {e’} = [n]{e"}. (5)

2x1 2%2 2X2 2x1 2x2 2x1

PaccmarprBaemble M0JI02KEHHS POU3BOJIBHONW TOUKH 00OJIOUKH BpalleHHUs MPU ydyeTe
TUTIOTE3bl MPSMON HOPMaJ/M MOXKHO OINUCATh CJEAYIOUIMMH pafinyc-BeKTopamu (puc. 1):

R*=R%°+ ¢, R=R%’°+v, R*=R+Av,

6
R =R"+v+((e—e), R*“=R‘+Av+((e—e), (©)

rae e u e — opThl HOpMaJiel K CpedUHHOH MOBEPXHOCTH 000J04YKH B Toukax H u H*
COOTBETCTBEHHO.

HS AV H*

Puc. 1. [losnoxxeHne paccMaTprBaeMbIX TOYEK TPH Je-
(hOpMHUPOBaHHUH 000JNOUKH
Fig. 1. The position of the points under consideration
when the shell is being deformed
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BekTopsl nepemelenust v i Av, Bxoasiiue B (6), MOXKHO ONPeNeUTh BbIpaXKeHUSIMU
v=uv'el +ve’, Av=Av'e! + Ave’. (7)

Ilns onpeneneHus 6asuCHBIX BeKTOPOB B Toukax HY, H¢ u H*¢ suinosnuserca audde-
peHuupoBaHue (6) 1o ryo6anpHOH KPUBOJHHEHHOH KOOpPAMHATE S:

(8)

Bxonasie B (8) mMpou3BOAHBIE BEKTOPOB IMepeMelleHHd v U AV ONpeessiioTcst ¢
yuetoM (D) COOTHOIIEHUMHU
1.0 0 1.0 0
Vs =Dpi€] +pi€’, Vg = D€ +pue,

(9)

1.0 0 1.0 0
Av, =lie] + e, Avg =lje] + e’

Besinuunbl p}...l;; B cooTHomeHusix (9) sABAAWOTCA QYHKUMUSIMH KOMIOHEHT BEKTOPOB
nepeMelleHdd v U Av, a TakxKe HX MPOU3BOJHBIX.
OpTbl HOpMasie# K CPeIHHHON MOBEPXHOCTH 000JOUKH B TouKax H u H* onpenensiiorcst
BEKTOPHBIMU MPOU3BEAEHUSIMU
. 0 . 0 .
e=e xj=R +v),xj=(e] +v,) xj,

10
e=elxj=R+AvV);xj=(e; +Avy) x]j. (10)

Jns HaxoxaeHUs1 aeopMalri U UX MPUPALLEHUH B OTCTOSIILIEM Ha PaCCTOSHUM ( OT
CPEAUHHOH JINHUM cJ0e 000JI0UKHU BpallleHHUs MPU OCECHMMETPUYHOM Ae(hOPMHUPOBAHUHU
MCIOJIb3YIOTCS COOTHOLIEHUS] MEXaHUKU CIIOIHOK cpensl [14]

(€C _ 604) (e*C _ €C )
¢ _ \en1 11 A€§1 _ ‘1 11

€11 = 5 ) 5 ) (1)
RSk — R%k ¢ R*k — R‘k
S T e el

Tle KOBAPUAHTHbIe KOMIIOHEHTHl METPUYECKHX TEH30pPOB /I UCXOAHOro U 1e(OpMHPOBAH-
HOTO COCTOSIHUH ONpeaessiloTCS MPOU3BeJeHUSIMH COOTBETCTBYIOIMX 0a3UCHBIX BEKTOPOB

0] 0 0
6%1 = e% ’ eg: €1§ = elC : elca 6;% = e*{( ’ eTC' (12)

Beipaxenusi (11) ¢ yuerom (8)-(10) u (12) moxHO mepenucatb B BUle

s§1 = v}s — kv + C(—k‘v}s — kvt — v, 5g2 = vkq + kv + (kv — kkyv'),
Acyy = Avl — kAv + ((—kAVY — k Av' — Avg,), (13)
AS, = Avky + ki Avt + C(—k Av, — Kk Av'),

rae k = Tvmx?’s, ki =rax5)r, ko =x4/r.
Hedopmanuu (13) npencrapasiioTcest B 60Jiee KOMIAKTHOH (hopMe CJedYIONIHM 00pa3oM:

5=+ CNag, Ay = Acas + (Axag, (14)
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THe €48 U Xap — A(OPMALUHU U UCKPUBJIEHHS CPEIUHHON MOBEPXHOCTH B Touke [, Ae,s U
AXap — TpHpalleHus AeopMalUuil U UCKPUBJEHUH CPeIUHHOH MOBEPXHOCTH B TOuke H*.
CootHouenus (14) MOXXHO MpeNCTaBUTb B MAaTPUUHOM BHIE

{e} = [GH{e} = [G][LI{v},  {Ae'} =[Gl{Ae} = [G][L]{Av}, (15)

2x1 2x44x1 2x44%x22x1 2x1 2x4 4x1 2x44x2 2x1

rae {E}T = {eneaxixel, {A€}T = {AenAeye Ax11Ax22}, {U}T = {uw}, {AU}T =
= {AuAw}, [L] — marpuna nuddepeHLHaNbHbX U a1re6paniyecKux ONepaTopoB.

1.2. 3aBUcCHMMOCTH MeXAy NpHpalleHUAMHU AedopMaluil U NpUpaleHUIMHI
HalNpsiKeHUH Ha 1are HarpymxeHUs

B nepBom BapuaHTe COOTHOIIEHHSI MeXIY KOMIOHEHTaMH nedopMalui ¥ HampsKeHHH
Ha I1are Harpy»KeHHsl yCTaHaBJHBAJUCh Ha OCHOBE MOJIOXKEHHH 1eopMaluOHHON TEOpHH
naacTUYHOCTH [15]:

gﬁ_8a6+€aﬁ7 (16)
rage 836, €Cp — YyIpyrue ¥ nJjactuyeckKkue ,U,eCt)OpMaLLI/II/I COOTBETCTBEHHO.

COFJIaCHO [15] KOMIIOHEHTBI 1€BUATOPOB YIPYTHUX M MJIACTHUECKUX HedopMaluii mpo-
MOPLUHOHA/bHBl KOMIIOHEHTAM JI€eBUATOpPa HAIpPSKEHUH:
3y

e e
5301 — &= __<Uaa —04), 521()1 —eb =
20;

35
201

(O-aa_o-s)y a:1727 (17)

rae €€ M eP — cpemHss ynpyras v njactudeckas aepopMmaiuu, € ¥ ) — MHTEHCHBHOCTH
YIPYTHX M MIaCTHYECKUX AehOpPMalliii COOTBETCTBEHHO, 0y — CPelHee HalpsKeHHe.

B cootHomenusix (17) nosaraercsi, 4To MpH MIaCTHYECKOM 1e(OPMUPOBAHHU H3MEHEHHSI
o0beMa He MPOUCXONUT (g = Sutezten — (),

Takum 06pa3om, cymMMapHbie fe)OpMalluy Ha Liare Harpy>kKeHHusi MOXKHO MPeNCTaBUTh

COOTHOLLIEHHUAMHU 3
E;
aa Es = : (Uaa - Js)a (18)

2 o;
rae e; =S+ el =¢f, g, =l +ef.
Cssi3b MeX1y cpenHed nedopmalided U cpeIHUM HanpsikeHHeM, Bxoasimumu B (18),
TakKasl JKe, Kak U B Tpefenax ynpyroctu [15]:

1—-2
€s = (TU) Os = Klo-sa (19)

rae v — Ko3((pUUHUeHT mnonepeyHou nedopmauud, £/ — Momy/sb yrnpyrocTH mMaTepuasa
000JI0UKH.

[Ipupamienus negopmauuil Ha 1are HarpyKeHus onpenensiiuch aUQQepeHIUpoOBaHUEM
(18) u npexncraBasisuch B 001IeM BHE CJAEIYIOMIUM 00pa3oM:

¢ ¢
Aé?g[ = agaa AO’H + 85 AO’QQ (20)
do 0092

Ha ocnoBe (20) dopmupyeTrcsi MaTpUu4HOe COOTHOILIEHHE

{Act} = [Di]{Ac}, (21)

2x1 2x2  2x1
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rae {AeC}T = {Ac5,AS, ), {Ac}T = {Ac11 Aoy}, [Di] — MaTpuna ynpyromaacTHiecko-
ro 1e)OPMHUPOBAHKS Ha LIATe HArpyMKeHHs.

Bo BTOpoM BapuaHTe Ompeesisiiolke YPABHEHHsI 3allMCaHbl Ha OCHOBE MPeNJIOXKEH-
HOH THIIOTE3Bl O MPOMOPLHOHANLHOCTH KOMIIOHEHT I€BUATOPOB MpHpalleHui aepopMaii
KOMIIOHEHTaM [1eBHATOPOB MPHUPALLEHUE HAMPSKEHUH:

Aeij = QOASZ‘]‘, (22)

rae Ae;; = Agy; — Aeg, Asjj = Aoy — Aog; Aeg, Ao, — nepBble HHBADMAHTHl TEH30POB
NpUpalleHUH feOpMaLUi U NPUPALLEHHUH HANpPsSKeHUH.
Ilns onpeneneHuss KoapguuMeHTa ¢, BXoAsllero B (22), UCMNOMb3YIOTCS COOTHOLIe-

Hus [16]
A 2 A 3
g, = gABZ‘jAGZ‘j, g, = §A81‘jA8ij, (23)
rie €8 — WHTEHCHBHOCTb MpHUpalleHui nedopMauii, o> — HHTEeHCHMBHOCTb NPHPAILEHHH
HaNpsKeHNH.
[ToncraBasis (22) B (23), MOXKHO MOJIYUHUTh BbIPAXKeHHsT KOI(PPULHEHTA ¢ B BUJE
3ed
= -—. (24)
7 208
Ha ware Harpy:keHust mpuHUMaeTcsl PaBeHCTBO
& Ag
X = A (25)
o} Ao;
rie Ae; — npupalleHre UHTEHCUBHOCTH Aedopmaunu, Ag; — npupallieHie UHTeHCUBHOCTH

HaNpSAXKEHUH.

OTHolleHMe NpUpalleHUH UHTeHCUBHOCTeH HanpsikKeHUH U fedopMauuil o603HayaeTcs
XOPIOBBIM MOAYJIEM OHarpaMMel aeopMupoBaHus (Fj), a Tak KakK Ha IIare HarpyXeHHs
OH HEeU3BeCTeH, TO XOPAOBBIM MOAY/b 3aMeHSIeTCsl KacaTeJbHbIM MOAYJeM JHarpaMMbl
nepopmupoBanus (Ey).

[Ipu yuere (24), (25) Ko3puuMEHT ¢ onpenensieTcs BbIpaXKeHHeM
~3Ag 31 31
" 2A0, 2E, 2K

Ha ocHoBaHMM 3KclepyMeHTa NPU PACTSKEHUH CTePKHS MeXAy CPeJHUMH 3HaYeHHUsIMH
YCTaHABJIUBAETCA 3aBUCHMOCTD

3 1—-—2v)\ 1
= — B —— —_— = K
€ 205 ( 1 +o ) Es 205, (27)

roe Ey — CeKyllHHd MOLYJIb AMAarpaMMbl 1e(OPMHUPOBAHUS.

Ha ocHose (26) u (27) u3 (22) onpeneasitoTcsi COOTHOLIEHHST MEXAY NMPHUPALIEHUsIMH 1e-
(opMauuil ¥ npupalleHUIMU HanpsixkeHUH. [l oceCUMMeTPUYHO HarpyKeHHOH 000JI0UKH
OHH 3aMUILYTCH BbIPAXKEHUSMU

(26)

¥

3 31
ASS, = 2 Agge — Aoy [ 2= — K
K g 0<2Ek 2)’

WJIKM B MAaTPUYHOM BHIE
{Ac} = [Do]{Ad}. (28)

2x1 2x2  2x1
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1.3. KoHeuHbIl 2/1eMEHT U MaTpHLla KECTKOCTH Ha LIare HarpyxeHus

Jlas caydasi oceCUMMeTPUUHOIO HarpyxkKeHusi HanboJee 11e/1eco00pas3HbIM SIBJSETCS
UCIOJIb30BaHHE OJIHOMEPHOTO KOHEUHOro 3JIeMeHTa ¢ y3JaMu i u j [17].

KoMmnoHeHTBl BeKTOpa nepeMeleHUsi BHYTPEHHEH TOUKH KOHEYHOrO 3JeMeHTa B HC-
XOIHOM U J1e(DOPMHPOBAHHOM COCTOSIHUSIX OIpeNeJIIIoTCS Yepe3 Yy3JI0Bble HEHU3BECTHBIE
cJeqyIoUUM 00pa3oM:

{v} =[A{U,}, {Av} = [A{AU,}  {U,} =TT}, (29)

2x1 2x8 8x1 2x1 2x8 8x1 8x1 8XxX8 8x1

. T
rae MaTpuua [A] comep:KuT MoJMHOMBI DpMHuTa TpeThbeii creneny, {U,}", {Ug}T — CTPOKH

8x1 8x1
Y3JIOBbIX HEHM3BECTHBIX KOHEYHOI'0 3JIEMEHTA B JIOKAJIbHOH U JI00AJbHOH CUCTEMaX KOOp-
ﬂHHaT,[Tq-— MaTpuia Hpeo6pa30BaHHH Y3JIOBbIX HEU3BECTHBIX M3 JIOKAJbHOH CUCTEMBI

8x8
KOOPAHHAT B IMI0OANbHYIO.

Martpuua-crosnbel npupamieHuil nedopManuil Ha iare HarpykeHus npu ydete (15) u
(29) moxeT OBITH TpeACTaBJeHa B BHIE

{Acgs} = [GIIL][A{AU,} = [G][B{AU}. (30)

2%1 2x44%x22x8 8x1 2x44x8 8x1

J1s hopMHUpOBaHHS MATPULLBl )KECTKOCTH KOHEUHOIO 3JileMeHTa HCIOJb3yeTcsl PYHK-
LIMOHaJI, ONpele/IIOIMA paBeHCTBO BO3MOXKHBIX pab0T BHEIIHUX U BHYTPEHHHUX CHUJ Ha
1iare Harpy»eHus:

D = {fff}T <{0} +{Ac >dV - {2szf}T <{P} +{AP )dF, (31)

2x1 2x1 2x1 2x1

rne V — oObeMm 3sjeMenTa, I — muowanb npuaoxkenus Harpysku, {P}T = {P Py},
{AP}" = {AP;; APy} — BHellHHe HArPy3KH MOCJE j [IATOB HATPYKEHHUs U ee TpHpallle-
HUsl Ha (j + 1)-M Lare HarpyKeHwUs.

[ToncraBasisi B pyHkiuonan (31) seipaxkenus (21), (28)—(30) u BrIMOMHSAS €0 MUHUMMU-
3alHI0 10 IVI00AJbHBIM Y3JI0BBIM HEM3BECTHBIM [17], MOXKHO MOJNYYHUTH MATPHUILY KECTKOCTH
KOHEYHOro 3jeMeHTa [K] M BEKTOp €ro ysJoBbIX YCHJHH [f]|, CB3aHHBIX COOTHOLIEHHEM

[KH{Ug} = {f} —{R}, (32)
8x8 8x1 8x1 8x1
rae T Tt T T T
k)= 1" [ (B6 DGV, (5} =[] [ (A7 (APaF
8% 8 8% 8 v 8x4 4x2 2x2 2x44x8 8% 8 8x1 8% 8 Fa 8x2 2x1
(RYy = [T]" [[A]"{P}dF —[T]" [[B]"[G]{Ac}dV — uessska HbioTona - Patcona na
8x1 8x8 F 8x2 2x1 8x8 VvV 8x4 4x2 2x1

paccMaTpUBaeMOM LlIare HarpykeHHs.
Murterpansl, Bxonsiiye B (32), onpenesiiuch UACIeHHO HA ocHoBe (opmy. [aycca.

2. Pe3syabrartsbl

B kauecTBe mpumepa Oblja pelleHa TeCTOBasl 3aj4ada Mo ONpeAeseHUI0 HANPSKEHHOTO
COCTOSIHUSI 000JIOUKH BpallleHUs1 B (popMe yCeueHHOro 3JJUINCOMAA, U300pakKeHHOro Ha
puc. 2.

O6oJi0uKa, HHXKHUE Kpal KOTOpPO# »KecTko 3aiemJsaeH (w = 0, w, = 0), 3arpyxeHa
BHYTPEHHUM JlaBeHHMeM UHTEHCUBHOCTH ¢. DblIM MPUHATHI CJefylolle HCXOHble NaHHbIE:
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BHyTpeHHee naBJjeHue ¢ = 5 MlIla; koaddu-

uueHT [lyaccona v = 0.32; momyap ynpy-

. rocti F = 7 - 10° MIla; TtoamuHa o060-

' Joukn t = 0.02M; napaMeTpbl 3JJIMIICA:

a=1.3m, b=0.9M; BbicoTa yceueHHOH 060-

nla JIOUKH h = 1.2 M; HHTEHCHUBHOCTb HaIpsizKe-

: q HMS, COOTBETCTBYIOLLAs Npeaesay TeKydecTH,

o;r = 200 MIla, uHTeHCHBHOCTh Aedopma-

A I - ,  LMH, COOTBETCTBYIOLLAS Tpefiesy TeKyUecTH,

NEL \f g;r = 0.0023. Ilo yc/0BHIO CXOOAMMOCTH BbI-

/ > YUCJUTEJBHOTO Tpollecca Ha MepBOM luiare

Harpy»kKeHus NpHU pasjMUHbIX BapUAHTaX AHC-

Puc. 2. Yceuennas o6osiouka BpalleHHs KpeTH3aLHu 000JI0UKH ObLIO MPHUHATO AOCTa-

Fig. 2. Truncated shell of revolution TOUHBIM pa3bueHHe pacCcMaTpPUBaeMOH KOH-
CTPYKIHH Ha 32 3/eMeHTa.

Brino peanusoBaHo nBa BapuaHTa pacueta. B mepBoM BapuaHTe MoJiydeHbl KOHEYHO-
3JleMeHTHbIe pelleHHs Ha OCHOBAaHUH ONpefeIIOLUX ypaBHEHUH neopMalMoOHHON Teopun
nyactuuHocTH (21). Bo BTOpoM BapuaHTe HaiiieHBl KOHEUHO-3JeMEeHTHbIE pellleHHs TIPH
MCIOJIb30BAHUH OTIPeNesoIUX ypaBHeHHH (28), MosyueHHBIX HAa OCHOBe MpPeNJIOKEeHHOH
TUIIOTE3bl O MPOMNOPLHUOHANBHOCTH KOMIIOHEHT J€BHATOPOB NpHUpallleHUH aeopMalLui U
[eBHUATOPOB MPHUPALLEHHUH HAMPSKEHUH.

Jlns npencraBsaeHuss auarpamMMbl 1e()OPMUPOBAHUS HA YYaCTKe YIPOYHEHHUS UCMOJb30-
BaJiach napabosnyeckasi GyHKUHS BUAA

0; = Ae? + Be; + C, (33)

rie A = —23461.55 MIla, B = 181201.17 MIla, C = 1574.3 MI]a.
PesybTaThl KOHEUHO-3/leMEHTHBIX pPelIeHHUH B 3aBUCUMOCTH OT YHMCJ/a LIAroB Harpyxe-
HUS NpefcTaBJ/eHbl B Tabs. 1, 2. B HUX npuBeneHbl 3HaYeHUS] MePUIHMOHAJIBHBIX HaTNpsizKe-

Tabauua 1 / Table 1
MepunroHanbHble HampsizkeHHs TPU UCIOJNB30BAHUU
TPEeANoJIOXKEeHUsT 0 HEH3MEHHOCTH 00beMa B pesysibTare
NJaCTUYECKHUX Ne(opMalri
Meridional stresses using the assumption of volume
invariance as a result of plastic deformations

Koopnunatsl Hanpsixenne, MIla
Coordinates Stress, MPa
Yucsio mwaroB HarpyKeHusi, n
z,cm/cem | ¢, cm/cm Number of loading steps, n
30 50 70
—-1.0 274.21 274.50 277.50
—-0.5 235.20 229.50 238.20
0.0 0.0 119.00 121.40 119.50
0.5 —28.30 | —28.30 | —29.10
1.0 —177.50 | —176.80 | —178.30
-1.0 4.80 5.17 5.13
-0.5 3.70 2.65 2.68
120.0 0.0 0.15 0.19 0.17
0.5 —2.40 —2.36 —2.30
1.0 —4.80 —4.78 —4.79
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Tabauya 2 / Table 2
MepuaHoHabHble HaMpsKeHUs] MPH HMCIOJb30BAHHH
BTOPOT'O BapHaHTa OMpeesIolUX ypaBHEHUH

Meridional stresses when using the second version
of the constitutive equations

Koopnunathi Hanpsixkenne, MIla
Coordinates Stress, MPa
YucJso 1maroB HarpyKeHusi, n
z,em/em | ¢, em/cem Number of loading steps, n
30 50 70
-1.0 273.05 275.50 276.10
-0.5 226.30 227.60 230.50
0.0 0.0 119.60 120.40 122.60
0.5 —25.20 | —26.30 | —29.50
1.0 —176.60 | —177.80 | —178.40
-1.0 4.90 5.12 5.12
-0.5 3.62 2.72 2.65
120.0 0.0 0.15 0.17 0.18
0.5 -2.30 —2.32 —2.30
1.0 —4.74 —4.75 —4.89

HUH B 3aBUCUMOCTH OT KOOPAMHATHI ( B XapaKTEPHbIX TOUKAaX KOHCTPYKLHU: B ONOPHOM
CeYeHUU U BepXHed IpaHuLe.

Kak BuiHO U3 naHHBIX TabJ/. 1, 2, KApTHHA HAMPSIXKEHHOTO COCTOSIHUSI 00O0JIOUKH MPU
HeJIMHEHHOM yNpOYHEHUH AHarpaMMbl 1eOpPMHUPOBAHHS B 0OOMX BapHaHTaX OMpeessiio-
IUX ypaBHEHUH H3MeHsieTCsl HeCyIeCTBEHHO (OTKJIOHeHHUs B mpenenax 1%).

Jlns HarsiAHOCTH M ynoOCTBa aHa/u3a MOJYUYEHHBIX pe3y/bTaToB NP YHUCJe I1aroB
n = 70 B ONMOPHOM ce4YeHHH 00O0JOYKH OBLIH MOCTPOEHBI SMIOPHl HAMPsKEHUH (puc. 3),

276.1
300 2775 266.2 9q4 _ B00=0S 2652 o305
A — — = = ~

S 20 N119.5 = =\ 122.6
g 100 g 100
5 l N05 075 10 3§ 0 05 075 1.0
% A “A:-,_.,;\ X _ _ _ A N N
%_100 -1.0 -075 05 0 _29‘1\.\\[" g-mo 1.0 -075 -05 0 _29.5\\L \
= 1085~ % 11095

-200 TonmrHa 060I0YKH, CM -178.3 -200 TonuHa 060I0YKH, CM -178.4

a/a 6/0b

Puc. 3. Oniopsl MepuaMOHANbHBIX HANpPSKEHWH B OMOPHOM CeYeHHH: 4 — KJaCCHYECKHH BapuaHT
OTIpeNeNAIOIUX YPaBHEHUH, 6 — TPeJIOKEHHBIH BapHAHT OTpeesoIdX YpaBHEHHH
Fig. 3. Diagrams of meridional stresses in the reference section: a — the classical version of
constitutive equations, b — the proposed version of the constitutive equations
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a TaK»Ke 3aBUCUMOCTH HampsiXKeHHH BIOJb KOOPAUHATH § Ha BHYTPEHHEH CTOPOHE 00010YKH
(puc. 4).

= 300 = 200

= = 180

g 250 & 160

jor! =

£ 200 g 40

% £ 1201

£ 150 £100 %

: £ 80

g 100 2 60

s 50 =

5 £ 20

= o

50 —_ : — . 0

g 0 15 30 45 60 75 90 105 120 135 150 0 15 30 45 60 75 90 105 120 135 150

= Koopaunara S, cm Kopaunara S, cm
a/a 6 /b

Puc. 4. I'paduku U3MeHeHUs] MEPUAHOHAJBHBIX (2) U KOJbLEBbIX (6) HAMpsKeHUH HA BHYTPeHHEH
CTOpOHe 060JIOUKH B 3aBUCHMOCTH OT KOOPAHHATHI S
Fig. 4. Graphs of changes in the meridional (a) and hoop (b) stresses on the inner side of the
shell depending on the coordinate s

3. O6cyxaeHus

Jlnst BepuUKAUK MOJNyUYEHHBIX Pe3Y/bTaTOB MPOU3BOAMJICS aHAJNHU3 CXOAWMOCTH BHI-
YUCJUTENbHOTO mpolecca. [Ipyu passuyHBIX YKC/IaX 1aroB Harpy:KeHHUs CPABHUBAJIHUCh
noJlyuyeHHble 3HaUeHHS] KOHEUHO-3JeMeHTHBIX pPellleHHH B pacCMaTpHBaeMbIX TOYKaX KOH-
CTPYKIUH.

Kak BuIHO U3 paHHBIX Tabj. 1, 2, cCXOMUMOCTb YHUCJIEHHBIX 3HAUEHHUH MepHUAHOHAJIbHBIX
Hamnpsi>KeHUH B OMOPHOM CEUYeHHWH B 3aBUCHMOCTH OT YHMCJIA LIarOB HATPYKEHHS BBIMOJHSET-
csi. 3HaUeHHs KOHTPOJIUPYEMbIX MapaMeTPOB HAMpPsI?KEHHOT'O0 COCTOSIHUSI HECYIIECTBEHHO
OTJIMYAIOTCS ApyT OT Apyra (B npenpenax 1%).

Jlnst paccmaTprBaeMoll KOHCTPYKLMH MPOBEPSIIOCH BBITIOJHEHHE YPABHEHHSI CTATHKH:
CyMMa MpoeKLUHH Bcex cus Ha ocb Oz paBHA HYJIIO

PZ—PUZO, (34)

rie P, — mpoekuus paBHOAEHCTBYIOILEH BCeX 3aJaHHBIX CUJ Ha ocb Ox, P, — npoekuus
paBHOIEHCTBYIOLLEeH BCeX BHYTPEHHUX yCUAHUH Ha ochb Ox.
UucaenHoe 3HaueHue P, omnpenensijioch no dopmysie

P, = q(mR; — nR}) = 50(3.14(89) — 3.14(33.61)%) = 10667.13 kH. (35)

YroO6bl onpenennTh BHYTPEHHEE YCUJHE B OMOPHOM CeYeHHH, HeOOXOAUMO pa3OUTh 3IMI0-
py HamnpsiKeHUH Ha 3/eMeHTapHble reoMeTpudecKre (GUrypbl U HAUTH UX IJIOLIANH, 3aTEM
YMHOXXHUTb TOJIyUeHHbIE YCUJIUSI Ha COOTBETCTBYIOLIME NAaHHOMY CJIOI IJIMHBI OKPY?KHOCTEH.
CyMMHpOBaHHEM IOJIyUeHHBbIX PACTATMBAIOLUIMX M CKHUMAIOLIUX YCUJIUH ompenessercs
3HaueHHe CHJIBl B PACCMAaTPUBAEMOM CEUeHHH.
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CyMMapHble BHYTPEeHHHE YCHUJHS MONY4YUJIUCh paBHbIMH P, = 10843.9 kH u P, =
= 10756.9 kH cooTBeTCTBEHHO MPH MCIOJb30BAHWH OMPEAENSIONINX COOTHOLIEHUH, TTOMY-
YeHHBIX Ha OCcHOBaHUH (21) u Ha ocHoBaHuM (28). [lorpermHoCTH BBIYUCAEHHUH COCTaBHJIN
0 =1.64% u 6 = 0.84% COOTBETCTBEHHO.

TperbuMm KpuTepreM BepH(UKALUKU BBIYMCAUTENBHOTO Tpoliecca Obll KOHTPOJIb 3HA-
YeHHsI MepPUAMOHAJIbHOTO HAIMpsi)KEHHUsI HAa CPEAMHHOHM JIMHUM TONEePeYHOro CeyeHHs B
BepXHeM Kpae 000JI04eUHOH KOHCTPYKLUMU. B cOOTBETCTBUM € (DU3UUECKUM CMBICJOM 3a-
Jlauy 3HAueHHE HaIpPsXKEHHsI NOJIKHO CTPEMHTbCSI K HYJIO, TaK KakK JaHHBIA Kpal He
3arpyKeH.

Ananusupys pedynbTathl U3 TabJ. 1, 2, MOXKHO C yBEPEHHOCTbIO CKa3aTh, UTO NaHHBIN
KPUTEPHUH BBIMOJIHSIETCS.

3akJaueHue

HMcxonst U3 BBILIEU3/I0KEHHOIO MaTeprasa, MOXKHO 3aKJIOUNUTh, YTO aJrOPUTM MoJyye-
HUS ONpeessIOUINX YPaBHEHHH 0CeCUMMETPUYHO Harpy»KeHHbIX 000JI04eK BpalLleHUs MpH
ydeTe (pU3MUYECKOH HEeJUHEHHOCTU MPUMEHSEMOr0 MaTepraJsa Ha OCHOBe MpeasoKeHHON
TUIIOTe3bl O MPOMOPLHUOHAJBHOCTA KOMIIOHEHT OeBHATOpa MpPUpPALleHUH nedopMauuid U
KOMIIOHEHT [€BHaTopa MNpUpALleHHUH HaNpsiXKeHUHU SIBJSAETCS KOPPEKTHBIM M I03BOJISIET
MoJydyaTb KOHEUHO-3JIeMEHTHbIe pelleHUs] 10CTaTOYHOH cTeneHH To4HOoCTH. Kcnosb3osa-
HHUe NPeANoJOoKEeHHsI 0 HEU3MEHHOCTH 00beMa B pe3y/bTaTe MJ1acTHUYeCKUX AedopMalui
IBJISIeTCS, 110 MHEHHIO aBTOPOB, He COBCeM KOPpPeKTHbIM. Kak mokasas cpaBHUTeJbHBIN
aHaJ/M3, BHINOJHEHHBIH AJ/15 Pa3/JUYHbIX BAapUAHTOB (DOPMHUPOBAHUS MATPHULbl MJACTHYHO-
CTH Ha lLuare Harpy»xeHus, CBSI3b MEXAY CPELHUM JIMHEHHBIM HalpsKeHWeM U CpelHeH
JIMHEHHOH nedopMalivieldl MOXKHO OCYILIECTBJAATb B Buie (27). DTo, MO MHEHHIO aBTOPOB,
6oJiee COOTBETCTBYeT (PU3HUYECKOMY CMBIC/IY Ipolecca Ae(OPMHUPOBAHUS U 3HAUUTEJbHO
ynpoliaet npouecc GopMUPOBaHUS MaTPULbl JIACTUYHOCTHU Ha LIare HarpykKeHHs.
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Inpu Bblﬁope BapHaHTA J€Y€HUA Ha OCHOBE€ KOJUYECTBE€HHDbIX
KPpUTEPHEB OLIEHKHN YCIICIIHOCTH

J1. B. UBanos

CapaToBCKH# HallMOHANbHBIH HCCIeN0BAaTENbCKUE rocynapcTBeHHbI# yHHBepcuTeT uMend H. I'. UepHbiies-
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Hpanos dmutpuii Banepbesnu, Kannunar GU3MKo-MaTeMaTHUECKHX HAyK, HadaJbHHK OTHAEJNA KOMIIbIO-
TEPHOTO MOJEJHUPOBaHUSI B OHOMeNUIIMHEe W MaTepuasnoBeneHHH OOpasoBare/bHO-HAYYHOTO HWHCTUTYTA
HaHOCTPYKTYp W Guocuctem, ivanovdv.84@ya.ru, https://orcid.org/0000-0003-1640-6091

AnnHoTtanus. [IpenonepanyoHHoe MJaaHWPOBaHUE JieUeHHUSs MOCJAENCTBUH 3a00/eBaHUH U MOBPeXIe-
HHMH [I03BOHOYHO-TA30BOT0 KOMILJIeKca siBJsieTcs 00s13aTebHOM NPOLeaypoil U JOJKHO oOecreyuBaTh
non0op UMIJIAHTATOB, PEXKUMOB M TEXHHUKHU MX YCTAHOBKH, a TaKyKe BOCCO3[JaHHe ONTHMaJjbHOH
OMOMeXaHUKH OTepupyeMoro cermeHta. s Ka)kA0ro KOHKPETHOTO cjydas XHPYypr BbOHpaeT
BAapUaHT JleYeHHUs] Ha OCHOBe KaueCTBEHHBbIX U KOJHUYEeCTBEHHBbIX WHAMBHUIYyaJbHBIX IapaMeTpoB
nauueHTa. [losTomy akTyanbHOH BUAMTCS 3ajada pa3paboTKH HEKOTOPBIX H3MEPHUMBIX XapaKTe-
PUCTUK (KPUTepHeB), MPH MOMOIIH KOTOPBIX MOXKHO Obl0 Obl BHIOMPATh YCIELIHBIH BapHaHT IJIs
KaKJIOT0 KOHKPETHOr0 NalueHTa. B Xupypruu natosoruii mo3BOHOYHO-TA30BOT0 KOMIJIEKCa TIPUHSTO
NPUMEHSITb ONPOCHUKH KayecTBa »KU3HM MalMeHTa [1Jis OLleHKHU OTHaJeHHbIX Pe3Y/bTaTOB JeYeHHs.
[Ipy nnaHWpoBaHMU Jle4eHUs] XUPYPrd TaK:Ke PacCUUTBIBAIOT eOMeTpPUUECKHe MapaMeTpbl, O3BO-
JISIOLME OLIEHUTh CTeleHb nedopMalluu U nonobpaTb HeoOXOOUMYIO KoppeKuuio. B To ke Bpems
reOMeTPUUYECKH M aHATOMHUYeCKH MPABUJbHO CIJIAHUPOBAHHAS OMepalusi MOXKeT He ObITb YCIEeIHOH
C TOYKH 3peHHs OLLeHKH NPOUHOCTH HMIJIAHTHPYEMBIX KOHCTPYKLHH U CUCTEMBI «KOCTb-UMIIJIAHTAT»
B LeJoM. B naHHO# paboTe mpencTaB/ieHbl pe3y/abTaThl Pa3paboTKH U anpodaluuy KPUTEpHeB OLEHKH
YCIEIHOCTH XUPYPTrUUeCKOTO PEKOHCTPYKTUBHOTO JIedeHHs TOCAeICTBUH 3a00/eBaHUH U MTOBpEX-
IeHUH MO3BOHOYHO-TA30BOr0 KOMILJIeKca. BrigeseHO Tpu TpYIIbl KPUTEPHUEB: FeoMeTpHUeCcKHe,
6roMexaHUYECKHe U KJIMHUUecKHe. [eoMeTpruyeckre n GHOMEXaHHUYECKHE KPUTEPHH MO3BOJSIOT
clesaTh MOCJ/eonepaluoHHbId IPOrHo3 B O/uxkaiiell nepcrnektuse. [IpuMeHeHre KJIMHHUYECKHX
KPUTEPHUEB YCMELIHOCTH MO3BOJISIET CPOPMYJIUPOBATH MOCJAEONEPALUOHHBIN MPOrHO3 B OTAANEHHOM
neproze nocJe JjedeHusl. KpuTepuu olleHKH yCHELIHOCTH He IpelJararT XUPYPry Kako-TO HOBBIH
BapUAHT JieueHUs], a TOJNbKO NAIOT HHCTPYMEHT KOJIMUECTBEHHOIO CPaBHEHUS PACCMATPHUBAEMbBIX UM
BapUaHTOB JleYyeHUs] U BbIOOpa CpeiM HUX yclellHOro. Kpurepuu olleHKH YCHELIHOCTH JieuyeHHsl
BHeIpeHBl B pa3paboTanHylo B CapaTOBCKOM YHHBEPCHUTETE CHUCTEMY MpeloNepaLrdoHHOrO MJIaHHUPO-
BaHus Smart Plan Ortho, KoTopasi o6ecrneurBaeT NOMHbIHA LHKJ NpeoNepalOHHOr0 NIaHUPOBAHHS
B COOTBETCTBHUH C METONOJIOTHEH «IJIAHUPOBAHHE — MOAEJTHUPOBAHHE — TPOTHO3».

KiroueBble CJI0Ba: KPUTEPHUH OLEHKH YCIEIIHOCTH, T03BOHOYHO-TA30BbIH KOMILJIEKC, OPTOMeANS,
HaTpsiXKeHHO-1e()OPMUPOBAHHOE COCTOSTHUE, OHOMeXaHHKa, NpefonepalMoHHOe MJIaHUPOBaHHE
BaaropapHoctu: Pabora BeinosiHeHa 1npu (pUHAHCOBOU moajep:xkke PoHIA MepCcrneKTHBHBIX HCCJe-
JIOBaHHH.
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Biomechanical support for the physician’s decision
when choosing a treatment option based
on quantitative success criteria
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Abstract. Preoperative planning for the treatment of the consequences of diseases and injuries
of the spino-pelvic complex surgical treatment is a mandatory procedure and should ensure the
selection of implants, modes and techniques for their installation, as well as the reconstruction
of the optimal biomechanics of the operated segment. For each individual patient, the surgeon
chooses a treatment variant based on his qualitative and quantitative individual parameters.
Therefore, the task of developing some measurable characteristics (criteria) seems to be urgent,
with the help of which it would be possible to choose a successful variant for each specific patient.
In surgery of the spino-pelvic complex pathologies, it is customary to use questionnaires of the
patient’s quality of life to assess the long-term treatment results. During preoperative planning,
surgeons also calculate geometric parameters to assess the degree of deformity and select the
necessary correction. At the same time, a geometrically and anatomically correctly planned
operation may not be successful in terms of assessing the strength of implanted structures and the
“bone-implant” system as a whole. This paper presents the results of the development and testing
of criteria for assessing the success of surgical reconstructive treatment of the consequences
of the spino-pelvic complex diseases and injuries. Three groups of criteria have been identified:
geometric, biomechanical, and clinical. Geometric and biomechanical criteria make it possible to
obtain short-term postoperative prognosis. The use of clinical success criteria makes it possible
to formulate long-term postoperative prognosis. The criteria for assessing success do not offer
the surgeon any new treatment variant, but only provide a tool for quantitative comparison of the
treatment variants that are considered by him and the choice of successful ones among them.
The criteria for evaluating the success of treatment are implemented in the Smart Plan Ortho
preoperative planning system developed at Saratov University, which provides a full cycle of
preoperative planning in accordance with the planning - modeling —forecast methodology.
Keywords: success criteria, spino-pelvic complex, orthopedics, stress-strain state, biomechanics,
preoperative planning
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Beenenue

[TosBoHOYHO-Ta30BbIH KomMyeKe (nasnee — [1TK) o6benunsier B cebGe TazobenpeHHBIN
CyCTaB, Ta3 W M03BOHOUYHUK. [IpenonepanrionHoe niaHUpPOBaHUE SBJSETCS ONHUM U3 OCHOB-
HBIX YCJIOBUH /151 oOecreyeHHs KaueCTBEHHbIX aHATOMO-(DYHKLHOHAJIbHbBIX Pe3yJ/bTaTOB
XUPYPruueckoro Jjedyenus 3aboseBaHuil u nospexaenud [ITK [1, c¢. 7-24]. Ha srtamne
NpefonepaloOHHOTO MJIAHUPOBAHUS BAXKHO BbIOpPATh YCIMELIHbIA BapUAHT OMepauuu AJs
KaXKI0r0 KOHKpeTHoro nauueHTta. [Ipu aToM BbIGOp BapuaHTa NOJKEH OCYLIECTBJATHCS Ha
OCHOBe KayeCTBEHHOH M KOJMYECTBEHHOH OIIeHOK MapaMeTpOB MOBPEXIEHHOTO yuacTKa
[1TK, 4T0o6bl 1O6GUTHCS YAOBJETBOPEHHS TAK HAa3blBAEMbIX KPUTEPHUEB OLIEHKH YCIELIHOCTH
JieueHHUs.

[To nanueiM TosiKOBoro cyoBapsi C. M. OxkeroBa [2], KpuTepreM Ha3bIBAETCS MEPUJIO
OLEHKH WJU CcyxkaeHHUsl. Pa3paboTKOH KpUTepHeB OLEHKH YCHELIHOCTH XUPYpPruyecKoro
Jedenus natosaorud I1TK 3anumarorcss MHorue uccienoBatesu. Ho G0OJIbIIMHCTBO M3 HUX
MBITAIOTCS BBIAEJIUTh KOJHUECTBEHHbIE KPUTEPUH [3-5] yIOBJIETBOPEHHOCTH MalMEHTa U
ero KauecTBa JKHM3HHU I0CJIe Ofepaluru. B To ke BpeMmsi nMpuUMeHeHHEe 3TUX KPUTEPHEB B
MpenonepalioHHOM MJIaHHPOBAHUM MOXKeT ObITb 3aTPYIHEHO, TaK KaK OHH He JalT OTBETHI
Ha BOTMPOCHI O TOM, KaKyl0 KOPPEKLHIO HYy>KHO BBITIOJHUTb, KaKWe UMIIJIAHTAThl BHIOPATh U
KaK YCTaHOBUTb B TOM WJIK HHOM CJy4dae.

[losToMy akTya/JbHOH BHUOUTCS 3amada pa3paboTKH KPUTEPUEB OLEHKH YCIeIIHOCTH
XUPYPrUUeCKOro PeKOHCTPYKTHUBHOIO JieueHUs 3aboseBanuii u nospexaeHui [1TK, mos-
BOJISIIOIIMX Ha 3Tare MpefonepaldoHHOTO MJaHUPOBAHHUSI KOJHYECTBEHHO O0O0OCHOBATD
npUMeHeHHe BapyUaHTa JeueHUs WU CPABHHUTb MexXIy COO0OH passiuuHble BapUAHTHI Je-
YyeHHs W BBIOPAThb Cpelld HUX YCHEIlHbIH 1Jis1 KOHKPETHOTO MauueHTa. B cooTBeTCTBHU
C KJIUHHUYECKUMH PeKOMEHIAUHUsIMU MPH MJAHUPOBAHHUH XHUPYPrUUECKOro JieueHHs HeoO-
XO[MMa He TOJIbKO BBICOKOTOYHAsl BU3yasusauusi nospexxaeHHoro ydactka [ITK, Ho u
OlLleHKa ero reoMeTpUUeCKUX MapaMeTpoB AJs JaJbHeHIlero BOCCTAHOBJIEHUS HOPMaJbHOH
AHATOMHH TMPU ero cTabuau3aluu u/uid Koppekiuu. C 3TOH Lesbio, B TIEPBYI0 OUYepPElb,
U3MepSIOT MapaMeTpbl CaruTTaJbHOrO U (poHTasnbHOro 6anaHcos IITK, a Takxe pac-
CUMTBIBAIOT UX ONTHUMaJbHbIEe 3HaueHHUs. [Ipouecc pacueTa reomMeTpUyecKUX MapaMeTpPOB
[ITK, nosuuuroHupoBaHus 1abJ0HOB UMIIJIAHTATOB Ha PEHTIe€HOBCKUX CHUMKAaX Ha3blBalOT
reoMeTPUUeCKUM MJIaHUPOBAHUEM XUPYPrUUeCKOTO PEKOHCTPYKTUBHOTO JIeUeHHUS.

Takum o6pasom, HopMmaJsbHasi aHaTomusi cermeHTa [ITK moxkeT ObITh BoccTaHOBJEHA
pasUYHBIMUM croco6aMM, HO He BCe M3 HUX MOT'YT 00ecleyuTb ero ONTHUMaJbHYyl OHomexa-
HHUKY C TOYKH 3pEHHs] OLEHKH NPOYHOCTH yCTAHABJIMBAEMbIX UMIIJIAHTATOB U KOHCTPYKLHUH
CUCTEMBI «KOCTb-UMILJIAHTAT» B 1eoM. [loaToMy 3Tam npeponepanuoHHOIO reoMeTpruye-
CKOTO TJIaHUPOBAHHUS JIOTHYHO [OMOJHHUTH 3TarloM OHOMEeXaHHYeCKOTO MOAEJUPOBAHMUS.
BuomexaHunyeckoe MonennpoBaHKe MO3BOJISIET OLEHUTh CTAOUIBHOCTb (PUKCALHUH, CPOKU
CyKObl UMIIJIAHTATOB, a TaKKe PUCKH MOBPEXKAEHUS KOCTHBIX U MATKUX TKaHed. [[pyrumu
CJI0OBaMH, 3Tan OMOMeXaHUYEeCKOro MOJesNHPOBaHUS M03BOJSET UCCAEN0BATh MPOYHOCTHBIE
XapaKTePUCTUKH CHCTEMbl «KOCTb-UMIIJIAHTAT» M Moxo6paTbh HanbOoJee palldoHAJbHBIN
BapUaHT (PUKCALHH.

reOMeTpI/IquKOe [IJIaHUpOBaHHE H 6uoMexaHHYecKoe MOAeJ/JIMpOBaHKe KaK 3Tallbl Mpen-
OrnepaurvOHHOTO MMJIAaHUPOBAHUSA o6ecrneynBaloT MO3MIINOHHUPOBaHWE HUMIIJIAHTATOB, IIPOrHO3
HeO6XOILI/IMOIjI KOPpPEKIHHU U (pI/IKcaLU/II/I, a TakKXe IPOrHo3 moBeAeHUA CHUCTEMbl «KOCTb-
HMIIJIAaHTaT» ToJ JeHCTBHEM BHELIHHX Harpysok, BOSHHKAWOIUIKWX B IpOLecce XKHU3Heloed-
TE€JIbHOCTH IMallME€HTa Cpa3dy 2Ke I10CJe JeHEHH. OILHaKO OAaTb OLEHKY KadeCTBa 2KHU3HHU
majMeHTa B OTAAJ€HHOM Iepuoae 3THU 3Tallbl HE MOTYT. Sran [IPOrHO3UPOBAHHSA, OCHO-
BAaHHBIH Ha aHaJ/JiM3e HAKOIJIeHHBIX 3HAaHMH 00 aHaAJIOTMYHBIX BBLIIIOJHEHHBIX onepauusax
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U peasii30BaHHBIA B paMKax MperonepallMOHHOro MJaHUPOBaHHS, MO3BOIUT CPOPMYIHUPO-
BaTb [10CJIEONEPALMOHHBIN POrHO3 A/ KOHKPETHOrO MalMeHTa.

Ha kaxknom u3 Tpex ONMMCAHHBIX 3TANoOB IPeNoNepallMOHHOrO MJAAHWPOBAHUS M0JI-
JKeH MPOM3BOJUTHCS aHANW3 YUCJOBBIX MapaMeTpoB, MPUCYLIHX KOHKPETHOMY MallUueHTY,
KOTOpBIE, B CBOIO O4Yepellb, AOJKHBI CPAaBHUBATbCS C HEKOTOPBIMH TOPOTOBBIMU HJIH KPH-
TepHaJIbHBIMH 3HAaUeHUsIMU (MHTepBajiaMd 3HaueHWi). DTH 3HaYeHHUS] UJIU UX HHTePBAJIbI
OyneM Ha3blBaTb KPUTEPUSIMH OLIEHKH YCIELIHOCTH XHPYPTUYECKOTO PEKOHCTPYKTHUBHOIO
JleueHus (nasee — KPUTEPHUHU OLEHKH YCIELIHOCTH).

JlanHasi paboTa mocBsillieHa pa3paboTKe, KaTeropusaluu U anpodallid KpPUTepHUeEB
OLEHKH YCIEIIHOCTH XUPYPruuecKoro peKOHCTPYKTHUBHOTO JieueHHs 3a00JeBaHUi U TOBPeX-
nennit TITK.

1. T'eomerpuueckue KpuTepuy OLEHKH YCIENIHOCTHU

B TpaBMaroJsiornyeckod npakTHKe OCHOBHAS LieJb MJaHUPOBAHUS — MOAOOpP UMIJAHTA-
TOB, PeKHMOB U TeXHHKH HX YCTAHOBKH, 00eCcrneuyrnBaiolMX CTabUIbHOCTh KOHCTPYKLHH U
PenosHLHI0 KOCTHBIX OTJOMKOB. B opTonennu npegonepanvoHHOe NJIaHUPOBAHHE NOJIXK-
HO ofecreunBaTh MOAOOP UMIJIAHTATOB [JI BOCCO3/[aHHUS ONTHUMAaJbHOH OHOMeXaHUKH
ornepupyemoro cermenra [1].

B sTo# cBfI3M Ha 3Tane NJIaHUPOBAHHUS JeueHHs HeOOXOAMMO He TOJNbKO KayeCTBEeH-
HO, HO U KOJIMYECTBEHHO (C TMOMOILbI0 H3MEpsieMbIX YHCJOBBIX MapaMeTPOB) OMUCATh
ONTHMAaJIbHYI0O aHaTOMHIO U OMOMeXaHHUKYy OINepupyeMoro cermeHTa. B uyacTHocTH, npu
MJIAHUPOBAHUH SHIONPOTE3UPOBaHUs TazobenperHoro cycraBa (TBC) ninHa KoHeyHOCTEH
JOJ2KHA OBbITh OAMHAKOBA, LEHTP POTALUU OJIOBKH OeIpeHHOr0 KOMIOHEHTa UMIJaHTaTa
JOJI?>KEH COOTBETCTBOBATH LEHTPY POTALMM 3[0POBOr0O cycTaBa U T.m. [Ipu miaHupoBaHuu
JiedeHUsl MOBpeXKJIeHUH MO3BOHOYHHKA JOJI)KEH ObITb COOJIIO[AEH CaruTTajbHBIA OaJjaHc
(nanee — CbB), unm, npyrumu caoamu, napamerpbl CB mo/KHBI ObITh ONTHUMaJbHBIMH.
[ToaTomy HeoOxonuma paspaboTKa COBOKYMHOCTH YMCJOBBIX NapaMeTPOB, C MOMOILbIO KO-
TOPBIX MOXKHO OblJI0 Obl OTJMYUTDH YCHEUIHYIO C TOYKH 3PEHHs aHATOMHHU (HUJU TeOMEeTpPHH)
cermeHnTa [ITK onepauuio oT HeycnemHoO# U o0ecrleduTh afieKBAaTHOE reOMeTpPHYeCKoe
npefonepaldoHHOe JIaHUPOBaHHUe.

[eomeTprueckre KpUTEPUH MOXKHO TaKxkKe Ha3blBaTb PEHTTEHOJOTHUECKUMH, TaK KaK UX
OLleHKa MOxeT ObITb BBINIOJIHEHA Ha OCHOBAHUM HM3MepeHHH, cllelaHHbIX 110 PeHTIeHOBCKHUM
CHUMKaM TMallieHTa. PaccMOTpUM KpUTepuM NpuMeHHUTesbHO K 3jaeMeHTaM [ITK u nx
MaToJIOTHSM.

leomempuueckue kKpumepuu OueHKU YcneulHocmy onepayuti Ha NO360HOUHIUKE

TepMuH «1103BOHOYHO-Ta30BbIN 6ajaHC» BrepBble BeTpedaercs B cratbe G. Duval-Beau-
pere [6]. B mocsnennue ronel CB [1TK n3yuatoT Takue oTedecTBeHHble U MHOCTPAHHBIE
uccaenosatenu, kak J. C. Le Huec [7], F. Shwabb [8], A. B. Kpyrbko [9], P. M. TuxuJios
[10] u mp.

Bosee Toro, cobatonenue Cb i HeHTpasbHOrO0 BEPTHKAJBHOTO BbIPaBHHUBAaHHS TO-
3BOHOUHHMKA B CAruUTTaJbHOH IMJIOCKOCTH CUHMTAeTCSl OCHOBHOU LEJIbI0 XUPYpPrHUYeCcKUX,
IProHOMHUYECKHX U (QuanoTepaneBTrdeckux npouenyp [11]. Panee 6vi1a o6ocHoBaHa [12]
HeOOXOANMOCTb KOPPEKLHH CaruTTa/JbHOrO MPOQUIIS NalMeHTa MPU BbIIOJHEHUN OMNepaLni
Ha [1TK. ITokaszano [13], uto Cb urpaet onpenessitouiyio pojib B pa3BUTHH JereHepaTHBHBIX
M3MeHEeHHH B CMeXKHBIX M03BOHOUHO-IBUrate bHbIX cerMeHTax (I1JC) nmpu npoTskeHHOH
¢ukcauuu. [Tapamerpsl CB ucnosb3ytores [14, 15] nis oULeHKH MOCae0NePAHOHHOTO
Mepyuofa U OCJIOXKHEHHUH TMpPU JIeYeHHWH MALUEeHTOB C JlereHepaTUBHO-AUCTPO(HUYECKUMHU
saboseBanusimu [1TK. Tlokazano [16,17], 4To caruTTaabHbIE NPOQHUIb TYJOBHILA CTPOTO
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KoppeJaupyeT ¢ KauecTBoM »kH3HH, a [ITK wurpaer kiwoueByo posib B KOMIEHCATOPHBIX
MexaHU3Max nucbanaHca TynoBuiia. Oco6eHHO BaxKHO, YTO B XHUPYPrHUECKOH KOppeK-
nuu nepopmanuu BosneicTBue Ha CB 1 MosicCHUUHO-Ta30BbIE MapaMeTPhbl CYLIECTBEHHO
yJydllaeT KauecTBO XKHU3HH MalueHToB [17].

nst ouenku napamerpoB CB coBpeMeHHBIM KJWHHIMCTAM U MCCJELOBATE/SAM TOCTYII-
Hbl pa3JiuuHble HHCTPyMeHThI: cucTeMbl PACS (cucrembl nepenaun u apxuauud DICOM
nsobpaxxenui, Hanpumep, Radiant DICOM Viewer), cucteMbl npenonepadoHHOrO MJja-
HUpOBaHUs (Hampumep, Surgimap) /51 HACTOJNbHBIX KOMIIBIOTEPOB, a TaKXkKe MOOUJIbHBIE
NpUIOKeHHUs AJst cMapTdoHoB [18].

Cb moxeT ObITb OMUCAH C TIOMOIIBID YIJIOBBIX MMO3BOHOYHO-TA30BbIX MapaMeTPOB:
tazoBblil uHIeKe (PI), moscuuunbiii mopno3 (LL), Hakion taza (PT) u HakJoH KpecTa

(SS) (puc. 1).

- 3

L e ]

e

Pelvic Incidence (PI

Puc. 1. CxematnuHoe uzo6pakeHue n3mepsieMblx napamerpos Cb
(coeBa Hanpaso): PI, PT, SS, nopnos L1-S1
Fig. 1. Schematic representation of the measured SB parameters
(from left to right): PI, PT, SS, lordosis L1-S1

PI — yroa mexny snvHuel, nepneHIMKY/ISPHOHN K cepeMHe 3aMblKaTe/JbHOH MJaCTHH-
ki S1, U JUHMEH, COeNUHSAUIEH Ty K€ TOYKY C LEHTPOM T'OJIOBKH OeqpeHHOH KOCTH.
Pl — yros mexny JUHUeH, MPOBeeHHON yepe3 LEHTP TOJIOBKHU OelpeHHOH KOCTH U ce-
peoUHY 3aMbIKATeJbHON MJIACTUHKU Sl, U JIMHUeH, eprneHANKYAIPHOH 3TOH MJIaCTHHKE.
PT — yroa mexay /nvHUeH, NpOBeNeHHONW uyepe3 LIEHTP TOJIOBKM OepeHHOH KOCTHU U
CepelUHy 3aMblKaTesJbHOH MJIACTUHKHU S1, U BepTUKaJIbHOU JUHHUeH. SS — yrosa Mexny
TOPHU3OHTAJIbHON JIMHUEH U JIMHWEH, MPOBeIeHHOH uepe3 3aMbIKaTeJbHYI0 MJIaCTHHKY S1.
LL (mosicHU4YHBIHA JI0OpHO3) — YroJl MeXIy JHHHUSMHU, TPOBENEHHBIMH Uepe3 BEPXHIOH0
3aMbIKaTeJbHYI0 MJIAaCTHHKY L1 U 3aMbIKaTebHYIO MJIACTHHKY Sl.

WHTepBanbl U3MeHeHHsI OCHOBHBHIX napameTpoB CB wusyuens! [7], a MHOTHe aBTOpEI
MbITalOTCS pa3padoTaTh (POpPMYJbl A/ pacyeTa ONTUMAJbHBIX MapaMeTpoB HajaHca AJs
KOHKpeTHoro nauuenta. [lapamerp PI siBnsiercsa nHAMBUIYanbHBIM 1/ KaXKA0TO 4esOBEKa
M 0CTaeTCss HeM3MeHHBIM B TeueHHe Ku3HU. [lokaszano [7,19-23], 4To cyuiecTByeT CBsi3b
mexay Pl v apyruMu OCHOBHBIMM YIJIOBBIMH MapameTpaMmu CB, 3HaueHHUs KOTOPbIX MOTYT
MEHSITbCSl TIPU PAa3BUTHM JeTreHepaTHBHO-AUCTpodUueckux 3aboseBanuil u TpaBmax [ITK.

B cBfI3M ¢ BbllLIECKA3aHHBIM K F€OMeTPUUEeCKHM KPHUTEPHUSIM OLleHKH YCIELIHOCTH CJle-
IyeT OTHEeCTH ONTHMaJjbHble MapaMeTpbl (MHTepBaJbl mapametrpoB) CB, KoTopble MOX-
HO pacCyMTaTb WHIMBHUIYaAJbHO [0 PEHTreHOrpaMMe, BBIIIOJHEHHOH B MOJIO)KEHUH CTOS.
[IpuBenem ¢opmynsl nas pacueta PT, SS, LL uepe3 PI, BbiBeneHHBIE HccenoBaTesi-
mu [8,9,14,19,21,23] Ha ocHOBe MoKa3aTeJsieil 310POBbIX MalHEHTOB:

LL=05%PI+28, PT=04x%PI—11°, SS=PI—PT. (1)
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[IpuBenennbie popmysnbl (1) MO3BOMAIT pacCUUTATh AJs KOHKPETHOrO MallMeHTa YIJIo-
Bele mapameTpbl CBb uepes mapametp PI, cooTBeTcTByWOLIHE €T0 TAPMOHUUHOMY TPOQUIIIO.
EcTecTBEHHO, HOCTHYb TOUHBIX 3HAYEHWH TOrO WJM HHOTO MapamMeTpa MpH OMepauuu
KpailiHe CJIOXKHO, TI03TOMY aBTOPBl AAIOT AHMANAa30H H3MEHeHHs 3THX NapameTpoB. Hampu-
mep, Le Huek [7] npennaraer nsis kaxaoro u3 3TUX napamMeTpoB YUHTHIBATH AHANa3oH +7°.

Anroputm pacueta yryioBeix napametpoB CBb BuirmsgauT caenytoumm o6pasom. [lo penr-
reHorpaMMe MallMeHTa, BBITIOJHEHHOH B MOJIOKEHHH CTOS, OCYLIECTBJISETCS H3MepeHHe
napametpoB Cb. 3atem a5 psina u3 HUX 10 GopmyaaM (1) BHIYKCASIOT UX ONTHUMaJbHBIE
3Ha4yeHHsl, KOTOPBIX HEOOXOMUMO NOOUTBLCS MPH BBHIIIOJHEHUU Onepalnuu. TakuM o6pa3om,
TIPH MOATOTOBKE K ONepaluy XUPYpPr BHAUT, KaKHe MapaMeTphl U Ha CKOJbKO TpedyeTcs
ckoppekTHpoBath [18]. OTMeTHM, YTO UMEHHO MOSICHUUHBIH Jopao3 (yros LL) MoxkeT GbITh
M3MeHeH XMPYProM BO BpeMsl ONepalyy B COOTBETCTBUHU C €r0 PaCCUUTAHHBIM 110 (opMyJie
(1) snauenuem [9]. A mapamerpel SS u PT MoryT KOoMIeHCHPOBAThCS MALMEHTOM 3a CUeT
MoCTypasbHbIX U3MeHeHHH [9].

[Tapamerp SVA (sagittal vertical alignment) usmepsieTcst Kak paccTosiHHe OT OTBe-
ca, MPOXOAsIIero uepes LeHTpP ceabMoro meiHoro nossoHka (C7PL), mo 3agHero kpas
OBEPXHOCTH BepXHEH 3aMbIKaTeJbHON MIAcTHHKH KpecTua. Cunraercs [24], yto c6anaHcu-
poBaHHBIH M03BOHOUHUK HMeeT SVA < 5 cm. [lokasano [25], 4To mioxue (QyHKLUHOHAJNbHbIE
pe3yJbTaThl XUPYPruuecKoro JieueHus JereHepaTUBHBIX MOBPEXKAEHUH I'PyIOMOSICHUYHOTO
OT/leJla TI03BOHOUHHKA XOPOILLIO KOPPEJHPYIOT ¢ HeJOCTATOUYHBIM CATHTTaJbHBIM BbIPaB-
HuBanueM (SVA > 5 cm). OueHka KJAMHUYECKUX W PEHTTEHOJIOTMUECKHX MapaMeTpoB,
OTpeeISIONIMX UCXOAbl MUHUMAJIbHO HHBA3UBHBIX OINEPALMi 10 KOPPEeKLHH AedhopMalri
TI03BOHOUHHKA, MOKa3a/a BBICOKYI0 KOPPEJSIUI0 MeXIy YIydllleHHeM KauecTBa >KU3HH
U CaruTTa/JbHbIM BblpaBHHBaeM. ABTOpPH [26] peKOMEHAYIOT BOCCTaHABIMBATh 3HaYeHHE
SVA < 5 cm u no6uBaThesi onTUMaJsbHOrO Jopnosa (cootHomeHust yriaoB Pl u LL) nas
NOCTHXKeHHUs Haunydimux nokasatesaeid ODI nocse nedyenus.

Kaunuuuctel u3 TafiBaHst BbisiBUIH [27], UTO MalMeHTHl ¢ KOMIIPECCHOHHBIMU MepeJio-
MaMH TI03BOHKOB U c6aJJaHCHPOBAHHBIMH [T03BOHOYHO-TA30BbIMHU T1apaMeTpaMH, a TaKxKe
caruTTa/bHbiM BhipaBHHBaHHEM (SVA < 5 cM) ¢ 60Jblliell BEPOSITHOCTbIO He MOTPEOYIOT
XUPYPruuecKoro BMeIIaTe/JbCTBa, YeM MallMeHThl C HeOoNTHMa bHBIMU napaMmerpamu Cb.
DTo moATBepKAaeT TOT (PAKT, YTO MPH BBITIOJHEHUH JIeUeHHUS] U B caydae nedopMalui, U B
cjlyyae TPaBMbl MO3BOHOYHMKA JOCTHXKEHHE ONTHUMAJbHBIX TT03BOHOUHO-TA30BbIX B3aWMOOT-
HOLIeHHH o6ecreudT Gosiee KaueCTBeHHbIe Pe3yJbTaThl U GoJiee BHICOKOE KaueCTBO XKH3HH
MallMeHTOB.

Takum o6pasom, sHayenuss SVA Bmecte ¢ yrioBbimu napamerpamu Cb, onncaHHBIMH BBI-
e, GyieM CUMTATb KPUTEPUSMH OLEHKH YCIEIIHOCTH XUPYPrHUECKOr0 PEKOHCTPYKTHBHOIO
JieueHUs! 3a00/1eBaHUM M MOBPEXAEHUH MO3BOHOYHHKA.

leomempuueckue Kpumepuu oyeHku ycnewrocmu IHOONPOMesuUposarus ma3obeo-
perHoeo cycmasa

KIMHULKCTE YTBEPXKAAIOT, UTO MOMHUMO OTpeneseHust (yHKIHOHATbHBIX Pe3y/IbTaToB
TMPU OlLleHKe HCXOMOB XHPYPrUUeCKOTo JieueHHsl JereHepaTHBHO-AUCTPOpHUECKUX 3a60-
JIEBAaHUH Ta300epEeHHOro CycTaBa HeOOXOAMMO HCIOJb30BAaTh OLIEHKY PEHTTeHOJIOrHue-
CKUX H3MeHeHHUH [28]. [IpyruMu cioBaMmH, cJedyeT OLleHHUBATh MOJOXKEHHE KOMIIOHEHTOB
IHJIONIPOTE3a, A TAKXKe reOMeTpUYeCcKHe XapaKTEePUCTHKH OTepPUPOBAHHOH KOHEUHOCTH
Mo pe3y/bTaTaM PeHTreHOrpaduuecKoro Hcc/aenoBaHus. Mcexons U3 aHaTOMHUYECKHUX CO-
oOpakeHUH, K reOMeTPUYECKUM KPUTEPHSIM OLIEHKH YCIHEIIHOCTH HIONPOTe3UPOBAHHUS
Ta300€PEHHOT0 CYCTaBa JOTWUYHO OTHECTH 3HAYEHHSs MapaMeTPOB MOJIOKEHHS LeHTpa
pOTalMK BePTJIYKHOTO KOMIIOHEHTa, odceTa (paccTosiHUe OT LEHTPa POTALMH IO OCH
HOXKKH 3HJIONPOTe3a), a TaKxkKe IJIMHBI IPOOTIEPUPOBAHHON HUKHEH KOHEUHOCTH.
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HccnenoBanusi W3HOCa BKJAbIlIA BEPTIYKHOTO KOMIIOHEHTA TO3BOJISIOT CPOPMYIIHU-
pOBaTb ellle ONUH KPUTePUi, 3aK/JIIOYAIOLUIHHCT B TOM, UTO YroJ HaKJOHA BEPTIYKHOTO
KOMIIOHEHTa BO (PPOHTAJBbHOH IMJOCKOCTH JOJ/KeH cocTaBisith oT 40 no 50 rpamycos [29].

O6GOCHOBaHHUS 3TUX U APYTHX KPUTEPHAJbHBIX ([IOPOTOBBIX) 3HAYEHUH PEHTreHOJIO-
THYeCKUX MapaMeTpoB ISl IOOMEePALMOHHON OLleHKH YCIELIHOCTH HAONPOTE3UPOBAHHUS
Ta300e]peHHOr0 CyCTaBa TakKxKe HaHbl B juTepatype [l], a caMuU KpUTEpUH CBeeHHl B

Taba. 1.
Tabauua 1 / Table 1

[eoMeTpryecKHe KPUTEPHH OLIEHKH YCIELIHOCTH SHIOMPOTE3UPOBAHUS Ta300ePEeHHOr0 CycTaBa
Geometric criteria for evaluating the success of hip arthroplasty

Onucanue KpUTEPHS

3HaueHUe KpUTepHs

YnoB/IeTBOPUTEIBHO

HeynosneTBopuTebHO

BepTukanbHbeId 1IEHTP
poTalUK BEPTJIYKHOTO
KOMITOHEHTa

COOTBETCTBHE 3/10DOBOMY Ta30-
6enpenHomy cycrasy! [1]

HecooTBercTBre 3n0poBOMy Taso-
e peHHOMY CYCTaBy

['opusoHTa/bHBINA LEHTP
pOTaUUU BEPTIYKHOTO

COOTBETCTBHE 3[0POBOMY Ta30-
6enpenHomy cycrasy? [1]

HecooTBeTcTBHE 310pOBOMY Ta30-
OepeHHOMY CYCTaBy

KOMIIOHEHTa
Yron HakjgoHa (Bo

OHTAJbHOH  MJOC- 40-50°
bp . Menee 40° u 6osee 50°
KOCTH) BepPTJIYKHOrO0 (HeHTpasbHOE TMOJIOXKEHHE)
KOMIIOHEHTa

Yron aHTeBepcuu (Ha-
KJIOH B CardTTaJjbHOH
TJIOCKOCTH) BEPTITYKHO-
ro KOMIIOHEHTA

10-15°3

Menee 10° u 6osee 15°

HenomoxpeiTe  Bept-
JIY?KHOTO KOMITOHEHTa

He 6osee 30%

Bosee 30%

[TosioxkeHHe HOXKKU B
KaHaJe

PacrnosioxkeHne HOXKKH 3HIOMPO-
Te3a IleHTpaJibHOe (ILeHTpaJb-
Hasi OCb HOXKH 3HIOMpPOTE3a
COBMaaeT C LEHTPANbHOH OChIO
KOCTHO-MO3TOBOTO KaHaJsa)

3HauMTe/IbHOE BaJbIyCHOE UJH Ba-
pYCHOe OTKJIOHEHHe HOXKKH OT LieH-
TpaJIbHOH ocH GelpeHHOH KOCTH —
6osee 5°

3anoJHeHWe  KOCTHO-
MO3TOBOr0 KaHaJja

Ha pentrenorpamme B mpsiMOH
nepefiHe-3afiHel NPOeKLHUH HOX-
Ka 3HJOMpOTe3a 3amoJHseT Ka-
Hasa Ha 80% u GoJiee, B 6OKOBOH
npoekiuy — Ha 70% u Gosnee®

Ha pentreHorpamMmme B mnpsiMoii
nepejHe-3aHeH MPOEKIUH HOXKa
IHJOMPOTE3a 3aMOJHSET KaHa/l Me-
Hee 80%, B 6OKOBOH MPOEKLUUH —
meHee 70%. Pasamep KOHCTpyKLHH
He0CTaTOUHO OOJbLIOK

Odcet

PaBen odcery 3mopoBoro Taso-
HepeHHOro CycTaBa

Bosbiie nnu mesblie oceera 3110-
poBoOro TasobefpeHHOro cycraBa

JlnvHa HUXKHEH KOoHeu-
HOCTH

IIJII/IHa HUXKHHUX KOHe4YHOCTeH
OJHWHAaKOBas

,HJII/IHa HUXKHUX KOHEUHOCTeH

pasHas®

[lpumeuanue. 1?2

IIeHTpa POTalUU BBepPX 10 2.5 CM;

3

— TIPH IHIOMPOTE3UPOBAHMU B CJOXKHBIX CJydasiX NOMYCKaeTCs CMellleHHe
— TP UCIOJBb30BAHUHU 3aJIHETO NOCTYIA yToJl aHTeBEPCHUU
no/mxeH coctaBasath 20-25°; 4 — uMeeT 3HaueHHe A/ GECLIEMEHTHBIX HOMXKEK; °

— B cJaydae

PUTHAHON KOMIIEHCHUPOBAHHOHU (DPOHTANBHOU Ae(OpMaLUU y JIML CTaPYECKOT0 BO3pACTa NOMYCKaeTcs
He3HauyuTeJbHOE (0 1 CM) ym/JMHEHHe HHXKHeH KOHEUHOCTH C LeJbl0 COXPAHEHHS MPUBBIYHBIX
T03BOHOYHO-TA30BbIX OTHOLIEHHH.
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2. Dbunomexanuueckue KPpUTEPUHU OLECHKHN YCIECIIHOCTHU JIEUECHUHA

BromexaHnyeckre KPUTEPHUH OLIEHKH YCIELTHOCTH JIeYeHHUSs T0/KHBI TI03BOJISITh OLEHUTh
CTaOMIBHOCTb (PUKCALMH, IPOYHOCTh UMIJIAHTHPYEMBIX KOHCTPYKLHH, PUCK MOBpEXKAEHUS
KOCTH U MATKUX TKaHeH, a TaKKe MPOYHOCTb CHCTEMBI «KOCTb-UMIIJIAHTAT» B LIEJIOM.

CrabuabHOCTD (DUKCALMK B MeXaHUKe MOXKeT OBITb OlleHeHa OTHOCHTEJbHBIMH Tepe-
MellleHUsIMU 3aukcrupoBaHHbIX 3jeMeHToB [ITK. [lpu ouenke crabuabHoCTH pUKcaUU
MI03BOHOUHHKA MPUMEHSIOT TAKOH MapameTp, Kak 3HAUeHHs aMIIUTYAbl IBUXKeHUs (range
of motion, ROM) B nosBoHouHo-aBUraTe bHBIX cermeHTax (ITJC) [30-33].

[Tpu usrubaromux Harpyskax (HaKJIOHBI TYJOBHILA Brepen ¥ Ha3an) napametrp ROM
BBIYMC/SETCS CJeAYIOIIUM 00pa3oM. B caruTrasbHOH MJIOCKOCTH B MOJEJNH IT03BOHOU-
HUKa [0 MPUJIOKEHHsI HAarpyskd H3MepsieTCs yroJ Mexay BEePXHHUMH 3aMblKaTesbHbIMU
MJIACTUHKAMU COCeTHUX M03BOHKOB (puc. 2). [locsie mpu/iokeHusi HArPY3KH U U3MeHEeHHUs
MOJIOKEHHS] TTO3BOHKOB JPYT OTHOCHTEJIbHO
JIpyra CHOBa INPOU3BOAMUTCS H3MepeHHe NaH-
Horo yriaa. ROM npencrasisier co6oit pasHu-
1y aOCOJIIOTHBIX 3HAUEHUH NBYX H3MepeHHbIX
yryioB (1o U mocJie nedopMaLuH).

[Ipn Harpyskax, COOTBETCTBYIOIIUX HAKJO-
Hy TysoBuiia B ctopony, ROM wusmepsercs
aHAJIOTUYHO, HO H3MepeHHsl MPOBOASITCS BO
¢bponTanbHol miaockoctu [34]. Tlpu ckpyuu-
BalouMx Harpyskax ROM BbluncasieTcss Kak
yToJ, Ha KOTOPbIH MO3BOHKHU HCCJELyeMOro
[TIC noBepHY/IUCH APYT OTHOCUTEJBHO OpPY-
ra B Ipolecce poTallMM B aKCHaJbHOH MJOC-
KocTH [34].

[To naHHbBIM pa6oTbl [35], mpu KpuTHue-
ckux 3HaueHusix ROM HacTymnaeT moBpexne-
HHMe MeXXI03BOHKOBOTO AucKa. [Ipu 3HaueHusx
ROM B 6-8° B caruttasbHON WU (POHTAJb-

HOU MJIOCKOCTSAX TOBPEXIEHUH NUCKA He Mpo- Puc. 2. MsamepeHnue aMninTynsl ABH-

ucxonut. Kputuueckum 3HaueHHeM, M0 MHe- JKEHHsI B CaruTTaJbHOH IJIOCKOCTH

HHIO aBTOPOB [35], mJ/is HAKJOHA BIepes SIBJsi- [30] (uBet onnaiin)

ercs ROM = 15°. Fig. 2. Sagittal plane ROM measu-
B c/ayyae poTauMOHHON Harpyskud Ha OCHO- rement [30] (color online)

Be uccaenoanus [1JIC co 310pOBBIMH AHCKa-

mu 1 [1/IC ¢ nuckamu, MOABep:KEHHBIMH JereHepaTUBHBIM U3MeHeHUsIM [36, 37], GbLI0
nokazaHo, uto ROM B 16° nnis 310poBbIX U B 14.5° /s 60JbHBIX OUCKOB SIBJSETCS KPUTHU-
YeCKHUM, NMPUBOASIIMM K MOBPEXIEHHIO (YKa3aHbl OCPeIHEHHbIE 3HAUEHHS 110 BHIOOpPKE M3
sKcnepumenTa). OTMedaeTtcs, 4To yros potauud B 20° B GOJbLUIMHCTBE CJy4aeB MPUBOAUT
K Pa3pyLIeHHI0 IWCKa BHE 3aBUCHUMOCTH OT €ro COCTOSHHS.

Takum o6pasom, B KauecTBe KPUTEPHs OLEHKH YCIELIHOCTH XUPYPruuecKoro JedeHust
MOXKHO paccMmatpuBaTh napamerp ROM, kpuTHueckre 3HaueHHS] KOTOPOTO JJsl pasHbIX
TUIIOB Harpy3oK CBeleHbl B TaOJ. 2.

Ecsu roBopuTh 06 OTHOCHTEJIBHBIX MepeMelleHnsX 3apukcupoBaHHbix snemeHToB [ITK,
TO B 3TOM CJiyyae BO BpeMs Ollepalli¥ XUPYpr NOOUBaeTCs Haugaydllled CTabUIBbHOCTH, T.e.
MUHUMaJbHBIX OTHOCUTEJIbHBIX TepeMellleHHi. B nuTepaType BCTpeyalTcs NaHHbIE O TOM,
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Tabauya 2 / Table 2

Kpurepuanbhele (moporosele) 3Hauenuss ROM, rpanycer
Criteria (threshold) ROM values, degrees

Harpysku
Anement [IJC Haxknonst Haxknonsl [ToBopoTh! Kopmyca
Brepen / Hasan B CTOPOHBI (ckpyunBaHue)
3I0pOBBIH THUCK 15 15 16 (20)
JlereHepaTHBHBIN AUCK 15 15 14.5 (20)

4TO NpU ABUXKeHUAX desoBeka [1JIC cuutaercss HecTaGUJBHBIM, €CJIH OTHOCHTEJbHBIE
nepemelieHrst mo3BoHKoB onHoro [1JIC mpesimator 3 mm [38]. [lpu paccmoTrpenuu
HEeCKOJIbKUX BAPUAHTOB XUPYPrHUUECKOro JiedeHHs: HauboJiee yCIelllHbIM CYUTAeTCsl TOT, MPH
KOTOPOM CMeIlleHHS] BHYTPU CerMeHTa MHHUMAJbHBI 110 CPAaBHEHHUIO C NPYTHMH BapHaHTaMH
[39-41].

[IpoyHOCTb CHUCTEMBI «KOCTb-UMIIJIAHTAT» B LEJOM U €€ OTIAEeJbHbIX 3JeMEeHTOB Orpe-
NeNIsIeTCsl MeXaHUYeCKUMH HampsKeHUsIMH (HampuMep, SKBUBAJEHTHBIMH HarnpsiKeHUsIMHU,
MHTEHCHBHOCTbIO HaNpsXKEHHE ), BOBHHKAIOIIMMU B HEH MPU THIOBBIX (MpeiesbHBIX) Harpys-
KaX, HMUTHUPYIOLIUX COCTOSIHHE TIOKOSl U JBHXKEeHHUs 4yesioBeKa. BHyTpeHHHe HampsiKeHUs B
MMIIJTAHTaTaX CPABHUBAIOTCS C UX MPOYHOCTHBIMM XAPAKTEPUCTHKAMH (XapaKTepPUCTHUKAMH
Martepuasia, ¥3 KOTOPbIX OHU H3TOTOBJIEHBI): TIPEEJOM BBIHOCIHUBOCTU (MPH IHUKJIHUUECKHUX
Harpy3Kax), npeielaMd TeKyueCTH U MPOUYHOCTH [42—-44] ¢ HEKOTOPBIM KO3 (hHUIIHEHTOM
3amaca Mpo4yHOCTH. JIpyruMu CJ0BaMH, HANpsi)KeHHUs] B UMIIJIAHTATaX He JOJKHbI MPeBbI-
aTh AOMyCKaeMble HanpsiKeHus (Tads. 3). Jlomyckaemble HampsiKE€HHsI /51 METaJJOB
MOTyT ObITh paccuuTanbl B cootBeTcTBUU ¢ [OCT [45]. Kak mpaBuJso, misi crajeil B
KayecTBe JNOMYCKAaeMOTO Hampsi>KeHHsi 6epeTcs Mpefiesl TeKYy4eCcTH ¢ KOI(PPHUIIUEHTOM 3a-
nmaca, paBHbIM 1.5. [I/isT THTAHOBBIX CIJIABOB BMECTO Ipelesia TeKYy4ecTH OepyT mpemeJ
MPOYHOCTH ¢ Ko3(D(PULIMEeHTOM 3amnaca 3.

Taxkum 06pa3om, ¢ TOUKU 3peHUS MPOUHOCTH KOHCTPYKLUHMH YCIEUWHbIM Oy1eT CUUTAThCS
TOT BapUaHT OMNepalHrH, /5 KOTOPOrO BBIMOJHSAIOTCS YCJAOBUS MPOYHOCTH IO JOMYCKAEMBbIM
Hanps>keHUsIM. Eciu 1Ba 1 Ooslee BapuaHTa onepanyy yIOBJETBOPSIOT YCJIOBHUSIM MPOY-
HOCTH MO JOMYCKaeMbIM HaIpsi>KeHUsIM, TO HauOoJiee YCHELIHbIM Cpeld HUX OyneT TOT,
IJ151 KOTOPOTO HANPSXKEHHUS B MMIIJIAHTATAX U KOCTHBIX TKAHAX OKaXKYTCA HUXKe, YeM MJid
OPYTHUX BAPUAHTOB JIEUEHHUS.

Tabauua 3 / Table 3

[TpoyHOCTHBIE XapaKTEPUCTUKH KOCTHBIX TKAaHEH M WMIJIAHTAaTOB
Strength characteristics of bone tissues and implants

Martepuaun [Ipenen npounoctu, Mlla
MenvuurHcKas (Xupypruueckasi) HepakaBelollasi CTajb no 1241
(316LS/316LVM) [46] (mpenen Tekydyectu 1o 945)
Turanosuiii cnsiaB Ti6AlI4V ELI Titanium Alloy [47] no 970
(mpemen tekyuectd 1o 790)
KopTukanbHast KocTHasi TKaHb [48] 1o 161
['y6uartast kocTHasi TKaHb [49-51] no 15

70 Hay4Hbivi otgen



J. B. VisaHoB. bruoMexaHu4eckasl noaaepxka peleHus Bpaqa npy Bblbope BapuaHTa ae4eHus @

3. Kiumnunueckue KPpUTEPHUH OLECHKHN YCIICIIHOCTHU JIEUECHUHA

OueHka ycrnemHocTd (Hiau 3(p(HEeKTUBHOCTH) XUPYPrUYECKOT0 PEKOHCTPYKTHBHOTO Jie-
yeHus 3abosieBanui u nospexaenuit [ITK B nonrocpounom nepuone (6osee 12 mecsiuen
nocJie ornepanyH) GOJNBIIMHCTBOM HCC/eIoBaTe/el OCYIeCTBASIETCs MPH MOMOLIH Pa3J/Hy-
HBIX OTMPOCHHUKOB KauyecTBa »KHM3HH MalueHTOB [52]. B coOTBETCTBHH ¢ peKOMeHAalUsIMH
BcemupHoii opraHusalyu 31paBoOXpaHeHHUs, ONPOCHUK KaueCTBa YKHU3HHU JOJKEH OTBeuaTb
psiny Tpe6oBaHui [53]:

— TeCT J0JIKEH UMEeThb PasjeJibl M0 OLEHKe MATH OCHOBHBIX cdep ((pusryeckoe 310pOBbE,
MICHXHYeCKOoe 3[0POBbe, YPOBEHb HE3aBHCHUMOCTH B TOBCEIHEBHOH >KU3HENEATENbHOCTH,
COllMaJIbHble OTHOIIEHHS, o0OecreyeHue);

— aKUEHT JOJI’KeH ObITh clleJlaH Ha CyObeKTUBHOM BOCIPHUSITHH MallMEHTOM CBOEro 3/10-
pOBbSI;

— He BKJIIOYAlOTCsl Pe3y/bTaThl 00bEKTUBHBIX HUCCJENOBAHHUE; 3aMO/HSETCs MalUeHTOM
CaMOCTOSITEJIBHO.

OnpocHUKM NpelHAa3HAUeHbl AJsi U3MePeHHs CyObeKTUBHBIX NAaHHBIX MAllHEHTOB MJIs
MOJIyUEeHHUs] Ha UX OCHOBE OObEKTHBHBIX NAHHBIX.

AHanus JUTepaTyphl TaK¥Ke M03BOJIHJ BHISIBUTh HaHOOJiee YacToO MPUMeHsIeMble LIKaJbl
OLIEHKH KayecTBa »KM3HHU MauueHTa [b4-65]:

— JJIs1 XHPYPr¥u MO3BOHOYHHKA:

e BH3yaJibHble aHaJsoroBble 1KaJjbl 601 (BAIL);

e aHKeTa olleHKH KauecTBa Xu3Hu Ocectpu (ODI);

® OMNpPOCHUK KadecTBa kKHU3HU SF-36;

e cyObeKTHBHas olleHouHas wmkana MakHao (MacNab);

— JIJIs1 XUPYPruM Ta3zo0elpeHHOro CycTaBa:

e BH3yaJIbHble aHAJOrOBbIE ILIKaJbl 0OJIH;

e MeXJyHapoJoHasi CUCTeMa OLIEHKH (yHKIIMOHAJbHOTO COCTOSIHHSI Ta300eqpeHHOTro
cycraa W. H. Harris;
crienpUUeCKUN MHIEKC MallueHTa;

OMPOCHUK KauecTBa XKHU3HU SF-36;
mkasna S. A. Majeed;
mkasa WOMAC.

Cpenu Hux onpocHuk OcBectpu (Oswestry Disability Index, ODI) cuutaetcs cero-
JIHSI «30JI0TBIM CTaHAApPTOM» [66] oleHKH (YyHKIIMOHAJIbHBIX Pe3yJbTAaTOB OMepalui Ha
HIKHeH yacTu cnubbl («low back pain»). Ho roBoputh 0 TOM, 4TO OIUH OMPOCHHK JIyYIlle
IPYToro, He MPUXOAUTCS, MOXKHO JIUIIb KOHCTATHPOBATh, UTO OJHH LIKaJbl U OMPOCHUKH
MCIIOJb3YIOTCS Yallle TPYTUX.

B MenuuMHCKOH nuTepaType Mo ced AeHb UAYT AebGaThl O TOM, KaK KaueCTBEHHO OXa-
paKkTepU30BaTh YCIEIIHbIH UM HeyClelHbId UexXo JedeHus. B [67] ycnemHbM HCXOM0M,
CO CJIOB MAI[HEHTOB, aBTOPbI CUMTAIOT TaKHe TMOHSITHSI, KaK «[OJHOCThIO BbI3JOPOBE/» HJIH
«4yBCTBYO ce0si 3HaUUTEJIbHO Jydllies. B To ke BpeMst CyllecTBYeT MOHSITHE «MHUHUMaJbHAs
KJMHAYECKH 3HauMMasi pa3HuIa», BBeleHHass B 1989 r. [68] u ucnosnb3yemasi B olleHKe pe-
3yJIbTaTOB XHUPYPTrHUECKOro JieueHHs1 3abo/eBaHui mo3BoHoyHuka u B 2000-x rr. [69]. das
obecrieueHHs TPOrHO3UPOBAHHS U/UJIM OLIEHKH KauecTBa JIeUeHHs B JOJATOCPOUHOM TepHOJE
He0OXOAMMO KaueCTBEeHHbIe OLEHKH HCXOJ0B JIeUeHHs COMOCTaBUTh ¢ UX KOJUYEeCTBEHHBIMH
UHTEpPIpeTalUsIMH.

CoBpeMeHHble aBTOPbI YTBEPXKAAIOT, UTO HMEHHO YCIENIHOCTh OMepal|il Ha MO3BOHOU-
HUKe MOXeT OBbIThb MPOBeleHa Ha OCHOBe J10- U MOCJ/eonepaluoHHON oueHKH uHaekca ODI.
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BrisiBneHo kpuTuueckoe (moporoBoe) usmeHneHue uHpekca ODI — 20 6asnoB, KoTopoe
MOXKHO CUHTATh [OKa3aTeJjieM CYIIeCTBEHHOrO yJYyUlleHHs KadecTBa XKHU3HU [67], HO 1o
APYTHM JaHHBIM [3], 3Ta BeJMUHHA cocTaBJjsieT oT 13 1o 28 6aJios.

Takum o6pasom, cobupasi JaHHblE ONPOCHUKOB [0 M MOCJe omepalui, MoKHO obecre-
YHUTb NPOTHO3UPOBAHHE OTAAJNEHHBIX PE3yJbTaTOB JeueHUsl 3a00/eBaHUI U NMOBpeXAeHUH
[ITK nnsi koHkpeTHOro nmauueHTa. st MpoBeqeHHs MPOrHO3UPOBAHHUS HEOOXOMUMO HMETD
IOCTaTOUHOE KOJIMYeCTBO PENpe3eHTaTHBHBIX JaHHBIX:

— 0 CJIydasX XUPYPruueckoro peKOHCTPYKTHBHOTO JiedyeHHUs! 3a00/1€eBaHUH W TOBpeXIeHNUH
[1TK, Bkstouast onucaHue CUMITOMOB, FeOMeTPUUYECKHX [1apaMeTPOB U aHTPOIOMETPH-
YeCKMX XapaKTePUCTHK MaLHEeHTa;

— O THUIE TIPOBEIEHHBIX OTMEepPalLnH;

— pes3yJbTaThl ONPOCOB O KayecTBe »KHU3HU MAllMEeHTOB 10 U IOCJE ONepalty.
CraTUCTHUeCKHH aHaJ/M3 HAKOMJIEHHBIX NAHHBIX MO3BOJUT BBIIBUTb (PAKTOPbI, KOTO-

pble OTIpeNesIIIOT UCXObl XUPYPruuecKoro jedeHus 3aboseBaHuil u nospexaeHui [1TK.
Ha ocHoBe cTaTHCcTHYeCKHMX AaHHBIX ONMPOCOB O KAYeCTBE XKM3HH MALMEHTOB 10 U MOCJe
JIedeHUs] MOXKHO C(OPMYJIHPOBATh MPOTHO3 MOCJAE0NEPALHOHHOr0 MePUOa, KOTOPbIH Hapsy
C reOMeTpPUYEeCKUM MJaHUPOBaHHEM U OMOMeXaHHYeCKHM MOJeNHPOBAHUEM JISKET B OCHOBY
MpefonepaliOHHOTO MJIaHUPOBAHHUS U 00eCreYuT KauyecTBeHHOe U 3(h(EeKTUBHOE JIeUeHHe.

4. AnpobGauus KpuTepueB OLIEHKH YCTEMTHOCTH XUPYPruuecKoro
JieyeHUs Ha mpuMepe BbIOOpPA BapuUaHTa JeueHHs] MOBPEKAEeHUs
IITK kKkoHKpeTHOro mamueHTa

B nanHoM paspesie GyneT mokasaHo NMPUMEHEHHEe reOMeTPUYeCKUX U OUOMeXaHUUeCKHUX
KPUTEpHEB OLEHKH YCIIEIIHOCTH JieueHHUsl Mpu Beibope (MpenornepanioHHOM MJIAHHPOBA-
HUH) YCIEIIHOTO BapuaHTa XHUPYPTUYECKOr0 PEKOHCTPYKTHBHOIO JIeUeHHs TallheHTa C
JlereHepaTUBHO-AUCTPOPHUUECKUM 3a0o/eBaHUeM 03BOHOYHHKA. CyeyeT OTMETUTh, UTO
MpUMeHeHNe KJIWHHYECKHX KPUTEepPHeB B JAHHOM IpUMepe MPOAEMOHCTPUPOBAHO He Oy-
IeT, TaK Kak Ha JaHHbI! MOMEHT He HakKoIlJeHa MH(popMauus 06 aHaJOTHUHBIX Caydasx,
BapUaHTax JieyeHHs M J0- U MOCJ/eOoNepalMOHHBIX ONpocaxX MPOONepUPOBAHHBIX MALlHEHTOB.

Jlanee npuBeneM pesynbTaThbl MpeaONepaLlMOHHOrO MJIAHUPOBAHHS, BbIIIOJHEHHOTO JJ151
nanenTa A., 1950 roga pokaeHHsI, MY»KCKOr0O I0Jia, C JHAarHO30M CIOHAMUIoaKCTe3 L4
TI03BOHKA.

Jleyauum BpauoM 3ansaHHpOBaHbBI CJleAYIOLIMe BApUAHTbl XUPYPrUUYeCKOro JeUeHHs:
a) TpaHCHeauKyJsipHas (PUKcalus MO3BOHOUHHKA Ha ypoBHe L4-L5 mo3BoHKOB 6e3 Kop-

PEKTHUPOBKH JIOP033;

0) TpaHCIeAMKyJsipHasi (PUKCAlMs MO3BOHOUYHMKA Ha ypoBHe L4-L5 M03BOHKOB ¢ KOppeK-
TUPOBKOH JIOP03a.

Ha ocHoBe naHHBIX KOMIbIOTEPHOH ToMoOrpaguu U (QyHKLMOHANBbHOW PEHTTeHOrPAMMBl
noctpoenbl 3D momenu [70] uccienyemoro cermeHta no3soHouHnka — L1-Sacrum. [as
NAHHOU MOIeJIM ompefeseHbl ocHoBHble napamerpel CHb (tabs. 4). Ilajee mpoBeneHa
npoleaypa reoMeTPHUECKOro MJIAHHPOBAHUS XHUPYPrHUeCKOro Je4eHWs B COOTBETCTBUU
C pPEKOMEHJOBaHHBLIMH JIeUalllUM BpPauyOM BapHaHTAMH XHpPyprudyeckoro Jjedenus [71].
B pesynbraTe nosydyeHbl MOIEJIH:

e cerMeHTa Mo3BOHOUHHMKa L1-Sacrum co cnonguionucresom L4 mo3BoHka 6e3 Kop-
PEKTUPOBKH JIOP/I03a C TPAHCIEeNUKYAAPHOH (Pukcanueil Ha ypoBHe L4-L5 mo3BoHKOB
(puc. 3, a);

e cermMeHTa no3BoHoyHukKa L1-Sacrum co cnongumnonucresom L4 nosBoHKa ¢ Koppek-
TUPOBKOH JIOpI03a C TpPaHCIeNUKY/spHOU (puKcanued Ha ypoBHe L4-L5 mo3BoHKOB
(puc. 3, 6).
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Tabauua 4 / Table 4

3HaueHHsl TeOMeTPHUECKUX NapaMeTpoOB, TPaayChl
Values of geometric parameters, degrees

3D mogesb cermenta | 3D momesib cermedTta mo- | 3D MogeJsib cermeHTa 1os-
no3soHoyHuka L1 - | 3BoHounuka L1-Sacrum | Bomounuka L1-Sacrum
Sacrum co CHOHIH- | CO CIOHAMJONUCTe30M L4 | co cnongumonncresom L4
[MapameTps Josucte3oM L4 mo- | 03BOHKA MOC/e TeOMeTPH- | MO3BOHKA TOCJe TeOMeT-
3BOHKA JI0 TEOMETPHU- | UECKOTO TJIAHUPOBAHUS XH- | PUUYECKOTO TJIaHUPOBAHUS
YeCcKOro IMJIaHUPOBA- | PYPTHUECKOTO JedeHHus: 6e3 | XUPYPruueckoro JedeHus
HUSI XUPYPrUUeCKOro KOPPEKTHPOBKH JI0P03a C KOPPEKTUPOBKOH
JIeUeHHUSs JIOpo3a
PI 67 67 56
PT 8 8 11
SS 59 59 45
GLL 71 71 52
Lordosis L4-S1 22 22 25

% ﬂﬁ@

G

6/b

Puc. 3. 3D monenu cermenTa mo3BoHouHrka L1-Sacrum co
crnoHausaonnctesoM L4 no3BoHka: a — 6e3 KOPPEeKTHPOBKH
JIOpA03a C TPaHCIEAUKYJISPHOH (pUKCcallleld MO3BOHOYHHKA Ha
ypoBHe L4-L5 no3BoHKOB; 6 — ¢ KOPPEKTHPOBKOH JIOpH03a
C TpaHCMEeAUKYASIPHOH (UKcalMel MO3BOHOYHHKA HA yPOBHE
L4-L5 no3BoHKOB cerMeHTa M03BOHOYHHKA C YCTAHOBJEHHBIMH
UMMJaHTaTaMU (I[BET OHJIAkH)
Fig. 3. 3D models of the L1-Sacrum spine segment with
spondylolisthesis of the L4 vertebra: a — without lordosis
correction with transpedicular fixation of the spine at L4-
L5 vertebrae level; b — with correction of lordosis with
transpedicular fixation of the spine at L4-L5 vertebrae level
of of the spinal segment with installed implants (color online)

KoppekTupoBKa J0pno3a, KOTOpy0 MOXKHO HaOJI0IaTh Ha PUCYHKe 3, 6 B CPaBHEHUH
C PUCYHKOM 3, a, M03BOJIKMJIA NOOUThCS ONTHMaJbHEIX mapamerpoB CB, 4To oTpakeHo B
TabJa. 4.
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Ha ocHoBe pe3ysnbTaToB BbINOJHEHHOI'O0 T€OMETPUUYECKOT0 MJIaHUPOBAHUS OCYIIECTBJIEHO
O6roMexaHHYeCcKoe MOJeNHPOBaHHEe KaxKJA0T0 W3 3alJaHUPOBAHHBIX BAPUAHTOB JeUEHHUS.

MopenvpoBaanch pa3vuHble BUABI (PHU3HOJOTHUECKHX (CTALlMOHAPHBIX) HArPYy30K Ha
UCCJIelyeMblii CerMeHT MO03BOHOUYHHKA: CrubaHue, pasrubaHue, OOKOBblE HAKJOHBI BIpa-
BO/BJIEBO, OCEBOE BpallleHHe, CTaTHUecKasi Harpyska (coOCTBeHHbIE Bec mnauueHTa) [71].
Jlns 3TOro uccsaenyemMblii cerMeHT MMO3BOHOUHMKA HarpyzkaJju caeasiieid Harpyskoi 600H,
usrubamomyMy MoMeHTamu 7.5 H-M u kpytsamum momentom 7.5 H-m. Caensimas Harpyska
MoJeJIMpoBaach MyTeM NpHKJaaabiBaHus BekTopa cuabl 100H no Hopmanu k BepxHei
3aMblKaTeJIbHOH MJIaCTUHE KaXK[IO0ro 3[10POBOTO MO3BOHKA B KayAaJbHOM HalpaBJieHHH, T.e.
B HallpaBJieHUH HUXXHeH 3aMbIKaTeJNbHOH MIacTHHB [42].

C TOYKHM 3peHHUsl MeXaHUKHU [J/5 KaxKI0H MOJeJH YUCIEHHO C MOMOILbI0 METOa KOHeu-
HBIX 3J€MEHTOB pelllajach CTaTUYecKas 3ajadya TeOPUH YMPYrocTH, MOCTAHOBKA KOTOPOH
noapo6HO omucaHa B pabote [72]. Buomexanuyeckoe MoesUPOBaHHE MO3BOJHUJIO OLle-
HUTb TOJIsI SKBUBAJIEHTHBIX HampsikeHWi, a Takxke ROM (puc. 4-6), MakcuMa/bHble
3HaYeHUs] KOTOPBIX AJs KaxXK[0ro 3anjaHUPOBAHHOI'O BapHaHTa XUPYpPruuyecKoro JieueHus
npeacTaB/eHbl B Taba. 5—6.

PucyHku 4 ¥ 5 [eMOHCTPHUPYIOT THUIHYHBIE I0JIsI SKBHUBAJEHTHBIX HAMpPSKEHUH B
MUMIJIAHTaTaX M KOCTHBIX TKaHfX MO03BOHKOB. CJieflyeT OTMETHThb, UTO B Moaesau Oe3
KOPPEKTUPOBKHU JIOPA03a SKBUBAJEHTHbIE HAMpsXKeHUS B UMIJIAHTaTaX U MMO3BOHKAX BCerna
OblIM BbILLE aHAJOTMYHBIX 3HaYeHHUH B MOJEU C KOPPEKTHUPOBKOH JIOPA03a.

AHanv3 5KBUBaJIEeHTHBIX HANps)KeHUH B MMIJIAHTaTaxX MPOBOAUTCS MJIsl ONpe/ieleHUs] UX
HauOOJ/BIIMX 3HAUEHHH W CpaBHEHHUs C MpeaesoM MpouHoCcTH (¢ Ko3(h(ULHEeHTOM 3amaca
MPOYHOCTH, paBHBIM 3) [45]. MeTannodukcaTopel U3TOTOBJIEHBl U3 TUTAHOBOTO CILJIABA,
npenes npoyHocTu Kotoporo coctasiaser 970 MIla. Takum obpasom, pomyckaemoe Hamps-
JKeHHe cocTaBJisieT He 6osiee 323 MIla. AHanu3 3HaueHH SKBUBAJIEHTHBIX HalNpsiKeHUH
13 TabJ. 5 MOKa3biBaeT, UTO MOJeJb 0e3 KOPPEKTHPOBKHU JIOPA03a HE YIOBJETBOPSIET KPH-
TepUI0 MPOYHOCTH. B TO Ke BpeMsl Mofe/b C KOPPEKTUPOBKOH JIOp03a STOMY KPUTEPHUIO
yIOBJIETBOPSIET NP BCEX PACCMOTPEHHBIX Harpyskax.

Tabauua 5 / Table 5

MakcumanbHBle 9KBUBaJIeHTHBIE HAMpsiKeHUs B MMIaHTarax, MIla
Maximum equivalent stresses in implants, MPa

BapuaHT Jeuens Crarunueckasi | Hakaon | Hakaon | Haknaon | Haksaon | Oceoe
Harpyska Bepel | Hasax | BOpPaBO | BJIEBO | BpallleHHe

Bes koppekTHpoB- 496 464 306 564 495 550

KH JIOpao3a

C KOppPeKTUPOBKO#H 9298 270 119 315 288 319

Jiopo3a

Tabauya 6 / Table 6

MaxcumanbHble 5KBUBAJIEHTHBIE HaNpsiKeHUsI B KOCTHHIX TKaHsx, MIla
Maximum equivalent stresses in bone tissues, MPa

BapuaHT snevenus Crarnieckas | Haknon | Haknon | Haknon | Haxnon Ocenoe
Harpyska BIepel | Haszal | BOpaBO | BJEBO | BpalleHHe

Bes xoppexkTnpos- 66 98 35 77 68 81

KH JIOp103a

C KOPPEKTHPOBKO# 49 99 24 56 63 67

JIopao3a
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al/a 6/b
PI/IC. 4 HOJ'IH 3KBHUBAJIEHTHBIX HaHpH}KeHI/Iﬁ nJ1s TpaHCHEI[HKYHHpHOﬁ CI)PIKC&U,I/II/I B CJy4dae HakKJ/ioHa
Hasal: 4 — C KOPPeKTHUPOBKOH JI0pa03a, 6 — 6e3 KOppPeKTHPOBKH Jopro3a (LBeT OHMaiiH)

Fig. 4. Equivalent stresses in transpedicular fixation in the case of back bending: a — with
lordosis correction, b — without lordosis correction (color online)

a/a 6/0b

Puc. 5. Tlonsi HanpsikeHHE 111 KOCTHBIX TKaHed B cJydae HaKJOHAa Ha3aj:
a — C KOpPeKTHPOBKOH Jopfo3a, 6 — 6e3 KOPPeKTHPOBKH JIOpA03a (LBET OHJANH)

Fig. 5. Equivalent stresses in bone tissue in the case of backward tilt: a — with
lordosis correction, b — without lordosis correction (color online)
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6/b

Puc. 6. Pacnipene/sierne 3HaueHHH aMIJIMTYIbl ABHXKEHHUS [JIs IBYX MOJIEJIEH B Cydae CTaTHUECKOM
Harpysku: a — ¢ KOPPEKTHPOBKO#H Jiopro3a, 6 — 06e3 KOPPEKTHPOBKH Jiopao3a (LBeT OHJIalH)
Fig. 6. ROM distribution for two models in the case of static loading: a — with lordosis
correction, b — without lordosis correction (color online)

MakcuMasibHble 3HAU€HHs] SKBUBAJIEHTHBIX HAMpPSKEHUH B KOCTHBIX TKaHSIX MO3BOHKOB
1751 000MX BapUAHTOB JIeYeHHs] He TPEBBIIAIT KPpUTHYecKHe 3HadeHus [48] (¢ koad-
¢uurenToMm 3amaca 1.5), KOTopble MOTYT NPUBECTH K pa3pylleHHIo MaTepuana. Ciaenyer
OTMETHUTh, YTO KOPPEKTHPOBKA JIOPA03a U AOCTHKEHHE ONTHMAJbHBIX MapaMeTpoB GaJjaH-
ca TO03BOJIUJU N0OUThCS 00Jiee HU3KHUX KBUBAJIEHTHBIX HAINpsKEHUH B MMIJIAHTaTax |
KOCTHBIX TKaHSIX MPH BCEX PACCMOTPEHHbBIX BapHaHTaX HaTpyKeHHS.

Ananmus ammuutynsl neuxkeHuss (ROM) B caruTTasbHON TMJIOCKOCTH JJISI paccMaTpHBae-
MbIX BapHaHTOB JleYeHHsl BbISIBUJ caefyloliee. [lyis Momesnu cermeHTa Mo3BOHOYHUKA 0e3
KOPPEKTHUPOBKH JIOpA03a pasHula 3HaueHUH ROM fo u mocjie mpu/oKeHUsT cTaTUYECKOH
HarpysKu okasasach CyllecTBeHHOH. [1Js1 MOfe/ M cerMeHTa I03BOHOUHHMKA C KOPPEKTHPOB-
Ko Jiopno3a uameHeHusi ROM HesHauuTesbHb (puc. 6, 7). JlaHHBIN BBIBOA CIPABEJINB
IJ151 BCEX PAaCCMOTPEHHbBIX B JaHHOH paboTe Harpy3ok. TakuMm o6pa3om, MOXKHO clesaThb

BBIBOJl, UTO BAPUAHT JIeUEHUs C TpaHcIe-
8 IUKYJNSPHOU (pUKcalvell MO3BOHOYHHKA

Ha ypoBHe L4-L5 mo3BoHKOB ¢ KOoppek-

: THUPOBKOH JIopo3a obecrieunBaetr Gosee

A BBICOKYIO CTaOWU/bHOCTb, OCOOEHHO Ha
yuactkax L4-L5 u L5—-Sacrum.

BrinosiHeHHOE reoMeTpHYecKoe MJa-

51 . - HUpOBaHHE U OHOMeXaHHYecKoe Moje-

L1/L2 L2/L3 L3/L4 L4/L5 L5/S1 JHMPOBAHHE [O3BOJHIIO ONMPEAHT, YTO

YCTeIIHbIH BapHAHT JleueHHsl — TpaHCIe-

IUKYJsipHast (PUKCALMsl TO3BOHOUHHKA

Ha ypoBHe L4-L5 mo3BoHKOB ¢ KOppek-

Puc. 7. JluarpaMma pasHuibl pacripelesenns sna-  THPOBKOH J0prosa. JlauHbIH BbBOK CHOp-

YeHUH aMIUIMTY/Ibl IBHXKEHHS IJIs IBYX Momesed ~ MHPOBAH Ha OCHOBE NPUMEHEHUA reOMET-
B ciyyae CTaTUUYEeCKOH Harpysku pUYECKHX U OHOMeXaHUUYEeCKUX KPUTEPHU-

Fig. 7. Diagram of the differences in ROM distri- €B OLI€EHKH YCHELHOCTH XUPYPruiecKoro
bution for two models in the case of static loading ~ sneuenus.

Pasuuiia ROM,rpan

C KOPPEKTUPOBKOI 7I0pjl03a

W (e3 KOpPEKTHPOBKH JIOPH03a
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5. OOcyxjaeHue U BbIBOIbI

PaspaboTaHbl U nojiesieHbl HA TPU I'PYIIbl KPUTEPUU OLIEHKH YCMEUIHOCTH XUpPypruue-
CKOTO PEKOHCTPYKTUBHOrO JieueHus: 3aboneBanuil u nospexaeHuil [ITK: reomerpuueckue,
OoroMexaHHYeCcKHe U KJuHU4YeckHe (tadi. 7).

Tabauya 7 / Table 7

KpI/ITepI/II/I OLIEHKH YCIEUHOCTH XHUPYPruyeCKOro peKOHCTPYKTHUBHOI'O JI€HEHUA
3abosieBaHuil 1 nospexaenuit [TTK
Criteria for assessing the success of surgical reconstructive treatment
of diseasesand injuries of the spino-pelvic complex

['eomeTprueckue Buomexanuueckue Knunuyeckue
3HaueHHs1 OCHOBHbIX na- | OTHocHTe IbHBIE MepeMellleHus 3apuKkceu- | PasHoeTh 10- U mocse-
pametpoB CB ynosse- | poBanHbiX ajneMeHToB [ITK: Menblie — | omepaunoHHBIX 6aJj/10B
TBOPsAIOT (hopmysam (1) | smyume (He 6osee 3 MM BHYTpH ofiHOro | mo omnpocHukam (BAII,
¢ momyckom +7° [11C) ODI, SF-36, Macknab

[Tapamerp SVA < 5 cM | DKBUBaJIeHTHbIe HANpPSKEHHUs, HHTEHCHB- | U JIp.)
[Ipu suponpoTe3npoBa- | HOCTb HaNpsiKeHHUs: MeHblile — Jjydile | Hanpumep, mo- 1 nocie-
Hun TBC cobatonensl | (He Gosbllle IOMYCKaeMbIX HANpsKEHUE) | OmepalMoOHHBIX 0aJlioB
kputepun ycnemHoct | [Tokazatesr ROM ynoenerBopsier kpute- | ODI — He wmenee 20
u3 taba. 1 pusim taba. 2 6aJsy0B

[eomeTpruecKkre KPUTEPHH MO3BOJISIOT HAa JOONEPALlMOHHOM 3Tale OLEHHUThb CTeleHb
nedopmanuu natonorundeckoro cermenta [I1TK, cnporHosnpoBath ypoBeHb W CTeNeHb HEOO-
XOIUMOH XHPYPruuecKod KoppeKUHH. DHoMexaHWdYecKHe KPUTEPHUH CIIOCOOHBI OLIEHHUTH
CTabUJIBHOCTD MJIAHUPYEMBIX K YCTAHOBKE MMIJIAHTATOB, MPOYHOCTHBIE XaPAKTEPHUCTHKH
CHCTEMBI «KOCTb-UMILJIAHTAT B LeJOM U ee KOMIIOHEHTOB. VIHBIMH cJlOBaMH, reoMeTpHue-
CKHe U GUoMexaHUYeCcKHe KPUTEPUH MO3BOJISIOT CAEJATh MOC/e0NepalHOHHbIH IPOTHO3 B
6akaiied nepcrnektrse. [IpruMeHeHre KJIMHUUECKHX KPUTEPHEB YCIELIHOCTH HaIpaBJie-
HO Ha 060CHOBaHHe WJIM BBIOOD YCIIEIIHOI'O BapHaHTa JieueHHUsl Cpeld HeCKOJIbKHUX M Ha
(OpMYNHPOBKY MOCJEONEePALlMOHHOTO MPOrHO3a B OTAAJE€HHOM MepHOfie ToCe JeueHHUs.

CriemyeT OTMETHTb, UTO KPUTEPUH OLEHKH YCIIELIHOCTH He TpeaJsaralT XUPYpry Kakou-
TO HOBBIH BapUAHT JIEUEHHSs], @ TOJNBKO MO3BOJISIOT BHIIIOJHUTE KOJHUECTBEHHOE CpPaBHEHME
paccMaTpUBaeMbIX UM BapHaHTOB (HJIH Ke OLEHUTb ONWH BapUAHT) JledeHHsI U BBIOPATb
Cpely HUX YCIEMIHbIH.

KpuTepru olleHKH YCMELIHOCTH JieueHHs! BHeApeHbl B pa3pabdoTaHHyo B CapaToBCKOM
YHUBEPCHUTETE CUCTEMY IpeaorepalioHHoro mianupoBanus Smart Plan Ortho [73], ko-
Topasi obecreyrBaeT MOJHBIH LUKJ MPeLONepaloOHHOr0 MJIaHUPOBAHUS B COOTBETCTBUH
C METOOJIOTHEH «IJJaHUPOBAaHHE —MOJIEJTUPOBAHKE —TPOTHO3». ['eoMeTprUUecKe KPUTEPHH
OLEHKH YCIELIHOCTH TaKKe HCIOJb30BaHbI MPU pa3paboTke MOOHUJIBHOTO MPUJIOKEHUS
«CniuHOMeTp» 1/l U3MepeHHs aKTyasbHBIX M pacueTa ONTHMaJbHbIX 3HAYeHHH MapaMeTpoB
Cb IITK. Anpo6auust «CnuHnoMetpa» [18] mokasana ero MexsKCIePTHYIO HAleXHOCTb U
BBICOKYIO 3(h(DeKTHBHOCTb B CPAaBHEHHH C 3apyOe:KHbIMH aHajoraMu. Anpobanusi reoMeTpH-
YeCcKUX M OMOMeXaHUYeCKHX KPUTEPUEB OLEHKH YCIEIIHOCTH HEOQHOKPATHO BBIMOJHSIAChH
npu BbIOOpPe U O0OOCHOBAHHH BAPHAHTOB XHUPYPrHUECKOT'0 PEKOHCTPYKTHUBHOTO JieUeHHs
3abosieBanuit u nospexaenuit [1TK [42,72-74].

OTaesnbHO CTOUT MOTHSITH BOMPOC O TOM, KaKue (OPMYJbl CAeyeT UCIOJNb30BaTh MPH
pacyeTe MHIMBUAYAJbHBIX ONTHMaJsbHbIX napaMmetrpoB CB. B nanHoi pa6ote mprBeneHbl
dopmynbl (1), BbIOpaHHBIE M3 JHUTEPATYPHBIX UCTOUHHKOB. B psine uctounukos [19-21,23]
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ObliM HaHIeHbl He TOJIbKO BbIBeIeHHble aBTOPAaMH (POPMYJbl (perpecCHOHHBIE 3aBHUCH-
MOCTH), HO TaKyKe U HCXOIHble NaHHble, KOTOPble JIerJIH B pa3paboTKy ITHX (POPMY.JI.
OueBHIHO, YTO KaXKAbIH HCCJ/en0BaTe b M0JAyYasa 3T 3aBUCUMOCTH Ha [0BOJIbHO OrpaHU-
UeHHBIX BbBIOOPKAaX, UTO MOXKET CyxkaTb 00JacTb UX npuMeHeHUs. [losaTomy 3amnaHupoBaHO
UccyefloBaHue, HaMpaBJ/eHHOe Ha 06001eH1e NpMBeIeHHbIX B JaHHOU paboTe U APYTUX aHa-
JIOTHUHBIX 3aBUCUMOCTEH U BbIBOJ HOBBIX OPUTMHAJBHBIX (DOPMYJI, CBA3bIBAIOLINX OCHOBHbIE
napametpsl CB.

Cucrema npenonepanydontoro miaanuposanus Smart Plan Ortho moxer 6bITh HcmoJb-
30BaHa B MEAMUMHCKHX OPTraHHU3aLMsIX COBMECTHO C LEHTPAMM NONAEPKKH MPUHATHS
BpayeOHBIX perieHUH. [l 3TOro pazpaboTaHbl ABa pexxuUMa Hcmosb3oBanus Smart Plan
Ortho MeiMUMHCKUMHU crieLHasucTaMu [73]: mepcoHa bHasi BUPTyaJsbHasi OrllepalliOHHAS
(ITBO) u pernonanbubiél ueHtp (PLL). B pexume [TBO Bpau camocTosiTeIbHO MJIaHUPYET
JleueHHe «CTaHIAPTHBIX» KJWHUUECKHX CJydyaeB U UCIOJb3yeT HACTOJNbHBIA KOMIIbIOTED
B KJMHHUKE, YTO MO3BOJISIET pellaTh 3aj4auy MperonepallMoHHOro MJAaHUPOBAHHUS B yIPO-
meHHod noctaHoBke. B pexume [IBO wucnonbsyercs 6a3oBasi BepcHsi NPOrPaMMHOTO
o6ecnieuenusi Smart Plan Ortho, B pexxume PLI — pacmupennas Bepcusi. PLI nmogpasyme-
BaeT UCMOJIb30BAHHWE MOLIHBIX BBIYUCAUTENbHBIX KOMIBIOTEPOB U MO3BOJSAET pellaTh 3aiady
OMOMeXaHHWKH B HaubOoJiee TMOJHOH NMOCTaHOBKe. B 3Tol cBA3M mpenmnosaraetcs npusJjede-
HHMe UHXKeHepOB-OMOMeXaHUKOB [/151 BbIIIOJIHEHUS NpeJonepalMoHHOro GHoMeXxaHH4eCcKoro
MofneMpoBaHusi B pamkax pexuma PLI. B To ke Bpemsi MmeTonuka 6uoMexaHUUYECKOTo
MOJIEJIUPOBAHUS SIBJISeTCS eIUHON 1151 060oux pexxkumoB paboTel Smart Plan Ortho.

Kputepuu olleHKH YCMEMIHOCTH JieYeHHUs] MOT'YT MPUMEHSTbCS ClelHaIuCTaMH Pa3HbIX
obsactelt ¢ ucnosb3oBanueM cucteMbl Smart Plan Ortho: xupypramu (TpaBmatosioramu
¥ OpPTOTeNaMHU) TPH MpeNonepaluoHHOM MIaHupoBaHuu B pexxume [1BO, a Takxke HHXKe-
HepaMU INpy obecreyeHUH KCIepPTHON MOANEPKKH MpefoNepalliOHHOr0 NJIaHUPOBAHHUS B
pexxume PILL.

CaenyeT OTMETHTh, YTO aBTOp AaHHOU pabOThl He MpeTeHAyeT Ha pa3paboTKy HOBBIX
reomerpuyeckux napametpos I[ITK u CB, a tak:xe mapameTpoB [0- U MOCJI€ONePALMOHHOH
OLlEHKH KaueCTBa »KU3HHU MallMeHTOB, NPUMeHsieMblX KJIMHULHUCTAMH U UCCJIeI0BATeNSIMU
I/ OLleHKHU YCIIeLIHOCTH BapUaHTOB JieueHUsl. B paboTe mpoBelneHa KaTeropusauus U
anpobalus HECKOJNbKUX TPYMIN KPUTEpPUEB OLEHKH YCIELIHOCTH B CHCTeMe, YTO M03BOJISET
KOJIMYECTBEHHO OLEHHWBAaTh BAPUAHTHI JieUeHHUS U BBIOWPATDb yCMELIHbIH /5 KOHKPETHOTO
nauuveHTa. B To e Bpems mpencTaB/eHHBIH Habop GHOMeXaHHUECKUX KPUTEPHUEB OLIEHKH
YCIEIHOCTH MPUBEIeH U anpobHpoBaH BIepBhHIE.

COBOKYIMHOCTb pa3paboTaHHBIX KPUTEPHEB MOXKeT ObITb HOMNOJHEeHa NPYTHMH KOJH-
YeCTBEHHBIMH XapaKTepucTUKaMHu. B NaHHOH cTaTbe MpefsoxeH OorpaHHYEHHBIH CIIHCOK
KpHTepreB, 060CHOBAHHbBIX B JIUTEPATYPHBIX HCTOUHUKAX. TaKxKe MOKA3aHO UX NPUMEHeHHe
Ha KOHKPETHOM IpuMepe Mpu BblOOpe BapuaHTa JieyeHHUsl MalMeHTa C JereHepaTHBHO-
IUCTPO(HUUECKUM MOBPEXKAEeHHEM MO3BOHOUHHKA.

B kauecTBe orpaHuueHHil NPUMEHEHHUS FeOMeTPUUECKHUX KPUTEPUEB YCIIEIIHOCTH HY2KHO
OTMETHUTb ciepnylollee. M3BecTHO, UTO MpH COUeTAHHOH MaTOJOTHH, Ha3bIBA€MOH KOKCO-
BepTeOpasibHbIM CHUHAPOMOM H BblpaxkalolleHcs B JereHepaTUBHO-AUCTPO(HUYECKOM 3a-
6oseBanuu ¥ TBC, ¥ MOSCHUUHO-KPECTIIOBOTO OTMeJ/]a MO3BOHOYHHKA OJHOBPEMEHHO He
BCeraa liesiecoo0pas3Ho NOCTHUTaThb ONTHMaJbHBIX aHaToMHUYecKUX napamerpoB THC u/umau
Mo3BOHOYHMKA. Hanpumep, mokazaHo [75], 4To OJUTENBHOCTD, BHIPAXKEHHOCTb U XapaKTep
Ta30BbIX HapyLIeHUH OMpelessioT Leeco00pa3HOCTh KOPPEKIIMH TEXHUKH ONepaluy 3HJIO-
NpOTe3UPOBaHUSA. B HEKOTOPBIX cJyuasix MOxkKeT ObITh [MOKA3aHO COXpaHEeHHe YKOpPOUeHHUS
WJHM YAJMHEHUS HHUXKHeH KOHEYHOCTH, a TakXKe H3MeHeHHe o(ceTa OTHOCHTENBHO €ero
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3HAUEHHUS y 3[0POBOH KOHEYHOCTH. B TakuX ciydasx ¢ TOUKHU 3peHHs NPUMEHEHHs Teo-
MeTPHUUYeCKHUX KPUTepHeB YCIEeIIHOCTH orepauus Oy[eT CYUTATbCsl HEYCIelIHOH, HO OoJee
NPaBUJIBHOM W BBITOAHOW [JIS1 MalLMeHTa.

[IprBeneHHBIe OTpaHUUEHUS] MPUMEHEHUS] TeOMEeTPUUECKHX KPUTEPHUEB YCMELIHOCTH
NOATBEPKAAIOT, YTO /151 00ecleyeHUs Ka4eCTBEHHOr0 NpefoepaloOHHOr0 NJIaHUPOBAHUS
HeoOXOAMMO NPUMEHEHHe BCeX TPeX IPYII KPUTEPHUEB OLEHKH YCIEUIHOCTH JeYeHUS.
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AnHoranusa. Pa6oTa nocpsilleHa HCCIeI0BAHUIO 3aKOHOMEPHOCTeH 0CaxKAeHHsl YacTHL AHUCIePCHOH
(asbl 3JEKTPUUECKH 3apsi>KeHHOU 3amblIeHHOH cpefbl, ABHXKYIIeHcs B KaHaJje, Ha MJIACTHHY-
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HUH pelllajach SIBHBIM KOHEYHO-Pa3HOCTHHIM MeTonoM Mak-KopMaka, uMeolM BTOPOH MOPsIOK
ToYHOCTH. /151 MoJydeHHsT MOHOTOHHOTO YHCJIEHHOTO pPelleHHs] MPUMeHsIach cXeMa KOpPeKIIUH
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Numerical study of the influence of the parameters
of dispersed particles on the deposition of the solid phase
of an electrically charged polydisperse gas suspension
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Abstract. The work is devoted to the study of the laws governing the deposition of particles of the
dispersed phase of an electrically charged dusty medium moving in a channel onto an electrode
plate. The aim of the study is to reveal the influence of the size of dispersed inclusions and the
density of the material of particles on the process of settling of fractions of a polydisperse gas
suspension on the surface of the electrode plate. When modeling the dynamics of a gas suspension,
a mathematical model of the motion of a multi-speed and multi-temperature polydisperse two-
phase medium was used, taking into account the interphase force interaction and interphase heat
transfer. When describing the force interaction, the Stokes force was taken into account. The
mathematical model of the dynamics of a two-phase medium was supplemented with boundary
conditions. The system of equations was solved by the McCormack explicit finite-difference
method having the second order of accuracy. To obtain a monotonic numerical solution, a grid
function correction scheme was applied. For the potential of the electric field on the lateral
surfaces, the values of the potential were determined; at the open ends of the channel for the
potential of the electric field, uniform Neumann boundary conditions were assumed. The paper
considered gas suspension, the dispersed phase of which contains three fractions. At the same
size, the gas suspension fractions differed in the material density of the particles of the fractions.
At the same density of the material of particles, the fractions of the solid phase of the gas
suspension had different sizes of dispersed inclusions. As a result of numerical modeling, it was
revealed how the density of the material of the dispersed phase and the size of the particles affect
the process of precipitation of fractions of the dispersed phase of the two-component mixture.
From calculations it follows that with the same particle size, particles with a higher density of
the material are deposited more intensively, and with the same density of the particle material,
particles with a large linear size are deposited more intensively.
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BBenenue

OnHuM U3 pas3nesoB COBpeMeHHOH MeXaHHWKH XXKHUIKOCTH W rasa siBJSIeTCsl MexaHHKa
HEeONHOPOAHBIX cpell. B ciyuae ecav KOMIOHEHTH TaKUX Cpefl UMEIOT pa3/jM4yHoe arperar-
HOe COCTOSIHHe, TO TaKHe Cpellbl Ha3blBalOT MHOroasHuiMu [1-24]. B psne npusoxxenui,
TaKHMX KakK HalblJleHHe Ha MOBEPXHOCTH MOKPBITHH, a TaK»Ke OYMCTKA MPOMBILIJIEHHbIX
BbIOPOCOB, BO3HUKAeT HEOOXOAUMOCTb HCCJENIOBAHUS NUHAMHUKH IHUCIEPCHBIX MOTOKOB,
ABHKYLIMXCS KakK Mol AeHCTBUEM a’3pOJMHAMHUYECKHX CHUJ, TaK W TOJ BJIHUSHHUEM CHJI
3JIEKTPUUECKOH NMpUPoAbl. Tak Kak aspo30Jid SBJSIOTCS IeTepOreHHbIMU CMeCsMH — CO-
IepKaT KOMIIOHEHTBI C Pa3JMYHBIMH arperaTHbIMH COCTOSIHHUSIMM, IJIi MOJEJHPOBaHHUS
TaKHX MPOLECCOB HEOOXOANMO MPUMeHEeHHe MeXaHUKH MHorodasHbeix cpen. Obmas Teo-
pHsi THIPOAMHAMHUKYM MHOTO(asHBIX cpej TpeacTaB/eHa B pabote [1], MoHorpaduu [2, 3]
MOCBSILIEHbl METOAUKE UHUCJIEHHOTO MOJAEJUPOBAHUS yNAPHO-BOJHOBOH NHHAMHKH Taso-
B3Beceill. B crtartbe [4] mpencraBieHa mMartemMaTHuecKasi MOZEJb TEUEHHS 3JEKTPUUECKH
3apsKEeHHOH 3amnblJeHHOUW Cpefibl, peasusyollasi KOHTUHYaJbHbBIH MOAX0N B MOIEJIHPO-
BaHWK MHorodasubix cpen [1]. Pa6ora [5] mocBsiliieHa COMOCTABAEHHIO aHAJHUTHYECKHUX
pacueToB AMHAMHKH Ta30B3BECH C YUCJEHHBIMHU pacueTaMH, MPOBeAeHHBIMH Ha OCHOBE
MaTeMaTHYeCKOH MOJeJH, YUHUTBIBAIOIIEH BSI3KOCTh Hecyllel cpenbl. B pabdore [6] mpo-
BOAUJIOCH KCIIepUMeHTaJ/bHOe HCCefloBaHHEe MaccolepeHoca AUCIEPCHON KOMIOHEHTHI
TBIJIEBOH T/1a3Mbl PUMEHHTEJNbHO K HATblJIEHHIO TIOKPLITHE Ha MOBepXHOCTH. B cTartbe [7]
OCYILeCTBJIEHO YHUCJEHHOe MOJeJHPOBAHHE NMHAMUKH HeCTallMOHAPHBIX TeYeHHUH MblJIeBOH
nJa3Mbl 6e3 yueTa BIUSIHUS BSI3KOCTH Hecylel cpensl. B paGote [8] uccienoBaHo BiusiHUe
HeJIMHEHHOCTeH TemnnopU3nYecKuX napaMeTpoB U (pa3oBbIX MepexooB MJABJEHUS U UCMa-
peHUs Ha 3JIeKTpHUeCKHe U TelJIOBble MPOLECCHl NPHU HarpeBe MeTaJslJIHuyecKoro 3/eKTPosa
CUJIBHOTOUHBIM UMIysibcoM. B pa6ore [9] uccienoBaHa AvHaMHKa MBIJIEBbIX B3BeCced B
TOPHBIX BBIpabOTKAax U pa3paboTaHa MaTeMaTHyecKasi MOJEeJb MPOLECcca MblIeNnoIaBaeHH s .
B ny6aukanuu [10] TeopeTHyeckyu U 3KCMEPUMEHTABbHO HUCCJIEIOBAHO yJIaBJAUBaHUE MeJ-
KOJIUCIIEPCHBIX a3P030Jiel BOJOKHHUCTBIMH (DUIBTPAMHU, BbISIBJEHO, YTO NMPH MOBBILIEHUH
CKOPOCTH IOTOKa MPOLECC Y/aBNWBAHUS NUCIEPCHBIX YaCTHL BOJTOKHUCTBIMU (DUJIbTPAMU
cyulecTBeHHO yxynmaercsi. Cratbsi [11] mocssieHa ycoBeplIeHCTBOBAHHUIO TEXHOJIOTHH
3JIEKTPUUECKUX (PUIIBTPOB, OYHMILAIOIIMX Ia30Bble BBIOPOCH! MPOMBILINEHHBIX MPEANPUATHH
OT IMCIEPCHBIX TpuMeceil. B ctatbe [12] mpoBoaUTCS COMOCTaB/IEHHE IKCIEPUMEHTATBHOTO
UCCJIeJOBAaHUS U YUCJEHHbIX PACUETOB TEUEHHUS 3aMblIEHHOW 3JIEKTPUUYECKU 3apsiKeHHOH
nByx(}asHo! cpenbl B KaHase 6e3 ydyeTa B3aUMOOOPATHOI'O CHUJIOBOTO BJIMSIHUS KOMIIOHEHT
cMecH. B pa6orte [13] akcneprMeHTa bHO HCCIEN0BaHO (POPMHUPOBAHHE CAMOCOTIACOBAaHHbBIX
CTPYKTYp B IblIeBO# mia3me. B craTtbe [14] mosyyeHo TouHOe peleHHe HJisi CTAllMOHAPHOH
ONIHOMEPHOH MOJeJd AMHAMHKH My3bIPbKOBHIX cpel. B pa6ote [15] mpeacraBiaeH 0630p
TEOpPeTUUECKUX U IKCMEPUMEHTaNbHbIX Pa0OT MO U3YUYEeHHIO BJUSHHUS NUCIEPCHBIX YACTHI]
Ha IMHaMUKYy ras3a. JlaHHas pa6oTa MocBsillleHa BbISIBJEHHIO 3aKOHOMEPHOCTEH ocaKIeHUs
(pakuui nosuAKNCIepCHOH ra3oB3BeCH, NBHXKYIIeHcs B KaHale, Ha MJaCTHHY, K KOTOPOH
TIPUJIOKEH JEKTPUUECKUH TTOTEHLHAJ.
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1. Maremarnuyeckad MoOOeJab

[Ipennonaraercst 4To AucHepcHast (pasa rasoB3BECH COCTOMT M3 HECKOJBKHUX (ppakLHMH,
OTJIMYAIOIINXCS MIOTHOCTBIO U TENJOEMKOCTbIO MaTepHasa, a TaKxKe pa3MepoM UYacTHIL.
JLasi KaxKI0H U3 KOMIIOHEHT CMeCH pelllajach CHCTeMa ypaBHeHHH, BKJ/uaBluas B cebsi
ypaBHeHHs1 Hepa3pblBHOCTH (1), ypaBHeHHUs] cOXpaHeHHs] KOMIIOHEHT MMIyJbca rasa (2) u
UMIysnbca (pakuUuil aucnepcHol (asbl (3), ypaBHEHHUS] COXPaHEHHUs TIOJMHOH SHEPTUH rasa
(4) n ypaBHeHHUs1 COXpaHEHHS TEIIOBOH SHepruu (Gpakuuil aucrnepcHoi dassl (9) [4,25-29]:

dpi N (pius) L d(pivi)

o o 99 0 (4 n), (1)
KOE) 4 % (Vi + b — ) = - Z)k+Z)mﬁ (i.k=12), (2
d(p;VF) ; ; : .
ét] -V (pVIV)) = Fije — Vi (j=2,.n, i,k =1,2), (3)
0

;; +V (Vi (e +p— i) — Vi — AV'T) =

== Q=Y _|Ful (V- Z% PV (G =2,.m, i, k=12), (4
j=2 j=2

0 2 0 2 0 0
m—u(za—;—ga), m=n (252 -20). mamu (G o).

8u1 (%1
(8:61 + a—@> . pi=ajpjo, € = piCpiT;.

MartemaTHueckass MOzieJsib M03BOJISIET MOJEJIUPOBATh JEKTPUUYECKOe T0Jie, TeHepupye-
MOe KaK 3JeKTPUYECKHM 3apsiioM (pakUMi NHUCIIEPCHOM KOMIIOHEHTHI Ia30B3BeCH, TaK H
BHEIIHUMHU TMOTEHIMaJaMH, MPUIOKEHHBIMU K Mojeaupyemoit obnactu [25-28,30]. Hecy-
1[asi cpefia OMHUChIBAJACh KakK BSI3KHMH, C2KMMaeMblH, TerJonpoBoaHbli rasz [31]. Monenb
MOJIMAUCIIEPCHON Ta30B3BECH YUYMTBHIBAET TeIJIOBOE U CHJIOBOE B3aMMOJAEHCTBHE rasa U
(pakuMi aucnepcHod ¢asbl. B ypaBHeHHAX NPUMEHSIOTCH CJjeayloliue 0003HaYeHUSs:
p; — TIOTHOCTH (/151 HecylleHd cpelbl MJIOTHOCTb rasa, a /s (pakLUuil IUCTepCHOH (hasbl
«CpellHHe MJIOTHOCTH»), U;, V; — COCTaBJSAIOLIMEe BEKTOPOB CKOpocTH Vj, e; 1 T 3Heprus u
TeMmrepatypa KOMMoHeHT cMmecH. MHaeKke «1» oTHOCHTCS K (DU3UUECKUM BeJUUHHAM Hecy-
el cpeabl (rasa), uHIEKC «j» (7 > 1) — K (hU3HUECKUM BeJMYMHAM (PpakiHil AUCTIEPCHOH
KOMIIOHEHTBI CMeCH. 31eCb A, [, 7 — KO3(P(HULHEHTH TENJONPOBOIHOCTH, BA3KOCTH H
MOCTOsSIHHAS anuadatThl 1Jis1 Hecylle# razoobpasHoit cpensl, I = RT}/(y—1) — BHYTpeHHss
3Heprusi Hecyllell cpenbl (R — razoBasi TIOCTOSIHHAS), Tq1, T12, Too — COCTABJISIIOLINE TEH30-
pa BSI3BKMX HamnpsikeHWH Hecylled cpenbl. CocTaBsolMe BeKTOpa Mexk(ha3HOro CUJI0BOrO
B3aUMOIEHCTBUS j-0¥ (pakunu Fy, , F,,. W TENJOBOH MOTOK C MOBEPXHOCTH j-OH (paKIUH
IMCIepCHON (asel (); ONpenensoTcs 3aKOHAMH MeX()a3HOro B3aHMOJEHCTBHS.
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3nech o — o6beMHoe comepxanue; Cp;, pjo — YAeJbHas TENJIOeMKOCTb U (pH3HUecKas
MJIOTHOCTDL BeILLeCTBA TBEPAbIX YACTHI[ j-OH ()PAKLUMH JUCIIEPCHOH (asbl, r; — pamuyc
yacTUll j-o¥ (ppakKUMKU OUCIEPCHOH (pasbl, MpennoJaraeTcs, 4YTo BCe YaCTULbl HMEIOT
cpepuyeckyto Gopmy. KoMnoHeHTBl cHI0BOro Mexk(paszHoro B3aUMOAeHCTBUS MeX1y raso-
BOW KOMIIOHEHTOM CMeCH W j-Od (ppakuued — F; U Fy; — ONpelessioTcsa CaeAYOLIUM
o6pasom [1,2]:

3a
Fx1j = gcdjpl\/(ul — Uj)2 + ((Ul — ’Uj)Q (Ul - uj) + FEmj 5
J

3
Fryy = SCagpr (1 — 0y + (01 = 07)" (01 = o)) + Fia;.
J
MexhasHblil Tena00O6MeH OMUCHIBAETCS BbIpaKeHHeM
Q; = 6oy ANy (Ty — Tj)/(2r;).

MartemaTtuyeckre MoJe/ M a3pOAUHAMUKH 3alblJI€HHbIX U Ia30KarnesbHbIX Cpel Mpej-
cTaBJeHbl B pabote [2]. CuioBoe B3auMOIeHCTBUE KOMIIOHEHT CMeCH 3anaeTcst Ko3d-
¢uumentom conpotusieHus Cy. TennoBoe U cH0BOe B3aUMOJEHCTBHE COCTABJISAIOLIMX
rasoB3BecH omnpefensiioTcs [2] oTHocuTenbHBIM urcaoM Maxa M, OTHOCHTENbHBIM YHCIOM
Pefinonbaca Reqj, oTHOCcHTenbHEIM yncsoM Hyccenbra Nuy; v yucaom Ipanarasa Pry:

24 . 4
Relj Re(l)f

Cy = Co(Myj)n(ey), Cy = +0.4,

427
o0M) =t exp (~ ) nla) = (1))

15
Re yj=rp|Vi—Vil/p, My=[Vi— V|, Pri=cup(N),
Nuy; = 2exp(—My;) + 0.459 Re {7° Pri™,
V; = [uj,vj], 7 = 1, n — BeKTOpBI CKOPOCTeH HecylleH cpelsl ¥ (PpakLUUil AUCTIEPCHOH
KOMIOHeHTHl. I/ CKOPOCTH HecylleHd cpelbl 3aaBajuCh ONHOPOJAHbIE IPAHHUUHbIE YCJIOBUS
Helimana B HayaJse KaHasa U Ha BbIXOJEe M3 KaHaJ/a, a TaKxKe OJHOPOJAHble 'PaHUUHbIE
ycnoBusi Jupuxise Ha CTeHKax KaHaja. /s cocTaBasSIIOIMX CKOPOCTH (ppakUuil TBepHo#
KOMITOHEHTBl CMeCH Ha BXOJe W BBIXOJE M3 KaHaJ/ia 3a/aBajuChb OLHOPOJHblE TPaHUYHbIE
ycnoBus Helimana. Ha BepxHell (K BepxHeH CTeHKe MPHUJIOXKEH MOJNOXKUTENbHBIH MOTEHIUA)
MIOBEPXHOCTHU KaHaJa [Jisi BEPTUKAJbHBIX COCTABJSAIOIINX CKOPOCTEH (PPaKLUU AUCIIEePCHOU
(basbl CTAaBUJIUCh ONHOPOJHblE 'PAaHUUHbIE yCJ0BUSA JlUpHXJie, HA HHUXKHEH MMOBEPXHOCTH
KaHaJ/a AJ5 BePTHUKAJNbHBIX COCTABJSIOUIMX CKOPOCTEH (PpaKUMK NHUCIIepCHOH (has3el MpH-
MeHSIJIUCh OHOPOJHble TpaHUYHble ycaoBus HelimaHa Ha HUKHell cTeHKe KaHaJja. Takas
MOCTAHOBKA 'PAHUUYHBIX YCJOBUH [J/151 BEPTHKAJbHBIX COCTABJSAIOIIUX CKOPOCTel (ppakuui
JIUCIIEPCHOH (pa3pl MO3BOJSET OMUCATh IMOIJIOLIEHHe MJIaCTUHOU-3JIeKTPOAOM 4acTHIL ra-
30B3BecH. [l/1 BceX MPOMOJIBHBIX COCTABJSIOLUIMX CKOPOCTH (paKLUH AUCIIEepCHOH (hasbl
Ha OOKOBBIX TOBEPXHOCTSX 3a/1aBajiuChb OJHOPOJHbIe IpaHUuUHble ycaoBusa dupuxae. ns
OCTaJIbHBIX HCKOMBIX (DYHKIMH Ha BCeX IFPaHMLAX CTAaBUJUCh OLHOPOAHBblE TPaHHUYHBIE
ycaosus Helimana. Ha Bxone B KaHas 3aiaBajiuch HadajbHble 0ObeMHblE COAEPKaHUS
(pakuuil BTeKawolleld B KaHa/ AUcepcHOH ¢asbl. CucteMa ypaBHEeHUH NTUHAMHKH JBYX-
KOMIIOHEHTHOU CMeCH pelllajiach sIBHBIM KOHEYHO-pa3HOCTHBIM MeTomoMm Mak-Kopmaka [31]
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BTOPOTO TMOPSiIKA TOYHOCTH C MPHMEHEHHWEM CXeMbl HeJHHEeHHOH KOpPEeKIHH CEeTOUHOH
¢dyukuuu [32,33].

Cocrasasitoire cugbl KynoHa, Bo3necTByOlLIMe HA eMUHULY oO6beMa j-0H (paKiuu
JUCTIIEPCHOH (hasbl, ONIPeIeNIITCS yepe3 ee yAeabHbIM 3apsill, CPeJHIOK MJIOTHOCTb (PPaKIIUU
TBEPHOH KOMIOHEHThI CMECH M HAMPSXKEHHOCThb 3JeKTprudeckoro noJs [4,30]:

Fre ;= —aijOQOi, Fre,; = _OéjijQO_(p-
81'1 8%2
[ToTeHLHaN 3JeKTPHUECKOro MoJsi B pacueTHOH 06JacTH OMNpefessieTcsl U3 pelleHUs
ypaBHenus [lyaccona [30]: .

Ap=-Y P (6)
j=2 0
rle o — YAeJbHBIHA 3apsij eIHHHIbl MacChl TBEPAOH KOMIOHEHTEl CMECH, (¢ — MOTeHLHa
3/JEKTPUYECKOrO M0Jsl, €g — abCOMIOTHAS NU3JeKTPHUecKas IPOHULAeMOCTh BO3NyXa. YPaB-
Henue IlyaccoHa, onuchIBaKolee NMOTEHIMAN 3/J1eKTPUUECKOro M0Js, Pelasoch MeTOA0M
KOHEYHBIX Pa3HOCTel ¢ MOMOLIbI0 MTePALMOHHOHM CXeMbl MeTofa yCTaHoBJeHHs [34] Ha
rasoMHaMU4eCcKOl pacueTHOH ceTke. JlaHHAs NMOCTAHOBKA YHCJ/EHHLIX PacyeToB BHI3BaHA
HEOGXOAUMOCTBIO OTpe/e/leHHsl 3HaUeHHUs TOTeHLUAa1a 3JeKTPUUECKOro MO0/ MPH BhlUMCIe-
HUH CHUJl MexK(a3HOTO B3aUMONEHCTBHS NP OMMCAHMH JAMHAMUKH JTUCIIEPCHOH M Hecyllei
KOMIOHEHT CMeCH, a TakxKe HeoOXONMMOCTbIO BhIUMCJEHUs 3HAYeHHH cpejHel MIOTHOCTH
nucnepcHoil (asbl B ya/iax NpH pelleHWH ypasHeHus [lyaccona. [l moTeHLMana 3/1eKTPH-
UeCKOro MoJs 3aJaBajuch OJHOPOAHbIE IPAHMUHbLIE YCJI0BHs HeliMaHa Ha BceX rpaHMIAX,

KpOMe I1J1aCTHH-3JeKTPOLOB, HAa KOTOPHIX 3a[aBajHCh 3HAUCHHS [IOTEHLHAJIOB.

2. PesyabTarhl pacueToB

Ha puc. 1 cxematnuyHo n3o0pakeH KaHaJ ¢ TeKylleld Mo HeMY ra3oB3Becblo, K CTEHKaM
KaHaJ/a MpUJIOXKeHbl NMOTeHIHa/ bl pa3inyHbIX 3HakKoB. OOulas NPOTSIKEHHOCTh KaHana
cocraBasieT L = 1 M. Beicota kanana h = 0.1 M. B paGote npennosaranoch, 4To K HUXKHeH
CTeHKe KaHaJja NpPUJIOKeH OTpuLaTe/ibHbIH noTteHuuan — ¢ = —25000 B, a Kk BepxHel
CTeHKe TOJIOXKUTEJbHbIH noTeHunan — s = 25000 B: mpocTpaHcTBeHHOe pacnpeneseHue
NoTeHHala 3JeKTPUUECKOTr0 M0Jst U300paxKeHo Ha pHUC. 2.

YnenbHBIH MacCOBbIE 3apsiil AMCIEPCHOH (asbl cocTaBasteT gy = 1072 Ku/kr. Obuiee
o0beMHOe cofepKaHue TUCepcHOl hasbl o = Z;L ,a; = 99-107°. B pacuerax npexnrnosnara-

JIOCh, UTO (ig = ...... = ay = 0.00033. CkopocTb BTeKalollero B KaHaJ JByX(asHOro rnotoxka

T
e

N

RO — s T o

e e R

R i
- = . 2 0.3 a(:)’.%no.f) 0.6 0.7 0.8 09 1.00

Puc. 1. CxematnuHoe nzo6paxenue KaHa-  Puc. 2. [IpocTpaHcTBeHHOe pacrpeneseHre MOTeH-

Jla ¢ TeKyllled 110 HeMy 3allblJIeHHOH CpenoH qyaJna 3JeKTPUUECKOro MoJs

Fig. 1. Schematic image of the channel Fig. 2. Spatial distribution of the electric field

with the dusty medium flowing through it potential
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coctaBasna uyg = 4 m/c. [lonydeHHoe
YUCJEeHHBIMHA pacyeTaMH MpPOCTPAHCTBEH-
HO€ pacrpejesieHHe MPOJOJbHOU COCTaB-
JISIOLEH CKOPOCTH Hecylled Cpefibl Npef-
craBjseHo Ha puc. 3. Haubosbliero 3Ha-
YeHUsl MPOLOJbHASA COCTABJAIILAS CKOPO-
CTH rasa u; [IOCTUlraeT Ha OCH CHUMMeT-
puM KaHasaa. Pacnpenenenue JUHUH ToKa
CKOPOCTH OIHOM M3 (ppakLUH AUCIEPCHOH
KOMITOHEHTBl CMeCH (C pasMepoM YacTHIL
d = 4 MKM M IIJIOTHOCTBbIO MaTeprana (pak-
KK p3g = 1850 Kr/mM3) neMoHCTpUPYeT, 4To
BOJIM3M HUKHel MMOBEPXHOCTH KaHaJja CKO-
pPOCTb YaCTHIL HalpaBJieHa Ha IJacTHHY-
snektpon (puc. 4). Ha puc. 5, a, 6 u3006-
pakeHbl pe3yJ/bTaThl YACJIEHHBIX PaCueTOB
OCaXKJeHHUS Ha MJACTHHY (PpakUMH MOJu-
JHACIEPCHOH TBepAOH (pa3bl 3aMblIEHHOU
Cpelbl C ONMHAKOBOH (PU3UUECKOH IJIOTHO-
CThIO MaTepHasa (ppakUUid U Pa3IUUHBIMU
Puic. 3. TIpocTpaHcTBeHHOE pacnpeie/eHne npo- PasMepamu dacTui. BOJH3H HIXKHEH CTeH-
JIO/IbHOE COCTaBJSAIONIEH CKOPOCTH rasa B KaHaste KH KaHasa HalJiofaeTcss yMeHblleHHe 00b-
Fig. 3. Spatial distribution of the longitudinal emHOro comep:xaHust ppakLHUi OTHOCUTE/b-
component of the gas velocity in the channel = Ho Haya/nbHBIX 06bEMHBIX COfepKAHUH Ha
BxoJe B KaHaJa (a;o = 0.00033; i = 2,3,4),

BBI3BAHHOE OCaXKJAEHHEM YAaCTHIl Ha MJIaCTHHY-3JEKTPon (pHc. 5, a). YMeHblleHHe 00b-
€MHOTO COJlepKaHusl (PpakUMi AUCNEPCHOW (pa3bl ra3oB3BeCH BOJIM3U HHUXKHEHU CTEHKU
KaHaJsa MPOUCXOAUT NPONOPLUOHANBHO pPa3Mepy 4YacTHll. BpeMeHHble 3aBUCUMOCTH 00b-
eMa OCaXkK[eHHbIX Ha HHJKHeH CTeHKe KaHaJsa YaCTHL A/ Pa3/IUYHbIX (PPakUMi JUCTIepCHOH
(ha3bl 1EMOHCTPUPYIOT yBeJUUYeHUEe UHTEH-

Yy, m ~ \‘ CUBHOCTH OCaXKJA€HHS MPHU yBeJUYEHUH pas-

\\ Mepa dactul (puc. 9, 6).

0.08 b = BeisiBIeHHble 3aKOHOMEPHOCTH MOXKHO
— OOBSICHUTb TeM, UYTO yBeJIMYeHHe pasMmepa
YaCTUL IHUCNEePCHOH (hpaKLUU NPUBOAUT K
YBEJIMYEHHIO TMJOLIaAd CONPUKOCHOBEHUS
YaCcTHULBl M rasa B KBaApPaTHUYHOH IMPONOp-
MM, TOTJA KaK Macca 4acTHULbl yBeJUYHBa-
eTcsl B KyOudeckod nponopuuu. B monpenu-
pyemoM npouecce cuna KynoHa, npu/oxeH-
Has K 4acTHule, MPONOpPLHOHA/NbHA Macce
R YaCTHULBI, T.€. yBeJHYHBaeTCsl B KyOude-

0 0.2 0.4 0.6 08 =z m CKOH MPOTOPLUHU NIPH yBeJHUUEHUH pa3mepa

Puc. 4. Jlunuu Toka CKOpOCTH (ppakuuu aumc- TACTHULBL.
MepCHOH KOMIOHEHTH cMecH (p3g = 1850 Kr/m?, PaccmoTpuM BiMsiHME MJIOTHOCTH MaTe-
d =4 mMxm), t =51 mc puana BellecTBa 3JIEKTPUUYECKH 3apsiKeH-

Fig. 4. Streamlines of the velocity of the fraction HOH 3albIEHHOH Cpelbl Ha MPOLECC Ha-
of the dispersed component of the mixture MbIJIEHHsI (PPAKIKA IUCTIEPCHOH (Dasbl raso-
(p30 = 1850 kg/m3, d = 4 ym), t = 51 ms B3BeCH Ha IJIaCTHHY-3JeKTpoA (puc. 6, a, 6).
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Puc. 5. [IpocTpaHcTBeHHOE pacripenesneHre 00BEMHOTO COfEPKaHUs (DPaKLUUK AHUCTIEPCHON (ha3bl
C MJIOTHOCTBIO MaTepuana p;p = 1850 xr/m>, i = 2,3,4 B61usyu HuxKHeld cTeHKH (y = 0.002 M,
MOMeHT BpeMeHu t = 51 mc) (a). BpemenHasi 3aBucuMOoCTb o6beMa (pakiuil nucrepcHoi (assl,
OCaXKJE€HHOH Ha HHXKHIOI CcTeHKY, (6) (uBeT online)
Fig. 5. Spatial distribution of the volumetric content of the dispersed phase fractions with the
material density p;o = 1850 kr/m?, i = 2, 3,4 near the lower channel wall (y = 0.002 m, time
point ¢ = 51 ms) (a). Temporal dependence of the volume of fractions of the dispersed phase
deposited on the lower channel wall (6) (color online)
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Puc. 6. [IpocTpaHcTBeHHOe pacripeneseHre 00bEMHOTO CoflepKaHus PpakUUil AUCTIEPCHOU (asbl ¢
nuaMeTpoM dactull d = 20 MKM BOJIM3HM HUXXHeH cTeHKH KaHaza (y = 0.002 M, MOMEHT BpeMeHH
t =51 mc) (a). BpemenHast 3aBucuMOCTb 06beMa (pakUMil AHCTIEPCHON (Das3bl ¢ AHAMETPOM YaCTHIL
d = 20 MKM, OCaXKJIeHHBbIX Ha HHXKHIOI CTeHKY, (6) (uBet online)
Fig. 6. Spatial distribution of the volumetric content of dispersed phase fractions with a particle
diameter d = 20 pum near the lower channel wall (y = 0.002 m, time ¢ = 51 ms) (a). Time
dependence of the volume of dispersed phase fractions with a particle diameter d = 20 um
deposited on the lower channel wall () (color online)
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[Tpu onuHakoBOoM pasmepe uactull (d = 20 MKM) dpakuuu ¢ 6ojiee MIOTHBIM MaTepHa-
JIOM JIUCTIEPCHBIX BKJIOUEHHH UMEIOT MeHblllee 00beMHOE CoiepKaHie BOJH3H 3JEKTpo/a
(y = 0.002) (puc. 6, a). ®pakuuu yacTui ¢ 60j€e MJIOTHBIM MaTEPHaJOM UMEIOT OOJbIIYIO
CKOPOCTb HAIbIJIEHUS] Ha MOBEPXHOCTh HHMXKHEH CTeHKH KaHasa (puc. 6, 6). BbisiBieHHbIe
0COOEHHOCTH OCaXKIEHHSI Ha MOBEPXHOCTh MJIACTHHBI MOJHANCIIEPCHOM ra30B3BECH CBSI3aHbI
C TeM, YTO MPU OJMHAKOBOM pasMepe uacTHl] GoJsiee MJIOTHbIE YACTULILI HMEIOT GOJBIIYIO
Maccy, 1o 3TOH NMpUYKHe TaKHe YaCTHIIbI HCIBITHIBAIOT OoJbliiee Bo3eHcTBHE CHJbl KysoHa
MPH OAMHAKOBOM MJIOLIAAX B3aMMOIEHCTBHS C Ta30M.

BriBoabl

B pa6ore uncaeHHO MOAEIMPOBAJCS MPOLeCC OCaKAEHHUS Ha MJIACTHHY-3JEKTPOA dJeK-
TPUUECKH 3apsi?KeHHOH MOJNHAUCIIEPCHON 3amblieHHOH cpenpl. KccaenoBaHo BiMsIHKE MJIOT-
HOCTH MaTepuaJa 4acTHL U UX pa3Mepa Ha Mpolecc ocaxKaeHHs (PppakUuil 1ucrnepcHol (asbl
IBYXKOMIIOHEHTHOH cMecH. HacTuubl 60JbIINX Pa3MepoB 0CaXKAAITCs 00Jiee HHTEHCHBHO.
[Ipu oprHakoBOM pa3mepe yacThL OoJiee UHTEHCHBHO OCAXKAAIOTCS YaCTHULB! ¢ OosblIel
NJIOTHOCTBIO MaTepuaJsa. MeskoaucnepcHble 4acTULbl 0oJee MOoABEPKEeHbl BO31EeHCTBHIO
a9pOAMHAMHUYECKUX CHUJ, 110 3TOH MPUUMHE CHOCATCS MOTOKOM rasa M 0CaxK[AalTcs Ha
MaCTHHY-3JEeKTPOJl MeHee UHTeHCHBHO, TOTla Kak AMHAMHUKA KPYMHOAUCIEPCHBIX YAaCTHIL
B 00JIbIlIed CTeNeHU ONpefieisieTCsl 3JeKTPUYECKUM IOJIEM.
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AnHoranusa. VM3o06pereHne MexaHM3Ma BHHUMAaHHS B HEHPOHHBIX CETSX CTaj0 BaXKHOH BeXOH
B Pa3BUTHH 06J1aCTH 00pabOTKH eCcTeCTBEHHOTo sidbika. OHO MOJYUYHJIO MHOXKECTBO TPHJIOKEHHUH
B PA3JIMUHBIX 00/IACTSAX, TAKMX KaK MPOTHO3WPOBAHHE OTTOKA, KOMIIBIOTEPHOE 3pEHHe, paclo3HaBa-
HHe peud U T..1. MHOrue coBpeMeHHble MOJIEJNH OCHOBAaHbl Ha MeXaHHW3Me BHHMAaHHSs, HallpUMep
apxuTeKTypa Tpancdopmepa. [TocKoIbKY 3TOT METOL YyKe MPOAEeMOHCTPUPOBAJ CBOIO d(PPEKTHB-
HOCTb, OBIJIO PelleHO U3YUUTh ero MpUMeHeHUe TPU PelleHrnH 3a1aud Ko/11abopaTUBHOH (DUJIbTPALMH.
B cratee mpengaraercs peasusalnus MexaHM3Ma peKOMeHIATe/bHOH CHCTeMBl, OCHOBAaHHOTO Ha
apxuTekType TpaHchopmepa. Takke B paboTe MPUBENEHBl Pe3Y/bTATHl CPABHUTEJNBHBIX IKCIEPHU-
MEHTOB C KJIAaCCUUECKHMH a/JrOPUTMAaMH PEKOMEHJAAaTeJbHbIX CUCTEM Ha 06LIef0CTyHOM Habope
IaHHBIX.

KiroueBbie cioBa: KossmabopaTUBHAsi (DUIbTPALMs, MEXaHH3M BHUMaHHs, I1yOOKoe 0oOydyeHHe,
TpaHcpopMepbl, rpadoBble HEHPOHHbBIE CETH C BHUMaHHUEM

Has uutupoBanusa: Romanov A. I, Batraeva I. A. Attention based collaborative filtering
[Pomarnos A. H., bampaesa H. A. KoanabopatuBHasi pUAbTpallksl ¢ MEXaHU3MOM BHHUMaHwus| //
HMsBectus CapatoBckoro yHuBepcutera. Hosas cepus. Cepus: MatemaTtrka. Mexannka. Mudopma-
tuka. 2022. T. 22, uin. 1. C. 103-111. https://doi.org/10.18500/1816-9791-2022-22-1-103-111
Cratbsi ony6/auKoBaHa Ha ycsoBusx JjuieH3un Creative Commons Attribution 4.0 International
(CC-BY 4.0)

Introduction

Due to the exponential growth of the web information, web applications face new
challenges in providing the best user experience service. Recommender systems are
getting to be one of the core components of the web applications, where personalisation
may increase users engagement or conversion rate. The most popular use cases are related
to recommendations to buy a product, based on the user’s historical purchases. Another
famous application is a news feed generation on social networks. Recommendations of
the entertainment content are also extremely powerful opportunities for recommender
systems utilization. For example, in 2016 Netflix reported [1] that its recommender
system influenced roughly 80% of streaming hours on the site and further estimated the
value of the system at over $1B annually. There are three main types of recommender
systems [2]:

e collaborative filtering;
e content-based;
e hybrid methods.
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Each of the methods has its own advantages and disadvantages. However, because of
its relative simplicity of implementation, currently, the most popular technique is collabo-
rative filtering. Collaborative filtering assumes that the model learns user’s preferences
based on its previous historical interactions. The common output of collaborative filtering
models is users embedding matrix U and items embeddings matrix V. Where embedding
means: vector representation of the object. This framework is influenced by a cold start
issue: more than half of users and items have very little interaction history and it leads
to noisy predictions for them. To address this problem, usually additional user and items
features may be utilized as a uselul signal, which will improve prediction accuracy for
cold objects. This kind of architecture is called a hybrid recommender system. In this
paper, we will not focus on content-based and hybrid methods.

1. Problem statement

A collaborative filtering method can be represented as a matrix factorization problem.
Given a log of users and items interactions history. Each interaction is represented by
triplets: (u;,i;,7;;), where r;; is its rating, which was given by user u; to item ¢;. This
log can be represented by interaction matrix M. Each row of the matrix is associated
with the user, and each column is associated with the item. Each matrix cell will be
a rating r;;. In most cases, this matrix has around a 95% of sparsity rate [3], which
means that most of the matrix elements will be empty. We have only partial information
about the cells of this matrix, based on explicit or observed customer behavior. Explicit
behavior may be a product rating given by a customer. Observed behavior tries to
deduce how much a customer likes the product by implicit signals, for example, when a
customer views a product, adds it to their cart, or purchases it. Our goal is to build a
model that can predict the values of the empty cells of this interaction matrix. We try to
approximate the interaction matrix as a product of two matrices of lower dimensions,
user factors, and item factors: M = U = V. The scalar product of a row of matrix U and
a column of matrix V gives a predicted item rating for the missing cells. Predictions
for known items should be as close to the ground truth as possible. We fit those two
matrices with known data using optimization algorithms.

2. Traditional collaborative filtering algorithms
2.1. Latent factor model

Latent factor models map both users and items to a joint low-dimensional latent
space, where the user-item preference score is estimated by vector inner product.

We denote user latent vectors as U = [uy,...,uy] € RV*E and item latent vectors
as V = [vy,...,vg] € RY*K where K < min(N, Q) is the latent feature dimension. The

preference score 7;; is estimated as:

f’ij = (ui,vj> = UZT'UJ'.

Xiangnan et al. [4] defined the objective function as regularized squared loss on observed
ratings:
argmin(U, V) Y (ryy —75) + A (IUIF + V%),
(i,9)eY

where A\ controls the strength of regularization, which is usually an Ly norm to prevent
overfitting, Y denotes the set of observed interactions. After we obtain the optimized user
and item vectors, the recommendation is then reduced to a ranking problem according to
the estimated scores 7;;.

UHgpopmaruka 105



@Ms& Capar. yH-1a. Hos. cep. Cep.: Maremarvnka. Mexanuka. iHgpopmarnka. 2022. T. 22, sbin. 1

2.2. 'Weighted regularized matrix factorization

[t is problematic to apply traditional matrix factorization to implicit feedback, because
we only observe positive feedback (e.g.,r;; = 1, Vr;; € Y). We cannot ignore the
unobserved user-item interactions, otherwise it will lead to trivial but useless solutions
(e.g., collapsing all the latent vectors to a single point). Also, we cannot assume these
unobserved interactions as negative either, as we do not know the fact that these
interactions did not happen, was because the user did not like the item or the user was
not aware of it. To address these issues, Hu et al. and Pan et al. proposed weighted
regularized matrix factorization (WRMF) [5] that includes all the unobserved user-item
interactions as negative samples and uses a case weight ¢;; to reduce the impact of these
uncertain samples, i.e.:

argmin(U, V) Y cij(ry — ) + A (IU]° + VI,
(3,5)eM
where M denotes a set of observed and unobserved interactions, case weight ¢;; is larger
for observed positive feedback and smaller for unobserved interactions.

2.3. Bayesian Personalized Ranking

BPR is a well-known framework for addressing the implicitness in CF. Instead of
point-wise learning as in WRMF, BPR models a triplet of one user and two items, where
one of the items is observed and the other one is not. Specifically, from the user-item
matrix R, if an item j has been viewed by user ¢, then it is assumed that the user prefers
this item over all the other unobserved items.

The optimization objective for BPR is based on the maximum posterior estimator [6].
In particular, by applying the above latent factor models, a widely used BPR model is
given as:

arg min(U, V) Z —Ind(ri; — ) + A (HUH2 + HVH2),
(i,9)eY
where ¢ is the logistic sigmoid function and A is a regularization parameter. The training
data Yp is generated as:

Yp = {5, K)lj € Y(i) Nk € NY (i)},

where I denotes the set of all items in the dataset and Y(i) represents the set of items
that are interacted by the i-th user. The semantics of (i,7,k) € Yp is that item j is
assumed to be preferable over k& by user i.

2.4. Neural collaborative filtering

One of the first attempts to utilize neural networks to address a collaborative filtering
task was the neural collaborative filtering approach. By replacing the inner product with
a neural architecture the model learns how to approximate user-item interaction function.

Model structure. The Embedding layer follows the input layer; it is a fully connected
layer that projects the sparse representation to a dense vector. The obtained user (item)
embedding can be seen as the latent vector for a user (item) in the context of the latent
factor model. The user embedding and item embedding are then fed into a multi-layer
neural architecture, which the authors term as neural collaborative filtering layers, to
map the latent vectors to prediction scores. The final output layer is the predicted score
7ij, and training is performed by minimizing the pointwise loss between 7;; and its target
value 7;.

106 Hay4Hbivi otgen



A. I. Romanov, I. A. Batraeva. Attention based collaborative filtering @

NCF’s predictive model:
i = f(PTo, Q" vl|P,Q,0y),
where P € RM*K and Q € RV*K denote the latent factor matrix for users and items,
respectively; and 6 denotes the model parameters of the interaction function f. Since

the function f is defined as a multi-layer neural network, according to [7] it can be
formulated as:

f(PTUan QTU]I'> = ¢out ((b:r ( o (¢2 (¢1(PTU1U7 QTU]I))))) 5

where ¢, and ¢, respectively denote the mapping function for the output layer and z-th
neural collaborative filtering (CF) layer and there are X neural CF layers in total.
To learn model parameters, existing pointwise methods largely perform a regression

with squared loss:
L= Y wylry— )
(4,7)EYUY —
where Y denotes the set of observed interactions, Y~ denotes the set of negative instances,
which can be all unobserved interactions and w;; is a hyperparameter denoting the weight
of training instances (u,1).

3. Related work

3.1. Attention mechanism

Attention mechanism has become an integral part of compelling sequence modeling
and transduction models in various tasks, allowing modeling of dependencies without
regard to their distance in the input or output sequences. Innovation of the transformer
model was based on the assumption that it is not necessary to use recurrent neural net-
works in conjunction with attention to achieve state-oi-the-art performance. New model
architecture eschews recurrence and instead relies entirely on an attention mechanism to
draw global dependencies between input and output.

The Transformer allows for significantly more parallelization and can reach a new
state of the art performance on a wide range of NLP tasks using stacked self-attention
and pointwise, fully connected layers for both the encoder and decoder.

Encoder: The encoder is composed of a stack of N = 6 identical layers. Each layer
has two sub-layers. The first is a multi-head seli-attention mechanism, and the second is
a simple, position wise fully connected feed-forward network.

Decoder: The decoder is also composed of a stack of N = 6 identical layers. In
addition to the two sub-layers in each encoder layer, the decoder inserts a third sub-layer,
which performs multi-head attention over the output of the encoder stack.

An attention function can be described as mapping a query and a set of key-value
pairs to an output, where the query, keys, values, and output are all vectors. The output
is computed as a weighted sum of the values, where the weight assigned to each value
is computed by a compatibility function of the query with the corresponding key. The
input consists of queries and keys of dimension d; and values of dimension d,.

According to [8], attention mechanism can be computed as a dot product of the query
with all keys, divide each by v/dj, and apply a Softmax function to obtain the weights
on the values:

Attention(Q, K, V) = softmax (QKT) V,
) Y \/ﬁ Y

UHgpopmaruka 107



@Ms& Capar. yH-1a. Hos. cep. Cep.: Maremarvnka. Mexanuka. iHgpopmarnka. 2022. T. 22, sbin. 1

where () is a matrix of queries, K is a matrix of keys, and V is a matrix of values.
Multi-head attention allows the model to jointly attend to information from different
representation subspaces at different positions:

MultiHead(Q, K, V) = Concat(head,, ..., head),)W©,

where head; = Attention (QWZ.Q KWK, VW}’) .

The projections are parameter matrices:
WZQ e Rdmodel*dq’ VI/ZK e Rdmodel*dk’ VI/'LV e Rdmodel*dv

and WO e th’u*dmodel.

The Transformer, the first sequence transduction model based entirely on attention,
replaces the recurrent layers and is most commonly used in encoder-decoder architectures
with multi-headed self-attention.

3.2. Neighborhood-based collaborative filtering with attention

One of the first versions of attention applications in recommender systems was
implemented for the neighborhood-based model by Mingsheng Fu and Hong Qu [9].
The key difference between neighborhood-based and model-based collaborative filtering
systems is that model-based approach utilizes items similarity in combination with users
similarity for rating prediction, however, neighborhood-based models use the only items
similarity or users similarity, but not their combination. For prediction of the rating 7,,,
neighborhood-based attention model uses a weighted average of known ratings of user u
and the weight for a certainly known rating r,; which is the value of attention between

items 4 and j: s Z .
ut VARV
JENF(u)

where N¥(u) is the items of the user u, and a;; is the attention value of the item j
in relation to the target item ¢. Embedding vectors of the items ¢ and j are randomly
initialized with Gaussian distribution. Attention values are calculated using the following
formula: a;; = Softmaz(expe; ¢;).

Embeddings e; and €; are learned by minimizing the difference between 7, ; and ;.

4. Proposed method

The interactions matrix can be represented as a bipartite graph (Fig. 1).

Graph Neural Networks aim to generalize neural networks to non-Euclidean domains
such as graphs and manifolds. GNNs iteratively build representations of graphs through
recursive neighborhood aggregation (or message passing), where each graph node
gathers features from its neighbors to represent the local graph structure. According
to [10], transformers can be regarded as GNNs which use self-attention for neighborhood
aggregation on fully-connected node graphs.

We represent a user through the items, this user interacted with, analogically we
represent the item — through the users, who interacted with this item. Basically, we
represent the graph node through its neighbors.
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Items /

Rating matrix M \

Fig. 1. User-Item interactions matrix representation as a bipartite graph

Users
Users
swa|

Let us model the interaction between User 4 (U,) and Item 4 (I;). First, we have to
get Uy, representation. Uy has 2 neighbors I; and I (Fig. 2).

Inspired by NLP where each transformer input is a fully connected graph, which is
one sentence, we will define U, representation as a sequence: Uy = {11, I;}. We do not
include U, in the sequence intentionally, because users and items have different modality
and embeddings should be optimized separately. These experiments we will leave for
further work.

Now let us define the representation of the I,. This item has interactions with U, and

So we got the representation of I as a sequence I, = {U4, Us}. Now the goal is to
approximate the function f(U;, I;) = 7. For i =4 and j = 4, it will be equivalent to
J{T1, s}, {Us, Us}) = 2.

We define a transformer input sample as a pair of two sequences: sequence of the
item (all neighbor users of this item) and sequence of the user (all neighbor items of this
user). The target will be to predict the rating. For better convergence of the regression
model, we will normalize the target to the scale of [0, 1] using min —max transformation.
The proposed method compared to the work in the paper [9] is not neighborhood-based.
[t is a model-based collaborative filtering system, because at each rating 7, ; prediction
step, it takes into account user’s u interactions history and item’s i users associated. In
the experiments, we will compare the proposed method with different baselines, including
traditional methods and a novel method, based on the attention mechanism.

Users
S|

Users

sw|

'
()

Fig. 2. User 4 graph repre- Fig. 3. Item 4 graph repre-
sentation sentation
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5. Experiments

For the experiments, we used a publicly available MovieLens dataset [11]. To inves-
tigate the dependence of performance on the amount of data we used 100K, 1M, 10M
versions of the dataset.

We compared our method with the following baseline methods.

e Alternative least squares. The iterative method of matrix factorization [4]. We used
implicit.als.AlternatingLeastSquares framework implementation of the algorithm. We
tuned model hyperparameters using a random search method.

e LightFM. Another implementation of matrix factorization. In contrast to the ALS
algorithm, LightFM uses different optimization techniques, based on “Adagrad” or
“Adadelta” optimizers. It is not an iterative method. The framework includes different
versions of loss functions: "bpr"”, "warp”, "warp-kos" [5].

e Matrix factorization based on SGD. We implemented vanilla matrix factoriza-
tion [4]. This implementation uses stochastic gradient descent as an optimization
algorithm.

e Neural collaborative filtering. As a neural network-based approach we used neural
collaborative filtering with L2 regularization and “Adam” optimizer [7].

e Neighborhood-based CF with attention. The architecture is currently reported as

a state-of-the-art model [9].

For evaluation, we used Root Mean Square Error (RMSE) on a global random 90:10
split, which can be computed as follows:

> dij(rig — 745)°
RMSE(7) = || 212 ,
#) il

where [;; indicates that entry (i,j) appears in the test set. Summarised experiments
results are presented in the Table.

Despite the proposed method not outperforming current state-of-the-art methods, it
still shows competitive scores on medium size datasets and the best performance on
the huge dataset compared to other reproduced methods. It is worth pointing out that
we could not reproduce the scores of the neighborhood-based attention model from the
original paper, because it is not publicly available yet. In the Table we used original
evaluation scores from the paper [9]. We will continue experiments with transformer-
based collaborative filtering. Because the training process is computationally expensive,
we are limited in hyperparameter tuning. For further experiments we will customize the
transformer model to achieve the best performance on MovielLens datasets.

Table
Algorithms comparison on public dataset MovieLens

Method MovieLens 100K MovieLens IM | MovieLens 10M
ALS 1.72 1.36 1.45
LightFM 3.23 2.82 3.07
Vanila MF 0.95 0.92 1.07
Neural CF 0.878 0.91 0.88
Neighborhood attention CF — 0.836 0.766
Transformer 1.04 0.91 0.83
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Conclusion

In this paper, we proposed an approach of training a state-of-the-art NLP technique to
address a collaborative filtering task. We have shown how to achieve competitive results
on the basic RecSys MovieLens dataset. We believe that in any machine learning task it
can be beneficial to look for ideas and inspiration in different machine learning domains,
like in our case in natural language processing. We have to note that reported results
are suboptimal because as pointed out in the paper [12], the correct model evaluation
requires significant effort on hyperparameters tuning and experiments setup.
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(0) 3ajgadye 06pam;eHml BbIXOJ0B HEYETKHUX NJUCKPETHbIX CUCTEM
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Annoranusa. Mccsenyercs 3agada BOCCTAHOBJIEHHS! HEM3BECTHBIX BXOAHBIX MOCJEN0BATENbHOCTEN
HeYeTKUX JUCKPETHBIX CUCTEM IO MX HaOJIOfaeMbIM BBIXOAM. B KauecTBe MaTeMaTH4YeCKOH MOLEJH
HEeUeTKHX CHUCTeM Hucrosb3yercs HeueTkuil aBromMar (HA). [lomo6Hasi 3amaua paccmaTpuBanach
paHee 1l OeTepMUHHAPOBAHHBIX cucTeM. OnHO3HAUHbIEe pelleHHs 3aladyu IJIsi TAKUX CUCTeM OBLIH
MOJIy4YeHbl ¢ UCI0Jb30BAHHEM MOJENH KOHEYHBIX aBTOMAaTOB, Ha3BAaHHBIX aBTOMaTaMM 0e3 MoTepH
nHpopmanuu (BI1M-aBTomaramu). B craTbe n/1s1 HEUETKUX NUCKPETHBIX CHCTEM, OMHCHIBAEMbIX
monesnbio HA, paccmarpuBaeTcss B HEKOTOPOM CMbIC/Ie aHaJOTHUHAs 3anada. B cuny cnennduku
(DYHKLIMOHHPOBAHUS TaKHUX CHUCTEM OJHO3HAuHOE AEKOAMPOBAHHE COOOILIEHUH, MOCTYMALUINX HA UX
BXOJbl, TPUHIUIIHAJIBHO HEe BCerna Bo3MoxKHO. [1o 3Tol npuyrHe BO3HHKAIOT BONPOCH MUHUMHU3ALHH
noTepyu MH(pOpMAaLHH (M0 pa3JUIHBIM KPUTEPUSIM) MPU PellleHHH 3afaud obpaleHusi. BeneHsr aBro-
MarThbl, I03BOJISIOIME pellaTh TaKHe 3a/ayd, Ha3BaHHble aBTOMATaMH ¢ MHHUMH3WPOBAHHOHU MOTepeH
undopmanuu (HA MIIH-aBromaTtamu). Pemenne 3anauu obpaiienus aas HA npencrasnsieT coboii
HEKOTOpOe KOHeYHOe MHOXECTBO BXOAHBIX csoB. Kaxkmoe Takoe pelleHdHe MOXKeT OBITb OLIEHEHO I10
Pa3JIMYHBIM KPUTEPUSIM — MOILIHOCTH MHOXKECTBA CJIOB PeLUeHHSs, BEPOSITHOCTH MOSIBJAEHUS 3THUX
CJIOB Ha BXOAAaX CHUCTEMBbl, TPYLOEMKOCTH MOJYy4YeHUs] Pa3JUYHbIX BAPUAHTOB pelleHHus. B crarbe
C UeJbl0 MUHUMHU3ALHWU 1I0Tepb HH(GOPMALKHK C(HOPMYJIHUPOBAHBl COOTBETCTBYIOLIHE ONTHMH3ALH-
oHHBle 3anaun A HA ¥ ykasaHbl BO3MOXHBIE CIIOCOOB MX pelleHHsi. PaccMOTpeHbl pas/iduHble
pasnoBunHoctd HA MIIN-aBTomaToB. [losydyeHHble pe3yabTaTbl MOKA3bIBAIOT, UTO PACCMOTPEHHbIE
3agady oOpalleHusl [/l HeUeTKHX aBTOMAaTOB SIBJASIOTCS MHOTOKpPUTepHasbHbIMU. M3BecTHO, UTO
pelieHHs TOOOOHBIX 3a4a4YM AJsl AUCKPETHBIX CUCTEM TPAAHMLIHOHHO OLEHUBAIOTCS TOJBKO 110 OIHOMY
KPUTEPHUIO.

KarwoueBble ciioBa: HeueTKHe OHUCKpPeTHble CUCTEMbl, HEHYETKHE aBTOMAThI, o6pau1eH1/Ie BXOO0B
HEeYeTKHX aBTOMAaTOB II0 Ha6JHOIIaeMbIM BbIXO4aM, MMHHMH3allUs NOTEPb I/IHq)OpMaL[I/II/I

Hna wutuposanus: Cneparcxkudi /[. B. O 3anade obpalieHusi BBIXOJOB HEUETKHUX NHUCKPETHBIX
cucteMm // UsBectusi CapatoBckoro yHuBepcuteta. Hosasi cepusi. Cepusi: Matematika. MexaHHKa.
Mudopmaruka. 2022. T. 22, e 1. C. 112-122. https://doi.org/10.18500/1816-9791-2022-22-1-
112-122
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Abstract. The problem of reversion of unknown input sequences of fuzzy discrete systems by its
observed outputs is investigated. As a mathematical model of fuzzy systems the fuzzy automata
(FA) is used. This problem has been considered earlier for deterministic systems. Unambiguous
solutions of the problem for such systems have been obtained using the model of finite automata,
called the information lossless automata (IL-automata). In the article, for fuzzy discrete systems
described by the FA model a similar problem is considered. Due to the specifics of functioning of
such systems, unambiguous decoding of messages coming to their inputs is not always possible
in principle. For this reason, there are problems of minimization of information lossless (according
to various criteria) while solving the address problem. Automata are introduced, which allow
solving such problems, called automata with minimized information lossless (FA MIL-automata).
Solution of the problem of reversion for FA is a finite set of input words. Each such solution can
be estimated according to various criteria — the cardinality of a set of words of the solution,
the probability of appearance of these words on the system inputs, the complexity of obtaining
different variants of the solutions. In order to minimize information lossless, the article formulates
corresponding optimization tasks for FA and specifies possible ways of solving them. Different
kinds of FA MIL-automata are considered. The obtained results show that the considered problems
of reversion for fuzzy automata inputs are multi-criteria. It is known that solutions of such
problems for discrete systems are traditionally evaluated by only one criterion.
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Beenenue

C cepenuHBI MPOIIJIOTO BeKa U 10 HbIHEITHUX JHEH MPOSBJISETCS aKTHBHBIH HHTEpeC
K UCCJIeIOBAHUIO 00PAaTHBIX 3a1au eCTeCTBO3HAHUS KaK B TEOPHH, TAK U B TPHJIOKEHHSIX.
Takue paspaboTKu MPOBOAUINCH, HATIPUMEP, B TEOPHH YIIPABJEHHUS, Pe3YIbTaThl KOTOPBIX
onyOJHKoBaHbl B MOHOTpadusx [1-3], a TakKe B HEKOTOPHIX MPUKJAAAHBIX HCCJEIOBAHUSIX,
OTpaKeHHBIX, K TpUMepy, B padorax [4,5].

OrMetum, 4TO OOpaTHBIE 3a4aul BO3HUKAIOT W B TAKOH BaXKHOH 00J1acTH, KaK obec-
nedyeHWe BBICOKOH HaeXKHOCTH PAa3JUYHBIX TeXHHYecKuX cucteM. OnuH U3 crnoco6oB
ee pelleHHs CBSI3aH C HCIOJb30BAaHHEM TaK HA3blBa€MbIX CXeM BCTPOEHHOTO KOHTPOJIS.
OcHOBaH OH Ha CpaBHEHHH BXOQHBIX CHUT'HAJIOB KOHTPOJHUPYEMOH CHUCTEMBl C CUT'HAJIAMH,
BOCCTaHaBJMBAaeMbIMHU MO ee BbIXOAaM. PaccorsacoBaHue MX HaeT BO3MOXKXHOCTb 3a(HKCH-
pOBaTh MOSIBJIeHHUE OUIMOKH B (DYHKIITHOHUPOBAHWU CHUCTEMBI.

[Ipennaraemasi cTaThsl MOCBsilleHa 3a7ade BOCCTAHOBJIEHHS BXOIOB TUCKPETHOH CHUCTEMBI
MO ee BBIXOAM B CJlydae, KOrJa MaTeMaTHUUeCKOH MOJIE/bl0 CUCTEMBI SIBJSETCS KOHEUHBIH
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aBToMat [3,6]. OnHako HH(oOpMaLUs 0 PYHKIHOHUPOBAHUH CUCTEMBI MOPOH HOCHUT HEUYeT-
KHU (pa3MBITBIH) XapakTep U MOTOMY (hOPMYJHUPYeTCs B TEPMHUHAX IJIOXO (hOPMAIU3yeMbIX
TIOHSTHH THMA «MOYTH PABHO», «I0OCTATOUHO OJH3KO», «MHOT0», «MaJjio» M T.T. $ICHO, uTO
IJIs1 aeKBAaTHOTO OTPaXkKeHWsi HeYeTKOCTH TaKo#H MH(OpMaluuu TpebOylTcss COOTBETCTBY-
IOLI[Me CPEeACTBA, OIHUM M3 KOTOPBIX CTasa TeOpHUs HeUueTKHUX MHOXKECTB, pa3paboTaHHast
JI. 3ane. Tlocie my6GauKalnuy ero OCHOBOIMOJArawlled ctaTbd [7] MOSBUAKWCH U ObLIH
MCCJIeIOBAHBl Pa3MuHble MOoAU(UKALUK Mofiesell HeueTKnx aBTomatoB (HA). B moHorpa-
¢uu [8] mpocsexeHa 3BoMOLKUS U NpUBeaeHa OUOIHOrpadusi MyOJUKALUHA B TOM HayYHOM
HarnpaBJ/IeHHH.

B npensaraemoii ctatbe HEYETKOCTb TUCKPETHBIX CHCTEM MOJEJHPYeTCs MyTeM IpH-
MeHEeHHSs CTelHaJbHOro crnocoba OMUCAHHUS aJrOPUTMOB UX (DYHKIIMOHWPOBAHHS, MPEIJIO-
»KeHHoro B [9], a B KauecTBe MaTeMaTHYeCKOH MOJEJTH TaKUX CHCTeM ucrnosbayercs HA.
Tam xe mpexncraB/ieH QparMeHT TEOpPUU IKCIIEPUMEHTOB C aBTOMAaTaMH (CHHXPOHHU3UPY-
OLMX, YCTAHOBOYHBIX, THATHOCTHUECKHUX), HAa3BaHHBIX 06001IeHHBIMU. Llesb 3THX 3KC-
TIEPUMEHTOB 3aKJ/I0UaeTcss B TOM, UTO B Pe3yJbTaTe WX MPOBeNEHHUs ylaeTcsl COKPAaTHUThb
HeoTpeeJJeHHOCTh UCKOMOro coctosinusi HA, mpencraB/isieMyio B BHe HEKOTOPOTO HMX
MHOkKeCTBa. MOIIHOCTb TAKOTO MHOXKECTBA BBICTYIAeT B KaueCTBE €CTECTBEHHOH Mepbl
HEYETKOCTH TOJIYYeHHOTO pe3ysbTaTa.

PaccmartpuBaemble nanee HA xapakTepusyloTcsi TeM, UTO pelllaeMasi IJjisi HUX 3agada
obpateHus (OTbICKaHWE HEM3BECTHBIX BXOJIOB M0 HAOJMIONAeMBIM BBIXOAaM), KaK M B CJydae
APYTHUX 00O0OILIEHHBIX SKCTIePUMEHTOB [9], yIOMSHYTHIX Bbillle, UMEET B OOILIEM CJaydae
He OJIHO, 8 HECKOJIbKO BO3MOXKHBIX BAPUAHTOB pelleHHsl. DTO MPUBOAUT K HEOOXOAUMOCTH
MHUHUMH3ALUN HEOMPeeJ€HHOCTH TI0JYy4aeMOro pe3ysbTaTa, JOCTUTAeMOT0 MpeasoXKeHHBIM
HM2Ke METOOM BOCCTAHOBJIEHHSI BXOAHBIX CJIOB.

ABTOMaTHI, HCCIeqyeMble B KIACCUYECKOH TEOPHUH IKCIIEPUMEHTOB, PacCMaTPUBAKOTCS
Kak npeobpasoBarenu nHpopmanuu. [IpuHsiTOE MOMyUaTeseM 3aKOAUPOBAHHOE COOOIIEHHE
Ha BBIXOAAaX KOHEYHOTO aBTOMAaTa JAOJKHO OBITb OJHO3HAUHO NEKOAHMPOBaHO. Brepsble
aBTOMATHI, pellalllie TaKyl 3anady, OblId uccaenoBanbl B padorax . Xapdpmena [10]
u C. UBena [11] u HasBaHbl aBTOMatamu 6e3 notepu uHpopmauuu (BI1H-aBTomatamu).

B craTbe mJisl HeUETKHUX THCKPETHBIX CHCTEM, OMUCBIBaeMbIX Monesbio HA, paccmatpu-
BaeTCsl B HEKOTOPOM CMBIC/Ie aHAJIOTHYHas 3af1a4a. B cuiy cnenuduku GyHKUHOHUPOBAHHUS
TAaKUX CHUCTEM OJHO3HAUHOEe NeKONHUPOBaHHEe COOOIIEHHH MPUHIHUIHANBHO He BCerga Bo3-
MOKHO, U TIOTOMY, eCTeCTBEHHO, BO3HHUKAIOT 3aJaud MUHUMU3AIHUH MOTEPH HH(POPMALUH
(Mo pasJIMUHBIM KPUTEPUSIM) MPHU pellleHHH 3anadd obpalleHusi. ABTOMATHI, MO3BOJISIO-
I[Me pellaTh TaKWe 3anadd, OyleM Ha3blBaTb aBTOMAaTaMH C MHHUMH3HPOBAHHOH MOTepe
nHpopmanun (HA MIIH-aBTomaramu).

1. Onucanuve mMoaeJ HEYETKOro aBToMara

Hcnosb3yemasi nasee Mojiesb HEYETKOr0 aBToMara Obljia npeacrasieHa B [9]. Hanowm-
HUM, 4TO B [9] HeueTKHM KoHeuHblM aBToMaToMm (HA) HasbiBaercs msitepka

A=(S8,X,Y,5N), (1)

roe S={s1,...,S,} — KOHEUHOe MHOXKeCTBO cOCTOsIHUH, X ={=1, ..., Z;,} — KOHEUHOE MHO-
KECTBO BXOJOB, Y ={yi, ..., Y} — KOHEUHOE MHOXKECTBO BBIXOIOB,  : S X X x [0,1] — S —
GyHkuns nepexonos, A : S XX x [0,1] = Y — ¢dyHkuus BoixonoB. yHKIHs § UMeeT
caenyiollyo uHTepnperauno: HA, HaXonsuuics B COCTOSIHUU S, TOJ BO3eHCTBHEM BXOJa
T TIEePeXONUT B COCTOsIHUE §', MpUueM 3HadyeHHe (DYHKIUU MPUHAIJIEKHOCTH 3JeMeHTa
(s,z,s") HeueTKOMYy MOAMHOXKeCTBY S X X X S paBHO HEKOTOPOH BesuuuHe ¢ € [0, 1].
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®yukuus o, BBeleHHasi Bbillle, PaKTHUECKH MOPOXKIAET MHOKECTBO HEUETKHX MATpPHIL
T(x) nast Kaxaoro Bxoua x € X:

T(z) = [pa(siy85)], 1< 4,7< n. (2)

31ech BeJUUMHA [i,(S;,5;) € [0, 1] sBJsleTCS OLLEHKOH CTeNeHH BO3MOXKHOCTH mepexona HA
M3 COCTOSIHMA S; B COCTOSIHHE S; NPH BO3eHCTBHH BXOla .

®yukuus Boixoga A @ S x X x [0,1] — Y uMeeT cjenymolyro HHTepPHpeTalHio:
HA, naxopsmuiics B COCTOSHUU s, MOJ BO3AEHCTBHEM BXOHA T HHHUIUHUPYET BBIXOL ¥,
MpUYyeM 3HaueHHe (QYHKLUHH MPUHANJIEKHOCTH 3J1eMeHTa (S, X, y) HeUeTKOMY MOIMHOXKECTBY
S x X x Y paBHO HekoTopoil Benuuuhe ¢ € [0, 1].

OyHkuKs A haKTUYeCKH TMOPOXKAAeT MHOXKECTBO MaTpull A(x) HJs KaxKAOro BXofa
r e X:

Ax) = [va(si,s5)], 1< i< n, 1< j< p (3)

31ech BeJIMUMHA U,(S;,5;) € [0, 1] ABIsIeTCSA OLEHKOH CTENEHH BO3MOXKHOCTH BBIXOZA V;
HA npu nepexone ero U3 coCTOSIHHUS s; NMPU BO3AEHCTBUH BXOMA .

2. PopmyaupoBKa 3aJa4Yd U METOJ €€ pelleHHs

Brauase mpuBenem ¢GopMysHpoBKYy 3amadyd, paccmorpenHyio 1. Xaddmenom [10].
HewusBecTHass BXopHast MocJienoBaTe bHOCTE (C10BO) V' TpHKJAAbIBaeTCsl K 3alaHHOMY
aBTOMATy, HaXOASLIEMYCSl B U3BECTHOM Haua/JbHOM COCTOSIHUM Sy € S, a peakLHus Ha 3Ty
MOCJIeI0BATEIbHOCTD (CJIOBO) MOXKET HaO/onaThesi. TpefyeTcs MOCTPOUTb IKCIIEPUMEHT,
NPOBOJMMBIA C aBTOMAaTOM IOCJ€e MpUJI0KeHHs V, KOTOpbIH pacrnosHaeT V.

Ilanee Gynem cuMTaTh, YTO HayajbHOoe cocTosiHe HA M3BeCTHO U MOXKeT ObITh JHOOBIM
COCTOSIHUEM MHOXxecTBa S.

Huxe paccmarpuBaetcsi mogo6HOro popa 3ajgada, HO B KayecTBe npeobpas3oBaresisi HH-
(opMaLMKu BBICTyINaeT He NeTePMHUHUPOBAHHBIKA aBTOMaT, KakK y [I. Xad¢pmeHa, a HeueTKUH
aBTOMAT, OMHCAHHBIHA B MpeAbIAYLIEM pasjiese CTaThbH.

BBenem HekoTOpble MOHATUS U 0003HAUEHHUS, KOTOPble NMOHANO0ATCA B JaJjbHellleM
ussnoxeHuu. [lycTb sy ecTb M3BecTHOe HauasbHOe coctosiHue HA A u Ha Hero moga-
HO HEU3BECTHOE BXOJHOE CJIOBO U = Uy, Vs, ..., Ug. DTOT HA A BbIIaeT BBIXOIHOE CJIOBO
W = wy, W, ..., Wi, KoTopoe Habmopaercs. [lo Tabnuue nepexonoB-BHIXONOB (HJH MO rpady
HA A) nocTpouM MHOXKECTBO BCeX BO3MOXKHBIX BXOAHBIX ¢JIOB V'(Sp, w), KOTOPBIM COOTBET-
CTBYyeT BBIXOA w. VI3 HUX C UCHOJb30BAaHHUEM Pe3yJbTaTOB YCTAHOBOYHOI'O 3KCIEpPUMEHTa
(mogpobHee 3TO OyHeT OMHUCAHO HMXKEe) BHIIEJIMM MOIMHOXKECTBO BCEX TAKHX BXOIHBIX
CJIOB, KOTOpBbIE TPH (PYHKIHOHUPOBAHUK MOTYT MOpoauTh Beixox w HA A. O6o3HauuM 3T0
MOIMHOXKECTBO CJIOB uepe3 w ™! (sg, v).

Beenem Tenepn caenymwoiee onpenesende. HA HazoBeM HeueTKHM aBTOMAaTOM C MHHH-
MHu3upoBaHHOM noteped uHdopmanuu (HA MIIN), ecan

Vso €S, veX* |w(s,v)] < |V(so,w)|. (4)

3necb X* 03HayaeT MHOXKECTBO BCeX CJIOB B ajdaBute X.

ConepxatesbHbli cMblca oHsATHSE HA MITH 3akjio4aeTcss B TOM, UTO TaKOH MHUILIHU-
a/JbHbI aBTOMAT IMO3BOJISIET BbIAEAUTh MHHUMA/JbHOE MHOXKECTBO BXOIHBIX CJIOB, KOTOPBIE
MOPOXKAAIOT BBIXOA w. YHUCAO0 TAaKUX CJIOB MOXKET OBITh CyIlleCTBEHHO MeHbIle, YeM MOILI-
HOCTb MHOXecTBa V(sg,w). IIoHSITHO, 4TO 3TO yMeHbIIAaeT HEYEeTKOCTb (PasMbITOCTB,
HeOTpeleJIeHHOCTh) pellieHHsl paccMaTprBaeMoil 0OpaTHOH 3amauH.
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Bynem nosarate, uto mMatpuubl 7'(x), A(x), onpenessioliie BO3MOXKHOCTH H3MeHEHHUH
nepexonoB cocTossHUU U BeixonoB HA [9], 3apaHee 3amaHbl U U3BECTHO HayajbHOE COCTO-
suve HA. YcsioBuMces TakxKe CUMTaTh, UTO B IMPOLECCE MOAAYH HEHU3BECTHOTO BXOIHOTO
CJIoBa, T.e. B mpolecce ABMkKeHHs HA mo cooTBeTCTBYIOIIEH TPaeKTOPHU B MPOCTPAHCTBE
€ro COCTOSIHUH, 3aMellleHUs] COCTOSIHUSL U/UJIH BbIXOJA HAa HEH MPOUCXOAUT He 6oJjiee OIHOTO
pasa. DTO orpaHUYeHHEe He SIBJSETCS MPUHIUIHAIbHBIM, HO CYIIECTBEHHO COKpallaeT
TPYIOEMKOCTb MPOLEeNypPbl 00palleHust BBIXOAHOTO caoBa HA u nenaet 0603puUMbIM Mpen-
CTaBJIeHHBIH HHKe TpuMep. OTMETHM, UTO YNOMSHYTOE€ MPENINOJOKEeHHEe B HEKOTOPOM
CMBbICJIE aHAJOTHYHO, HalpUMep, 4acTO NMPUHUMAEMOMY Ha MPaKTHKe MPEIINOJOKEHHIO
MPH THATHOCTHKE HU(PPOBBIX CHCTEM O MPHUHAIJIEKHOCTH MX HEUCIPABHOCTEH KJjaccy
OIMHOUHBIX KOHCTAHTHBIX HeHWclpaBHOCTeH. M3BecTHO, 4TO, KakK MpPaBHJO, MOCJEIHEE
NEeHCTBUTENIBHO HMEET MECTO.

[lepeiimem Temepb K OMHWCAHUIO MeTOAA PACMO3HABAHHS HCKOMBIX BXOIHBIX CJIOB
w1 (s, v) 3amannoro uunuuasbioro HA. OTMeTHM, 4TO OH aHAJOrHUYEH METO.Y, MPeJIo-
x)enHomy B [10].

[Tpu pyHkuMOHMpoBaHWH HA peasnusanusi aibTepHATUBHOTO Mepexoia COCTOSHUU WMJH
anbTepHaTUBHOTO Beixona HA (akTHuecku 3aMeHsIeT ero COOTBETCTBYIOIIUM JeTePMUHHUPO-
BaHHbIM aBToMatoM (J[A). I[loHsiTHO, UTO B pe3yJsbTaTe BCeX TAKHUX 3aMeH MOJIEJIHPOBaHHUE
pa6otsl HA 3KBHBa/JeHTHO MOEIUPOBAHUIO (DYHKIIMOHUPOBAHUSI MHOXKECTBA MOJYYE€HHBIX
NIeTePMHUHUPOBAHHBIX aBTOMATOB.

dopmanbHO /151 TOCTPOEHHST MHOXKECTBA BCEX TAKUX NeTEPMHUHHUPOBAHHBIX aBTOMATOB
MOKHO BOCII0JIb30BaThCsl CJeAYIOLUM TpreMoM. B rpacde HA kaxknoe ajbTepHaTUBHOE
cocrosinvie s HA 3ameHsieTcsi MHOXXECTBOM COCTOSIHHH, COEPKAllUM BCE €ro aJbTepPHATHUBBI.
[Tpu 3TOM Bce BXOASiLIMe MYTH COCTOSIHUS § 3aMEHSIIOTCS AyTaMH, BXOASILIMMU B KaXKIbIH
3JIEMEHT MHOXKECTBA a/IbTEPHATHB COCTOSIHUSA S, a8 BBIXOASIIME W3 HUX OYTH HATPaBJASIOTCS
B COCTOSIHHE-TIPEEMHHUK IS S.

Janee nnis pemieHusi paccMaTprBaeMod 3afladyd BOCCTAHOBJIEHHUS] HEM3BECTHOI'O BXOMA
BOCITOJIb3yeMCsl Hieed MeTofa, npeaoxenHoro B [10].

OnwuieM, Kak TPOLECC PAClO3HABAHHsS HEU3BECTHOIO BXOIHOTO cJjoBa v mjis HA
BbIMOJIHSIeTCSl 0 aHaJjoruu ¢ metonoMm Jl. Xaddmena. [lo HabaogaemMoit BIXOAHOH MO-
cJenoBaTeNbHOCTH (cJioBy) w W Tabauile (rpady) nepexomos-BbixonoB HA omnpenensiem
BCe BO3MOXKHBIE BXOJHbIE MOCJEN0BATeNbHOCTH (MyTH B rpade) vi,vs, ..., Vg, KOTOPBIM
coorBeTcTBYeT BbIxog w. O603HauUM depe3 S = {s;,, Si,, ..., S;, | MHOXKECTBO COCTOSIHUH, B
KOTOpble MEPEXOIUT aBTOMAT M3 COCTOSIHUS S MPH M0Jade HEM3BECTHOro cjoBa. Temepb
MOCTPOMM /151 MHOXKECTBA COCTOSIHHE S TaK Ha3biBaeMYyio 000OLIEHHYIO YCTAHOBOUYHYIO TI0-
cnenoBaresibHOCTh (OYTI) vy, BBeneHHyw B [9], u npunokum ee K aBromMaty. O6o3HaunM
yepe3 S MHOXKECTBO COCTOSIHHH, B KOTODBIE MOXKET MepeiTH aBTOMAT [0CJIe MPHJIOKEHHS
vy, a HabmaopaeMblil npu 3ToM Bbixon HA — uyepes wy. Ilanee mo BeIXOLYy wwpy AJS
Ka’KIOr0 s € S BO3MOXKHO BOCCTAHOBHTb COOTBETCTBYIOLLHE HEH3BECTHbIE BXOLHbIE CJIOBA
(MX MOXKeT CYLIeCTBOBaTb HECKOJIbKO), U MHOXECTBO BCEX TaKHX CJOB M €CTb pellle-
Hue 3anaud obpaienuss HA MIIU. [loHATHO, 4TO Ka)Kaoe Takoe CJIOBO COOTBETCTBYET
HEKOTOPOMY MyTH B CTPYKType rpada HA, onucanHo# Bblllle, BeAyleMy H3 HadyajbHOTO
cocrositust HA B OHO M3 COCTOSIHHII MHOXKeCTBa S.

[Ipu pelieHny paccmaTprBaeMoi 3amauyu obpaileHus MetonoM [10] ajst mIHCKpPeTHOro
aBToMata (JIA) HeusBecTHOe BXOLHOE CJOBO BOCCTAHABJMBAJIOCh OJHO3HAYHO, €CJH B
JIA oTcyTcTBOBaJIM Mapbl COCTOSIHUU ¢ moTepelt uHdopmaiuu [6]. [TocienHee BJeKIO 32
co6oit Tpe6oBaHue muHUMasabHOCTH JIA. B ciyuae HA npenmnosiaraetcsi, 4To cOCTOSIHHUS
C nmoTeped MH(OpPMALIMK B HEM Bcerga NpUcyTCTBYIOT. IMEeHHO 3TO sBJsieTCsl MPUUUHOM
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MOSIBJIEHHS] HEOJHO3HAUHOCTH TIPU pellleHHH 3amaun obparuenus. [TockoabKy TpeGoBaHHe
O[HO3HAUHOCTH BOCCTAHOBJIEHHsI HEM3BECTHOrO BXOIHOTO cjoBa B ciaydae HA orcyrcrayer,
TO HET HeOOXOAHWMOCTH BBOAMTbH aHAJIOT TOHSITHUS SKBUBAJEHTHOCTH COCTOSIHHE H, Kak
CJI[ICTBHE, aHAJIOT TIOHSITHSI MHHHMaabHOCTH HA, KoTOpoe HaMU He HCIOJb3yeTCsl.

3ameTuM, UTO MOHATHE MHUHHUMaJbHOCTH HA, BooOlie roBopsi, BBECTH MOXHO, ¥ Ja-
e pasJUYHbIMU crocobaMu. BeiGop Moaxoasiiiero onpeneseHusi, mo-BUIMMOMY, H0JKEH
OTpPEeeNIAThCS UCXOMsI U3 COlEPKATENbHOr0 CMBIC/A pacCMaTpUBaeMOil MpobIeMBl.

[IpoussocTprupyeM npeasoKeHHbIH MeTon Ha npumepe. Pacemorpum HA, 3apanubii
B BHJE OPUEHTUPOBAHHOrO rpada (PUCYHOK).

I'pad HeueTkoro aBromara / Figure. Fuzzy automaton graph

Ha Hem Bo3MOXKHBIE a/bTepHATHBHbIE NEPEXOAbl N300paKeHbl MyHKTUPHBIMU TyTaMH.
CooTBeTcTByOIIME aJbTepHATHBHbIE BbiX0Abl HA npencraB/eHbl Ha ayre rpada B KPYTJIbIX
CKOOKax MocJjie «OCHOBHOTO» BbIXoia. Kak BHIHO M3 PUCYHKAa, MHOXKeCTBO cocTosiHUE HA
ectb S = {1,2,3,4,5}, BxonHo#t andasur X = {«a, S}, BeixomHo# andasut Y = {0,1}.
[lycTh M3BecTHO, uTO HaudajbHOe coctosiHue HA ectb sy = 1. B mpencraBnennom HA
aJbTePHATHUBHBINA Tepexol nMeeTcsl M3 cocTosiHUus | (B cocrostHue 4), U3 COCTOSIHUS 2
(B cocrosinue 4), Uz coctossHusi 4 (B COCTOSIHHE D), a COCTOSIHUE 3 MMeeT aJibTePHATUBHBIM
Buixog (1).

[Iycts Ha Bxox aToro HA nomaHo HerM3BecTHOe BXOIHOE CJIOBO JJIMHBI 3, a HAOJ/101aeMbIi
BbIXof ecTb w = 1,1,1. TpeOyeTcsl BOCCTaHOBUTb HEU3BECTHOE BXOAHOE CJIOBO.

Hcnonb3ys rpa Ha pucyHKe, OCTPOHMM BCe BO3MOXKHBbIE BXOJHBIE CJIOBA BHJA U =
= vy, U2, V3, KOTOpPBIE TOPOXKIAIOT BbIXOAHOe cjoBo w = 1,1,1. Jlns 3amanHoro HA
nprBeieM 4 BO3MOXKHBIX BXOIHBIX CJIOBA U TpaeKTopuu ABHKeHHs HA mpu ux nogaue:

1)1 g P g
9) 1 2o Py Pl g )
3)1 L 9 Py Py
4)1 9 oMy Py

M3 3THX naHHBIX BUIHO, UYTO B TpeX M3 YeThblpeX BO3MOXKHBIX BAapHUAHTOB OyIeT
Habsonathest BeIXoA w = 1,1, 1, Korna asbTepHAaTHBHBIX MepexonoB B HA He mpoucxomur,
a B TPeTbeM OfMH TAKOH Iepexol UMeeTcs.

[IpencraB/sieHHble BapUaHThl TPAEKTOPUH MOPOXKAAIOTCS B C/aydae, KOraa 4yMcJao Mpo-
M30LIe/IIIMX a/JbTePHAaTUBHBIX MepexodoB He OoJsiee omHoro. Kpome HHMX uMeeTcs elle
TPH BO3MOXKHBIX TPaeKTOPHH, KOTOPBIE MCIOJb3YIOT IBa aJbTepHATUBHbIX Nepexona. OHU
UCKJ/IIOUEHBl U3 JaJbHEeHIIero pacCMOTPEHHS M3-3a HAJI0XKEHHOIO Bblllle OrPAaHUYEHHS Ha
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1 1
JOMYCTUMYIO0 KPaTHOCTb aJbTepHAaTUBHBIX Mepexonos. K npumepy, Tpaekropus 1 AN N/AN

PR3 L 3 peer [1Ba aJbTEPHATHUBHBIX Me€pexofa U MOTOMY HCKJ/I0YeHa U3 NaJbHeHIIero
paccCMOTpEeHHSI.

V3 mpuBeneHHBIX BbIlIe YeThbpeX BapHAHTOB TPaeKTOPHH (D) ciemyeT, 4TO MHOXKe-
CTBO COCTOSIHHH, B KOTOpBle TepexonuT HA mocsie momaun HEHM3BECTHOTO CJIOBA v, €CThb
S = {2,3,4}. Tenepb mocTpouM /s 3agaHHOr0 HA ¢ 5THM MHOXECTBOM JOMYCTHMBIX
HaudasabHbIX cocTosiHUU OYII, onpeneneHre KOTOPOi U METOA MOCTPOEHUS MOAPOOHO H3-
Joxenbl B [9]. HanomuuM, uyto comepkatesbHo nogaua OYII na HA u nabaroneHue ero
BBIXOJ1a M03BOJISIET YMEHbIUIUTb YUCJIO0 BO3MOKHBIX COCTOSIHUH, B KOTOPOM aBTOMAaT MOXKET
HaxoauThes mocje nomaun OYIT [9].

Hcnonbays meton noctpoenus OYTI, npennoxennbiii B [9], B KauecTBe Takod mocJe-
IOoBaTeJbHOCTH moJiydaeM, Hanpumep, OYII vy = af. OTMeTHM, YTO TaKUX MOCJeN0Ba-
TeJbHOCTEH B 00LlEeM ciydae MOXKeT ObITb HeCKOJbKo. Huxe mpenctaBieHbl TPaeKTOPUH

neuxenuss HA npu nonaue stoit OYII npu monycTUMbIX HayaJdbHBIX cocTossHUsX HA u3
B/0

muoxkecra 5: 1) 2 L5 5 20 4 0y 3 2% 1 Py gy 3 200 1 Al g gy g o 3 20 g
5) 4 L g 2 g

Kak BHOHO M3 3THX NaHHBIX, B OTBeT Ha momauy cjoBa «f 3amaHHbii HA moxer
BBIJIATH COOTBETCTBEHHO BhIxonHble cgaosa 11,01,01,10,11.

[lousiTHO, uTO MO HabJIONaeMOH peaKIUH CTAHOBSITCS U3BECTHBIMH COCTOSIHUSI MHO-
xKecTBa S = {2,3,4}, B xotopom HA HaxomuTcsi mocsie mopauyrd HEU3BECTHOTO CJIOBA ©.
3Hasi 3TO COCTOsSIHWE, U3 COOTHOLIEHWH (D) ompenessitoTCS BO3MOXHble BXOJAHbIE CJIOBA
HA, nopoxnatouiue BoixogHoe caoo w = 1,1, 1. Tak, ecnu peakuns Ha OYII pasHa 1,1,
TO BXOJIHOE CJIOBO TIPHHAMJIEXKUT MHOXKeCTBY {afc, aff}; ecau peakuus ectb 0,1, To
BXOJIHOE CJIOBO MPUHAJJIEXUT MHOXKeCTBY {(33}; ecau peakuus ectb 10, To BXOIHOE CJIOBO
NPUHAJIEXKUT MHOXKeCTBY {3, aaf}.

TpynoeMKoCTb MeTOna BOCCTAHOBJIEHHSI BXOAHOTO CJIOBA B OCHOBHOM OTIpeesieTCsl
sarparamu Ha noctpoenue OVYII. TloHATHO, YTO YeM MeHbllle ee [JIMHA, TeM MeHbIle 3aTpa-
Thl. OTCIOfla BO3HHMKAET ONTHMHU3ALMOHHAs 3ajauya CHHTe3a MHHMMaJbHOH 1o aauHe OYII.
EcTecTBeHHO# sIBJIsSIETCS TaK»Ke ellle OfHA ONTHMM3alMOHHAsl 3aflaua — 3TO HaXOXIEHHe
Cpeou BCceX BXOMHBIX CJIOB, SIBJSIOLIMXCS pellleHHeM 3aaadyd oOpalleHHsi, TaKOro CJOBa,
BEPOSITHOCTb TMOSIBJIEHHSI KOTOpOro Ha Bxone HA makcumaJsbHa.

HeomnpeneneHHOCTh (HEUETKOCTD) MOJMYUEHHOTO pellleHHsl 3a1aun o0palleHHsl eCTecT-
BEHHO OLIEHHWBATh M0 YUCJY Pa3/JUUHBIX CJOB, BXOAAUIMX B Hero. [loaToMy BO3HHMKaeT OMm-
TUMH3AMOHHAsA 3anada cuHTe3a OYII, koTopass MUHHMH3UPYET YIIOMSIHYTYIO HEYETKOCTb.

Taxkum o6pasom, 3agaua BOCCTaHOBJIEHHS HEU3BECTHOT'O BXOMHOTO CJIOBA M/ HEYETKHX
aBTOMAaTOB MOXKET pellaTbCs M0 TPEM Ha3BaHHLIM KPUTEPHUSM B OTHEJbHOCTH, JUOO HUX
KOMOMHAIUH. DTO MPUHIMITHAJIBHO OTJIHYAeT ee OT TOH Ke 3ala4yH JJis JeTePMUHHUPOBAH-
HOro aBTOMaTa [6], Korjaa UCroJib3yeTcsi TONbKO OJHH KPUTEPHH — JJIMHA YCTaHOBOYHOTO
9KCIIePUMEHTA.

KpaTko yka)keM Ha BO3MOXKHble METOJbl PellleHUs] MepeurcJeHHBIX ONMTHMU3aIlHOH-
HbIX 3a1ad. Tak, MeTon rnoucka MUHUMadbHOH no pauHe OYII nas HA, ocHoBaHHBIH
Ha HCIOJIb30BAHHUH TaK Ha3blBaeMOro 00OOIIEHHOr0 ycTaHOBOUHOro nepeBa (Y1), ObLI
npenyioxkeH B [9].

3anaya rnorucka BO3MOXKHBIX CJIOB C MAKCHMaJIbHOU BEPOSITHOCTBIO MOSIBJIEHHUS] HAa BXOAAX
HA wmoxetr ObITb peleHa cienymoludMm o6pasom. Matpuua 7' (z), durypupymomas mnpu
3aganuu HA, cocToUT U3 unces eIMHUYHOTO OTpe3Ka, Kak yKasaHo B [9], onpenpessiromux
CTeNeHH BO3MOXKHOCTH nepexona HA U3 onHoro coctosiHusi B ipyroe. DTU 3HaYeHHST MOXKHO
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MHTEPIPETHPOBATh KaK BEPOSTHOCTH COOTBETCTBYIOLIMX MepexofoB. Torma ajsi KaxKaoro
CJI0BA B IOJIyYeHHOM pelLIeHUH 3afladyd oOpallleHUs JIETKO BBIYUCJUTb BEPOSITHOCTH €r0
TMOSIBJIEHHSI U TIOJIYYUTh pellieHre ONTUMHU3ALHUOHHOH 3a1auu.

HakoHell, anropuTM MUHHMH3ALUKM HEUETKOCTH pellieHrst obpaTHoi 3anaun ass HA, T.e.
MOILHOCTH TIOJTyU€HHOTO MHOXeCTBAa BO3MOXKHBIX BXOAHBIX CJIOB, MOXeT ObITb MpeIJoXKeH
Ha OCHOBE HCI0JIb30BaHUsl 0000IIE€HHOr0 ycTaHoBouHOro aepesa (Y1) [9]. dtot asnroputm
JIOCTAaTOUHO OYEBHIEH W MPOCT, TOITOMY Mbl He MPUBOAUM €rO.

3. PasHoBugHocTtH HeueTKux aBromaros MIIN

Ilisi meTepMHHUPOBAHHBIX aBTOMAaTOB B [12] aBTOpoM mpensiaraeMoil cTaTbU OMMCAHBI U
uccyenoBaHbl HekoTopble pasHoBuaHocTH aBToMatoB BIIM. [lono6Horo pona pasHoBUAHOCTH
eCTeCTBEHHO BBeCTH U paccMoTpeTh sl HedeTKHx MIIM-aBTomaros.

B npenbinyiiem pasnese nousitie HA MIIHN 6bl0 BBeeHO B MPEATONOXKEHHH, YTO €r0
HayaJbHOE COCTOSIHHE H3BEeCTHO. 3ajauy oOpallleHHsi BHIXOTHOTO CJIOBA 10 aHajoruu ¢ [12]
paccMoTpuM # 111 HA ¢ HeHM3BeCTHBIM HayaJibHBIM COCTOSIHUSIM (MM MOXeT ObIThb J11060€
cocrosinne HA), 1 cooTBeTCTBYIOLIHEH aBTOMAT OyneM HasbiBaTbh 06061eHHbiM HA MITH.

BBenem Temnepb cienyioiiee onpeneneHde. HA A ¢ HeusBeCTHBIM HayaJbHBIM CO-
CTOSIHHEM Ha30BeM He4YeTKHUM 000O0IeHHBIM aBTOMAaTOM C MHHHMHW3HWPOBAHHOW TMOTepel
uHpopmauuu (HA OMIIN), ecau

Vv e X* lw™(v)| < |V (w)]. (6)

3nech w™(v) ecTb MHOXKecTBO ¢j10B HA, mosiy4eHHBIX MPH BOCCTAHOBJEHHUH BCEX BO3MOXK-
HBIX CJIOB v, MOPOXKAAIOLUIMX BBIXOAHOE CJOBO w C YYETOM pe3ysbTaTa MoJaud HEKOTOPOH
OVII vy. Yepes V(w) 0603Hau€HO MHOKECTBO BCEX BXOAHBIX CJIOB, MOPOXK/AAOIIEE BBIXOJ
w U3 J1060ro coctosinust MHOxkectBa S HA mo ero rpady (unau tabsauie) nepexomos-
BBIXOJI0B. B 00lieM ciiyuae MOUIHOCTD MHOXKeCTBA w™ ' (v) MOXKET ObITh MeHblle MOIIHOCTH
MHOxecTBa V (w).

Jlerko mokasaTh, 4TO METOJ BOCCTaHOBJeHHs1 BXoaHoro cjaosa ajas HA OMIIN npakTu-
YeCKH MOUYTH COBMAAaeT C COOTBETCTBYIOUIUM METOAOM /s MHHLMaabHoro HA. Pasnuia
3aKJII0YaeTCsl JIHIIb B CenyiomeM. [10cTpoeHre MHOXKECTBA S (aHAJIOT TAKOrO JKe MHO-
»KecTBa 1/ MHULMaAbHOTO HA) BhIMOJIHSIETCS B MPEATION0KEHHH, UTO aBTOMAT MOXKET
CTapTOBaTh M3 JIGOro CBOEro cocTosiHUA (ana uHuuKaabHoro HA — rtonbko us sapaH-
HOTO COCTOSIHHS Sg). [lasiee 1/ aBTOMaTa, HaxoAsILErocsi B COCTOSIHUSIX MHOXKeCTBa S,
crpoutcs OVYII vy, KoTOpasi mogaeTcst Ha BXOM 3TOTO aBTOMAaTa, U HabJIONaeTCsl BBIXOMHOE
cJ0BO wy. HakoHell, Tak xe Kak W AJs WHHIHa bHOro HA, no HabsionaeMoMy BbIXOLY
wy OTpelesisieTCsl MHOXKECTBO HEHW3BECTHBIX BXOJAHBIX CJIOB v, MOPOXKIAIOIIUX BBIXOIHOE
cq0oB0 w. [losyueHHOE MHOXKECTBO U €CThb pellleHHe pacCMaTpHBaeMOH 3aauu oOpallleHus.

[loHsiTHO, 4TO ecJid, KaK OblJIO BUAHO U3 MPUBEJEHHOr0 BBILE MpUMepa, Aaxke AJs
uHULKaabHOr0O HA Takoe MHOXKECTBO MOXET COEPKaTh HECKOJBKO MCKOMBIX BO3MOXKHBIX
BXOJHBIX CJIOB, TO 3TO crpaBeasuBo U aas HA OMIIN.

Hanomuum, uto B [6] Obl10 cHOPMYJHPOBAHO MOHSTHE COCTOSIHHS C MOTeped HH-
dopmauuu (CITHM-cocTosiHMe) U 0KA3aHO CJeNyIollee yTBEPXKIeHHe: KOHEUHbIH aBTOMAT
apasiercss apromatoMm BITM Torma u Tosbko torma, Korma oH He uMeer CIIHM-cocrosHui.

B [12] BBeneHo Gosiee obliiee, ueM B [6], MOHSATHE: Mapa COCTOSIHUE S U ¢ IeTepMHUHHU-
poBaHHOro aBTomara HasbiBaeTcs CIIH-cocrosHusaMu, ecau

Ip,q e X* 0(s,p) =6(t,q) NA(s,p) = At,q) = p#q.

DTO MOHSATHE eCTeCTBEHHBIM 00pa3oM pacrpocTpaHsieTcss U Ha HA.
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Kak 6bl10 yKa3aHo Bbillle, (hyHKIHMOHHPOBaHHe paboThl HA 3KBHBa/eHTHO QyHKLIHOHU-
POBaHHUI0 COOTBETCTBYIOIIErO eMy MHOXKECTBA JeTePMHHHPOBAHHBIX aBTOMATOB (0603HAUUM
ero yepe3 DA), nmosyyaembIX Mpy BCeX MOMYCTUMBIX 3aMeleHUSIX COCTOSSHUH WU BBIXOJOB
paccmatpuBaemoro HA.

Hcnonb3ys 3ToT (hakT, chopmyaupyem ciaenyioliee yTBEPKIEHHE.

Teopema 1. /[ns moeo umobor neuemkuil asmomam 6oin HA OMIIH, neobxodumo
u docmamouro, umobovl HU 00uH u3 asmomamos mroxecmsa DA wne umen nap CITH-
cocmosarul.

JlokazaTeabCcTBO Te€OpeMbl MOYTH JOCJOBHO MOBTOPSIeT N10KAa3aTeJbCTBO aHAJOTHYHOM
TeopeMbl 3.1 u3 [13], mosTomMy 31€ech He MPHUBOTUTCS.

B [12] nnsi meTepMHHMPOBAaHHBIX aBTOMATOB MPENJIOKEHO TakxkKe 0000lLIeHHe aBTOMATA
BIIN Ha cayyaii, Korna ero BXOAHOH M BBIXOAHOW asipaBUThl SBJSIOTCS CTPYKTYPHUPO-
BaHHBIMH, T.e. X = X; X Xo x ... x X,,, Y =Y x ¥5...Y,,. DT0 03Hauaer, 4TO KaxKaoe
CJI0OBO B TaKMUX ajaBUTaX MOSIBJASETCS MO COOTBETCTBYIOUIMM 1 U m LITYK KaHasaam. s
3TOro cJjyudasi pacCMOTpeHa 3afauva obpallleHWs] HeM3BeCTHBIX BXOJAHBIX CJIOB aBTOMAra Mo
3aJlaHHOMY (DUKCHPOBAaHHOMY MHOKeCTBY k BXOIHBIX KaHAJOB B IMPEAMNOJOKEHUH, UTO
BBIXOJbl aBTOMaTa HaOJ/IOAAITCS TOJAbKO MO (PMKCUPOBAHHOMY MHOXKECTBY [ BBIXOJHBIX
KaHaJoB. ABTOMATbI, A/l KOTOPBIX 3Ta 3a/laua UMeeT eIUHCTBEHHOE pellleHHe, eCTECTBEHHO
HasbiBaTh HA BIIH co cTpyKTypHPOBaHHBIMU ajipaBUTAMH.

MoxxHO moKa3aTh, Kak Takoe 0600I1eHHe JeTKo pacrnpoctpansiercs U Ha HA MIIU co
CTPYKTYPUPOBAHHBIMU aja(aBUTAMH, U MOXKHO MOJYUUTb HEOOXOAUMOE U AOCTATOYHOE YCJO-
BHe npuHamaexxkHocTd HA k atomy knaccy. COOTBETCTBYIOIIME YCAOBHS (POPMYJHUPYIOTCS B
BH/Ie TIOJIHOT'O aHaJiora TeOpeMbl, IPUBENEHHON HaMU BBILLE.

Kak yxe ynomuHasoch, B [11] Oblia BBefeHa M HCCJeNOBaHA PA3HOBUIHOCTb WHU-
nuaabHbiX DITM-aBTomatoB, HazBanubix BIIM-aBTromatamu koHeunoro nmopsinka (BITHK-
aBTOMaTaMu). HamoMHUM, 4TO 1/ HUX BO3MOXHO OfIHO3HAYHOE pellleHHe 3a71ayd BOCCTa-
HOBJIEHHS MIEPBOTO CJIOBA HEW3BECTHOW BXONHOH MOCJEN0BATEbHOCTH MO HabJofaeMoH
BBIXOJHOU TIOCJIe0BATeNbHOCTH AJuHbl N. 31ech N ecTb MUHHMaJbHOE 3HayeHUe (CBOe
I/ KaXKJ0TO KOHKPETHOr0 aBTOMara), MPH KOTOpPOM C(hOpPMYJHUpPOBaHHAs 3aiada OKa3blBa-
eTCsl pas3peLIuMou.

[lo aHasoruu ¢ onucaHHBIMU HaMU Bblllle pa3HOBUAHOCTSIMU HedeTKnx MIIM-aBTomatos
MOxKHO onpenenuTb o6o6ienHsle MIIMK-aBromarsl 1 MIIMK-aBTomatsl co cTpyKTypHupo-
BAHHBIMHM BXOJHBIM M BBIXOAHBIM aji(paBUTaMHU. Takue aBTOMATHI MPEANOJaraloT 0TKa3 oT
3HaHUS HadaJjbHOro coctosiHust HeueTkoro MIIM-aBTomarta u, BO-nepBbIX, BO3MOXKHOCTb
BOCCTAHOBJIEHHS] He BCEro, a TOJbKO MEPBOTO CJ0BA BXOAHOH MOCJEN0BATEJNbHOCTH, H,
BO-BTOPbIX, €r0 CUMBOJIOB, [I0laBaeMbIX 10 BXOAHBIM KaHajaM W3 3apaHee 3aJaHHOrO
MOAMHOXKECTBA BCeX BXOJHBIX KaHAJOB.

Mel He ocTaHaB/MBaeMcs Ha (POPMaJbHOM OMNpeleseHHH 3TUX Pa3HOBUAHOCTEH HeyeT-
kux MIIMK-aBTomMaToB, MoCKo/NbKY COOTBETCTBYIOLIAS] METOAOJOTHUS BIIOJIHE OUEBHUIHA IO
npeueeHTy onpenesneHns o6o6ueHHbx MIIM-aBToMartos.

s peleHUsl TakMX 3aad B oOlleM c/aydyae HeoOXoiMMa (hopMa/u3allusi, KoTopas
BJle4eT HeOOXOAMMOCTb IMOJYUEHHS] 3IKCIEePTHBIX OLIEHOK MCIOJb3yeMbIX KPUTEPHUEB U
BBISIBIEHUS] UMEIOLIMXCS MeXAy HUMH OTHOLLeHHH. K3BeCTHO, 4TO UMEIT MECTO CUTyalUH,
KOTZla MpUMeHsieMble KPUTEPUU MOTYT MPOTHBOPEUUThb APYT APYTy, JUOO NeHCTBOBATHb
COIVIACOBAHO, JIMOO OBITh COBEPLLIEHHO HE3aBHCHMBIMH.

Celiuac M3BeCTHBl pa3Hble MOAXOMbl K PellleHWI0 MHOTOKPHUTEPHAJIbHBIX 3aaad. Tak,
BO3MOXKHO BblJie/leHHe HauboJiee BaXKHOTO KPUTEPHUS U pellleHHe 3a1auy NP 3TOM KPUTEPHUH.
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Yro KacaeTcsl ocTa/NbHbIX KPUTEPHUEB, TO OHU B 3TOM CJ1ydyae UrparoT poJb AOMOJHUTENbHBIX
orpaHuuyeHuid. [lpyro# mopxon 6asupyercs, HanpUMep, Ha YNOPsOYEHUU MHOXKeCTBa KpH-
TepHUeB U pellleHHH 3aJauM NocJe/l0BaTeNbHO M0 KaXA0My KpuTepHuio. Ellle ofMH U3BeCTHBIN
MOJXOJ CBSI3aH CO CBeJeHMeM 3aJauM K OJHOMY KPHUTEPHIO C MCIOJNb30BAHHEM BECOBBIX
KO03(P(PHULHEHTOB 1/ KaX10ro Kputepus. [IoHATHO, 4TO B 3TOM c/y4ae COOTBETCTBYIOLLIHE
KO3((ULUEHTH! LOJKHBl ObITb MOJyUYeHbl yTeM KCIEPTHBIX OLEHOK.

MHorokputepua/bHble 3aauM SIBJISIOTCS NPEAMETOM CIella/bHbIX HCCJeJ0BaHUH,
U UM IOCBSILIEHO MHOro nmy6aukauui. Takue uccie0BaHUS HAXOASITCS BHE PAMOK HallleH
CTaTbH, HO Mbl YKaXKeM J[Be M3BeCTHble MoHorpaduu [14, 15], KoTopble MOCBsIIEHBl STOH
npoOJieMaTHKe.

3akJaueHue

B cTaTbe BBeIeHB U pacCMOTPeHbl pPa3JHUHble PAa3HOBUAHOCTH HEUETKHUX aBTOMATOB,
SBJSIIOIINXCS B HEKOTOPOM CMbICJle aHajoraMu aetepMuHrupoBaHHbiX BIIM-aBTomaros. [o-
cJlelHHe TI03BOJISIIOT TOJMy4YaTh OAHO3HAUHBIE pPelleHHs] PAa3JHUHBIX TUIOB 3a1a4 oOpalleHus
HeM3BECTHBIX BXOAHBIX MOCJ/eN0BaTeNbHOCTEH Mo HabJrofaeMblM BbixofaM. [TokasaHo, 4To
I/ HeYeTKHX aBTOMATOB aHAJIOrM MOA0OHOro pofa 3agad B 0O0lleM cjydae B KayecTBe
pelIeHUH UMeI0T KOHEUHOe MHOXKECTBO Pas/IMuHbIX BXOAHBIX MocJjenoBartesbHocTel. Kpome
TOrO, MOUCK pelleHud nasi HA BO3MOXKHO OCYLIECTBJISITh 10 PA3JUYHBIM KPUTEPHUSIM, B
TO BpeMsl KakK [J/5 IeTePMHHHPOBAHHBIX aBTOMATOB TPAAUIIMOHHO HCIOJb3YeTCs BCeraa
TOJIbKO OiIMH KpuUTepui. B cTathe copmynrpoBaHbl COOTBETCTBYIOIIHE ONTHMHU3ALHOHHbIE
3apauu 05 HA v ykasaHbl BO3MOXKHBIE CITOCOOBI UX PeLIeHHS.
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Abstract. The further development of society directly depends on the use of technologies
connected with processing data arrays and identifying patterns with the help of computer means.
In this study, machine learning methods allowed us to analyze technological trends using large
open-source data on patents, which enable predicting future skills in demand in the labor market.
It is of major importance in the context of the rapid development of technology, leading to
large-scale technological changes that transform the social conditions of human life as a whole,
the requirements for the skills of people, which in the future will cause the emergence of new
specialties and the disappearance of existing professions. For this purpose, predictive regression
models of groups of patents according to the International Patent Classification are built using
machine-learning methods — classical forecasting methods, such as naive forecasting, simple
exponential smoothing, and ARIMA. As a result of comparing the quality of the constructed
models and choosing the best one, ARIMA models were identified, showing “fading” technologies
if there is a decrease in the number of patents; promising technological directions if the growth
is stable; or “breakthrough” technologies if there has been a sharp increase in recent years.
The input variables of the models were the series of dynamics of patents of different classes
in the form of historical data, the output variables were the predicted values of the number
of patents of these classes of a certain technological trend. The algorithm was implemented
in the high-level Python programming language. The research results will enable authorities,
employers, educational institutions, etc. to make a forecast of the demand for existing, as well as
new professional skills and competencies in the labor market.
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XoxaoBa Anekcangpa HukonaeBna, ananutuk Jenapramenra Tunbkothd Gusuec, https://orcid.org/0000-
0002-3984-5022, alexandra.khokhlova@mail.ru,

AnHoranusa. [lanpHeliliee pasBuUTHe 00IIeCTBa HAMPSIMYIO 3aBUCHT OT MCIOJIb30BAHHUS TEXHOJNOTHH,
CBfI3aHHBIX ¢ 00pabOTKOH MacCHBOB JAHHBIX U BBISIBJEHHS 3aKOHOMEPHOCTEH KOMIIbIOTEPHBIMH
cpencTBaMH. B naHHOM Mcc/ieioBaHWH METOABl MAalIMHHOTO 06yUeHHs MO3BOJIU/M NPOBECTH aHa-
JIU3 TEXHOJIOTHUECKHUX TPEHAOB MO OGOJbIINM HAHHBIM H3 OTKPBITOTO MCTOUHHMKA O MaTeHTaXx,
TMO3BOJISIOLINX MpencKa3ath B OyaylleM HaBbIKH, BOCTPeOOBAaHHBIE HA PbIHKE Tpyda. DTO HMeeT
BaKHOe 3HaYeHHe B YCJOBHUAX CTPEMHUTE/bHOIO PA3BHUTHS TEXHOJIOTHH, NMPUBOASAILIMX K MacliTad-
HBIM TE€XHOJIOTHUECKHM HW3MeHEeHHSM, MEeHSIIOIIUM COLHaJbHble YCJIOBUS JKM3HH UeJIOBEUECTBA B
1eJsoM, TpeOOBaHUS K HaBbIKAM JIIOAEH, KOTOpPble B Ja/ibHEHILEM BbI30BYT BO3HUKHOBEHHE HOBBIX
CTeLHaJbHOCTEH M HCUYe3HOBEHHE CYIIEeCTBYIOLIMX HblHe mpodeccuil. C 3ToH Lesbi0o B padoTe
MIOCTPOEHBI NPEeIUKTUBHbIE PErPECCHOHHbIE MOIENH I'PYII MaTeHTOB coryacHo MexayHaponHoH
MaTeHTHOH KJ/acCH(UKALHUX TIPH NMOMOLIY METOI0B MAalIMHHOIO 00y4YeHUs] — KJacCUYeCKHX MeTO/0B
MPOTHO3UPOBAHHUS, TAKUX KAaK HAHBHOE MPOTHO3WPOBAaHME, MPOCTOE IKCMOHEHIHAJNbHOE CTJIAaXKU-
BaHue 1 ARIMA. B pesynbrare cpaBHeHHsI KauecTBa MOCTPOEHHBIX MOAeJeH U BbIOOpa JydlleH
Oblk BbisiBJeHb Mofesin ARIMA, nokasbiBaioliye: «yracalide» TeXHOJOTHH, eCIH POUCXOANUT
CHMKeHHe YHCJa NMaTeHTOB; NepCreKTHBHbBlEe TeXHOJOTHUYeCKHe HanpaBJaeHUs, ecau Hab/o1aeTcs
CTaOUJIBHBIA POCT; UJIH «IIPOPBIBHBIE» TE€XHOJIOTHH, €CJIM NPOU30LIeJ Pe3KUH POCT 3a MoCJeqHUe
ronpl. BXogHBIMU NepeMeHHBIMH MoOneJieH SIBUJIUCh Psillbl JUHAMHKH MAaTEHTOB Pa3HbIX KJACCOB B
BHJe UCTOPUYECKUX NAHHBIX, BHIXOAHBIMH — MPOTHO3HbIE 3HAYEHHUS YHCJA MAaTEHTOB 3THUX KJ/aCCOB
OTpe/ieIeHHOr0 TeXHOJIOTHUECKOTO TpeHa. AJITOPUTM peasn30BbIBaJICS HA BBICOKOYPOBHEBOM fI3bIKE
nporpamMmupoBanust Python. Pesynbrathl Hcc/ienoBaHus MO3BOJIAT OpraHaM BJacTH, pabOTOLATENSIM,
06pa3oBaTe/bHbIM YUPEXKAEHUSIM U T. . CAJaTh MPOTHO3 BOCTPeOOBAHHOCTH HbIHE CYILECTBYIOLIUX,
a Tak»Ke HOBBIX MPO(eCcCHOHANBHBIX HABBIKOB M KOMIIETEHLHH Ha PBIHKE TpyIa.

KaroueBbie cioBa: MeTonsl MalmdHHOTO oOydyeHus, ARIMA, TexHosoruueckuil TpeHi, MaTeHT,
PBIHOK TpyZa
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Introduction

Under the conditions of rapidly advancing technology, many of the workforce processes
will be automated or disappear due to a dramatic economic shift, significant disruptions
in the labor market will occur, and businesses around the world may face risks from a
shortage of skilled labor. In this regard, the state should comprehensively assess the
potential prospects in the labor market, in accordance with this, update the educational
strategy, systematically predict the evolution of skills in the future for the timely
formation of professional competencies relevant to the labor market.

In our opinion, the demanded professions and skills can also be seen by focusing on
technological trends emerging in the patent market. Patents usually protect what should
appear on the market in five to seven years. Accordingly, if an increase in the number of
patents in a certain area is visible, then we can conclude what will be in trend in the
next few years, what knowledge and skills will be needed. For this, the study developed
an algorithm for constructing predictive regression models for the number of patents
using machine learning methods in the Python programming language.

1. Description of the algorithm and the used tools

At the first stage, data collecting was carried out. The primary initial data for the
analysis were time series for different classes of patents according to the International
Patent Classification (hereinafter — IPC) from the open portal https://www.lens.org for
the period 2010-2020 which makes 2,250,000 records.

Further, a preliminary analysis of the data was made. Description of the source data
and data cleaning and preparation for further analysis were accomplished. After this
stage, 1,123,189 records remained, as well as 31 attributes.

Then the grouping of patents was carried out — from the set of data, patents were
selected in the context of subsections according to the IPC and visualization of data
by groups of patents, i.e. building time series in the form of line charts to identify
technology trends:

- “dying” technologies (if there is a decrease in the number of patents);

- promising technological directions (if the growth is stable);

— “breakthrough” technologies (if there is exponential development, that is, a sharp
increase in recent years).

At the next stage, predictive regression models of subsections / classes of patents
according to the IPC were built on the basis of time series using machine learning
methods — classical forecasting methods: naive forecasting, simple exponential smoothing,
and ARIMA.

Time series of patents for 2010-2016 were selected as a training sample, patents for
2017-2019 were selected as a test sample. The forecast was based on 2020-2022. Next,
we compared the results for assessing the quality of the models — the root mean square
error (RMSE), which is necessary to check the accuracy of the models on test data, and
select the best model.

The tool was the Python 3.8.5 programming language in Python. When developing
the program code, the Python libraries were used: OS, Requests, NumPy, Matplotlib,
Scikit-Learn.
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2. Predictive modeling of technology trends to identify future skills
in the labor market

According to experts, simple classical methods such as linear methods and exponential
smoothing outperform complex methods such as decision trees, multilayer perceptrons
(MLP), and long-term short-term memory (LSTM) network models. The research was
carried out on a diverse set of more than 1000 one-dimensional time series forecasting
problems. The results showed that deep learning methods have not yet met their
expectations for univariate time series forecasting, and there is still a lot of work to
be done in their development [1]. Therefore, in this work, predictive regression models
are developed using classical forecasting methods, such as naive forecasting, simple
exponential smoothing, and ARIMA [2].

As an implementation of the algorithm, the article presents examples of different
technological trends by groups of patents according to the IPC. Therefore, in Figures 1,
2, 3, there are groups of patents that can be attributed to technological trends of future
development, since they show a steady increase in the number of patents. The best model
was the ARIMA model, as evidenced by the low RMSE (Table 1).
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Fig. 1. Modeling the number of patents in sub- Fig. 2. Modeling the number of patents
section B22 “Foundry production; powder in subsection A63 “Sports; games; enter-
metallurgy” (color online) tainment” (color online)
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220000
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Fig. 3. Modeling the number of patents
in subsection A61 “Medicine and veterinary
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Table 1
Root mean square error (RMSE) of patent subsections B22, A63 and A61

IPC patent subsections Naive Forecasting | Simple Exponential Smoothing | ARIMA
B22 “Foundry produc- 242.0 2647 4 921.6
tion; powder metallurgy
AB3  “Sports;  games; 1672.7 2982.5 129.8
entertainment
AB1 "Medicine and Vete- 23103.9 24688.9 15724.4
rinary Medicine; hygiene

Examples of “dying” technology trends are shown in Table 2 and Figures 4, 5.

In recent years, there has been a strong decline in patents for bookbinding, animal
and vegetable oils. In the first case, from 2015, in the second, from 2017.

Examples of “breakthrough” technologies include patents of subsections B64 “Aero-
nautics; aviation; cosmonautics”; B33 “Layer-by-layer synthesis technology” which
refer to patents related to the manufacture of three-dimensional (3D) objects with
the help of additive deposition, additive agglomeration or additional layering, for example,

Table 2
Root mean square error (RMSE) of patent subsections B42 and Cl11
Simple E tial
[PC patent subsections Naive Forecasting HHp e EXPOREIHAT | ARIMA
Smoothing
B42 Bookbinding; albums; means
of classification and .storage of 331 9 9177 368.9
documents, etc.; special types of
printed materials
Cl1 “Animal and vegetable oils;
fats, fatty substances and waxes
derived from them fatty acids; 780.1 1160.7 129.8
detergents; candles”
B42 C11
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Fig. 4. Modeling of the number of patents

for subsection B42 “Bookbinding; albums;

means of classification and storage of docu-

ments, etc.; special types of printed materials”
(color online)
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through 3D printing, stereolithography, or selective laser sintering; class of patents —
B22F “Powder metallurgy, production of products from metal powders” (Table 3 and
Figures 6, 7, 8). Therefore, we can conclude that the labor market will continue to have
a high demand for specialists and skills in these areas of activity.

Table 3
Root mean square error (RMSE) of subsections /classes of patents B64, B33, B22F

[PC patent subsections | Naive Forecasting | Simple Exponential Smoothing | ARIMA
B64 “Aeronautics;
| seronalies 653.2 4089.9 577.5
aviation; cosmonautics
B33 "Layer-by-1
Ayeryayer 1192.4 2136.6 720.2
synthesis technology
B22F “Powder metal-
lurgy, production  of 306.8 2252 4 173.3
products from metal
powders"
B64 6000 — B33
—_— 1 .’ — aln
10000 | —_ALain =000] —Test
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9000 Naive ‘ E g
Exponent xponent K
8000 | ==-- ARIMA i 40001 ---- ARIMA A
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Fig. 6. Modeling the number of patents Fig. 7. Modeling the number of patents
of subsection B64 “Aeronautics; aviation; of subsection B33 “Layer-by-layer synthesis
cosmonautics” (color online) technology” (color online)
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In all of the abovementioned examples of predicting the number of patents in the
context of patent subsections according to IPC by machine learning methods — naive
forecasting, simple exponential smoothing, and ARIMA — the best model is the ARIMA
model, as evidenced by the low root mean square error (RMSE).

Thus, technological trends show that, depending on their development, it is possible
to predict the demand for existing or new skills and professions, as well as their training,
i.e. having big data, it is possible to form certain patterns in certain directions, the
results of which will allow generalizations and certain conclusions to be drawn.

Conclusion

A study based on the developed algorithm for analyzing patents using machine
learning in the Python programming language showed that if professions are currently
in demand in the labor market, and the technological trend based on patents in this area
has a promising or “breakthrough” development, then it is possible to do the conclusion
that specialists and skills in this area are needed now and in the future, their training is
important for the development of the economy.

[t should also be noted that the proposed algorithm allows you to quickly and
efficiently process large data on patents from open sources and build predictive regression
models of technological trends for various classes of patents.

The results will enable researchers, public authorities to explore future professions
and skills in the labor market; educational institutions to adjust training programs in
accordance with modern employers’ requirements and future skills; employers to make
decisions on the formation of new competencies in their field of activity, based on big
data analytics and the use of machine learning methods; carry out a comparative analysis
of in-demand vacancies in terms of quantitative and qualitative characteristics; for the
applicant to see the demand for vacancies in the labor market and the development of
new skills.
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UHCTPYMEHTBI Jisl OLleHKH (DYHKIHMOHHUPOBAHHUS COLMAIbHO-IKOHOMHUECKUX chcTeM. OnHUM u3
MepCreKTHBHBIX MOAXOL0B MAlMHHOIO 00y4eHUs SIBJISETCS MCIO/b30BaHHe aHCaMOJeBbIX METOJOB.
Llenblo [aHHOTO HCCeNOBaHUSA cTaja pa3paboTKa moaxofa nJjs 06pabOTKU MaHEeJbHbIX HAHHBIX
C TOMOLUIBIO CIElMaNbHBIX PErpecCHOHHBIX MOJeJel, B TOM UHCJ/e C NpUMeHeHHeM aHcamOJeH.
[IpencraB/ieHo paspaGoTaHHOE KJIHEHT-CEPBEPHOE TPUJIOKEHHE, MO3BOJISIOIIEE Pean30BaTh U CpaB-
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UCTIOJb3YEMBIX B PETHOHaNbHOH cTaTucTHKe. [IpusokeHre anpoOUPOBAHO HA MPHUMeEpPE OLEHKHU
WHHOBALMOHHOTO MOTEHI[HaJa POCCHHUCKUX PETHOHOB.
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Introduction

Panel data are generated in a series of measurements over several periods for the same
objects and are often found in the analysis of socio-economic indicators [1,2], in particular,
for the presentation of regional statistics. Currently, panel models are being developed,
complementing classical methods with modern machine learning approaches [3,4]. The
goals of this study are to design the architecture and develop an application that
implements the forecasting of indicators of socio-economic development by R; selection,
adjustment, and application of ensemble models. The competitiveness of the region can be
interpreted as the efficiency of using the existing regional potential. One of the aspects
of the region’s competitiveness is the level of innovative development, for the assessment
of which the developed application was applied. Various models were used to assess
the innovative potential of the regions [5,6]. To predict the level of regional innovative
development using panel regression in the test study, separate financial indicators are
used that characterize the formation and use of resources of territories.

1. Applying regression models for panel data

In mathematical representation, panel data is represented as y;,zy,i = (1, N),
t = (1,T), where N is the number of objects, T is the number of observation points.
Balanced panel data will be used when describing balanced data models, which means
that each time series included in the model has the same number of observation points.
Then the total number of observation points is N« T, with N >1and 7> 1. If N =1,
then the data will take the form of a time series, if 7= 1, then the data will take the

form of a slice.
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The i-th object can be represented as follows:

Yi1 X Xill X121 T szi €i1
Yi = y.2 X; = . = .2 .2 . .2 € = .2 ) (1)
Yir Xir Xy X% oo XE €T

where y; is a matrix of dimension N % T containing the predicted parameters, ¢; is the
error matrix of dimension N % 7T, X is the matrix of the original dataset of dimension,
N xT x k, k is the number of parameters in each observation, €; is an error term.

Among the panel data analysis models, four main types can be distinguished [7]:
a model based on the least-squares method (pooling); a model with a fixed effect
(between); a model with a random effect (random); a model with a mixed effect.

The model based on the least-squares method is applicable in the case when there is
no heterogeneity in the time series of objects, that is, there are no subsets in the group
that are significantly influenced by factors unaccounted for in the sample.

Yir = Xib + a + €4, (2)

where a is a free term, b is a regression coefficient.
In a fixed-effect model, a free a; member can take different values for each object of
the group. In this case, the regression equation has the form:

Vit = Xitb + a; + €. (3)

In a model with random effects, a; are random variables. In such model, a; are
no longer interpreted as the values of some fixed parameters and are not subject to
evaluation. In this case, the model has the form:

Yir = Xit(b+ ug) + a; + €, (4)

where uy, represents the random effects.

The random effects model is used in cases where the objects of the study are
considered as a subset of the total sample. The advantage of random effects is that it is
possible to include time-invariant variables.

The concept of basic models is introduced in the ensemble model of machine learning.
Basic models are used to form more complex models by combining several of them. As
a rule, the basic models have either a high offset or a large spread. In such cases, the
idea of ensemble methods is to reduce the bias and/or spread of such basic models by
combining them into one ensemble model that achieves better results. The use of tree
boosting as a method of forming ensemble models allowed us to build more accurate
models for various predictive tasks [8].

[t is proposed to use different approaches for models based on panel regressions [9-11].
In this study, it is proposed to use the GPBoost algorithm based on gradient tree-boosting
and mixed effects model [12].

For a mixed model, it is assumed that the predicted variable y is the sum of a
potentially nonlinear function F(X) and random effects:

y=F(X)+Zb+e, b-N(0,%2), e+ N(0,0%1,), (5)
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where y is response variable, function F' presents fixed effects; X, Z are fixed and
random effects predictor variable matrices, € is the independent error term.

In the GPBoost algorithm, the functions F(X) are constructed using an ensemble of
trees. This boosting algorithm aims to minimize the risk functional R(ﬁ(X), 0):

R(F(X),0): (F(X),0) — L(y >t : ©)p—p), (6)

where ﬁ(X) is a linear span of a set of base learners, in our case decision trees, where
L(y > t: ©) is the negative log-likelihood of the model.

SMAPE and RMSE metrics will be used to evaluate the models. The choice of the
SMAPE metric is due to its simple interpretation, as well as its resistance to outliers
and the magnitude of the actual value. RMSE is a classical method of estimating the
accuracy of regression, by which it is possible to identify the SMAPE bias in case of its
occurrence.

2. Application development for panel regression modeling

To develop an application for analyzing socio-economic indicators using ensemble
models, a client-server architecture has been chosen. When implementing the algorithms,
the R 3.6 platform was used due to the presence of a wide range of specialized libraries
for data analysis. The narrow specialization of R affects the limited functionality of the
language in other areas, in particular, the server frameworks developed for R are inferior
to their counterparts in other platforms. For this reason, the server-side is implemented
using Python version 3.9.

In the process of designing an application to implement predictive models, it was
proposed to use the Flask framework as a server, the PyQt5 framework for implementing
the user interface, and Docker for deploying the server. This approach will ensure that
the front-end and R packages are interoperable.

The developed software has an application with a user interface that sends HTTP
requests to the REST API server and visualizes the received responses. The submitted
requests are received by the Docker container and forwarded to the virtual port of the
Ubuntu operating system. Then the request is processed by the Gunicorn server and
passed to the Python application using the Flask framework. The data is converted by
rpy2 library to the R data format. The converted data is sent to the client application
and visualized.

The functionality of the developed application involves the following stages of data
analysis: data input in CSV format; implementation of requests for data sampling by
periods and objects; application of statistical tests to assess the heteroscedasticity of
individual and temporal effects; selection of a predictive algorithm; setting the parameters
of tree boosting.

The GPBoost model has several hyperparameters, which allows you to configure
the model to increase its accuracy. The most significant parameters are the number of
decision trees of the ensemble; the learning step; the maximum depth of the tree; and
the minimum number of objects in the leaf of the decision tree. RMSE and SMAPE
metrics will be used to evaluate panel data regression. The choice of the SMAPE metric
is due to its simple interpretation, as well as its resistance to outliers and the magnitude
of the actual value. RMSE is a classic method for estimating the accuracy of regression,
which can reveal the SMAPE bias in case of its occurrence.
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The interface of the developed application has three tabs: Data, Analysis, Regression.
The Data tab allows you to select a file with panel data in CSV format and select the
columns responsible for the object ID and period. The Analysis tab allows the user to
visualize data panels by time periods or by objects (region identifiers are specified as
objects), check data heteroscedasticity, and conduct a series of tests to select a panel
data model (Figure). The Breusch-pagan, Honda, King and Wu, F test, Hausman test
are used in the application [13]. The Regression tab allows the calculation of forecast
values by the implemented algorithms including GPBoost.
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42 23 Attribute visualization

By timeline
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Panel Data Tests
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Figure. Application interface for implementing data analysis stages (color online)

The graphs shown in Figure are used for preliminary estimation of the data variability
relative to different objects and different periods in advance. The architecture used makes
it possible to implement the addition of new forecasting methods, use the application on
different user platforms, and integrate the developed modules into existing information
and analytical system.

3. Application of the developed application for regression analysis
of the innovation potential of regions

To experiment, a sample has been used from the information analysis system FIRA
[14]. This resource specializes in the aggregation and provision of information about
various economic entities of the Russian Federation. The resulting sample contains
information about the socio-economic indicators of 81 Russian regions. Each region is
described by 28 indicators. The data are given for the period 2010-2019. The following
indicators were selected for the training sample: the volume of innovative goods in the
region, the ratio of debt and equity, the availability of own working capital, current
liquidity, the share of loans and borrowings in short-term liabilities, capital return, asset
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turnover. The volume of innovative goods in the region was chosen as the predicted
variable because this indicator reflects the level of innovative regional development. The
resulting sample does not contain missing values. This fact suggests that the sample
is balanced. Each region as a sampling object has only 10 dimensions per the data for
2010-2019. The same set of parameters is used for all regions included in the sample,
which makes the sample homogeneous. The property of balance and homogeneity allows
using the resulting sample with different panel models.

The following way of the computational experiment is proposed. The GPBoost
ensemble algorithm has been applied with different parameters of base learners. Boosting
with trees as base learners has several tuning parameters. Arguably the most important
one is the number of boosting iterations (number of trees). Other tuning parameters
include the learning rate, the maximal tree depth, the minimal number of samples per
leaf, the number of leaves.

Applied models differed by the values of the standard parameters of the algorithm,
namely: p; is the number of decision trees of the ensemble; py is the maximum depth
of the tree; p3 is the minimum number of objects in the leaf of the decision tree.
The constructed models were compared by the RMSE and SMAPE metrics, as well
as by the time spent on training the model. To experiment, the sample is divided
into two parts: the period 2010-2017 for training models, 2018-2019 for the accuracy
assessment of the constructed models. The computational experiment is divided into 2
stages. At the first stage, the number of trees (p;) and the maximum depth of the tree
(p2) were simultaneously selected, at the second, the minimum number of objects in the
tree leaf (p3). Such selection of parameters p; and p, is because the number of decision
trees and the maximum depth of the tree are largely interrelated parameters. For this
reason, a model constructed using independently determined best values of parameters
p1 and py will not necessarily show the best result. At the first stage, 6 models were
built using different parameters p; and p, (Table 1). According to the results of the
first part of the experiment, it turned out that
the M 5 model showed high accuracy for both
measures. However, it is worth noting that the

Table 1
Selection of parameters p; and po

M, 5 model is slightly inferior in accuracy to Model | p; | p2 | RMSE | SMAPE

M, 5. For this reason, for further investigation M, 5 3| 1153 0.889

of the GPBoost parameters,‘ the values of the M, =13 [ 0650 | 0447

parameters p; and p, used in the M, 5 model

will be used, namely, 7 and 5, respectively. M. 9 |3 ] 0679 0.456
At the second stage of the experiment, M 4 5|5 | 113 | 0866

models M4, Mo, and M, 5 were constructed. M 5 715 ] 0659 | 0451

These models have identical parameters with Mg 9| 5| 0.722 0.478

model M; 5, p1 and ps, but have different values

of parameter p3 (Table 2). Table 2
Changing different values of parameter p3 Selection of parameter ps

did not give a significant accuracy increase.

For the further experiment, model Ms3 Model | p; | RMSE | SMAPE
was chosen, which showed high accuracy Ms 5 0.691 0.469
of forecasting by RMSE and SMAPE. My, 10 0.659 0.451
Parameters py, po, p3 have values 7, 5, and My 5 20 0.674 0.458

20 respectively.
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The obtained GPBoost model was compared with classical panel regression methods
(Table 3). GPBoost model shows the highest prediction accuracy. The hybridization of
methods, in particular, the using a set of decision trees into a single ensemble model
gave more accurate models.

Table 3
Evaluation of panel regression models
Model GPBoost | Pooling | Between | Random
RMSE 0.674 1.327 1.170 0.721
SMAPE 0.458 0.930 0.901 0.512

This model can be used to predict both the volume of innovative products and other
indicators of regional development. The proposed approach based on hybrid methods of
panel regression and decision trees provided a sufficiently high accuracy of the forecast
relative to classical panel methods.

Conclusion

A developed client-server application providing implementation and comparison of
various forecasting algorithms for panel data has been presented. The advantage of panel
methods is the ability to account for bias due to unselected factors or undersampling. In
addition, panel models have superior predictive accuracy with a relatively small sample
size, which is typical for forecasting tasks related to regional statistics.

This application allows you to use panel data models with fixed and random effects,
as well as a hybrid ensemble GPBoost model. The GPBoost model allows you to combine
decision tree boosting methods and panel regression. The architecture of the application
assumes the use of different R packages for data analysis. The application server-side
is implemented on the Python platform. The user interface is realized by the PyQt5
framework. The extended functionality of the application provides loading and selection
of data, execution of statistical tests for heteroscedasticity, panel model fitting, using the
selected model to obtain a predicted value. A feature of this application is the possibility
of preliminary analysis of a sample with panel data, comparison of various models by
some widespread error measures.

The represented application is focused on the implementation of regression analysis of
various aspects of regional development based on data with a panel structure to obtain a
comprehensive assessment and forecast of the region’s competitiveness as a whole.
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